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PREF ACE TO

THE RUSSIAN EDITION)

Mathematics, which originated in antiquity in the needs of daily life,
has developed into an immense system of widely varied disciplines.Like
the other sciences, it reflects the laws of the material world around us

and serves as a powerful instrument for our knowledge and mastery of
nature. But the high level of abstraction peculiar to mathematics means

that its newer branches are relatively inaccessible to nonspecialists. This
abstract character of mathematics gave birth even in antiquity to

idealistic notions about its independence of the material world.
In preparing the present volume, the authors have kept in mind the

goal of acquainting a sufficiently wide circle of the Soviet intelligentsia
with the various mathematical disciplines, their content and methods,
the foundations on which they are based, and the paths along which

they have developed.
As a minimum of necessarymathematical knowledge on the part of

the reader, we have assumed only secondary-school mathematics, but

the volumes differ from one another with respect to the accessibility of
the material contained in them. Readers wishing to acquaint themselves

for the first time with the elements of higher mathematics may profitably

read the first few chapters, but for a complete understanding of the
subsequentparts it will be necessary to have made some study of cor-

responding textbooks. The book as a whole will be understood in a
fundamental way only by readers who already have some acquaintance

with the applications of mathematical analysis; that is to say, with the
differential and integral calculus. For such readers, namely teachers of

mathematics and instructors in engineering and the natural sciences, it

will be particularly important to read those chapterswhich introduce

the newer branches of mathematics.
v)))



vi) PREFACE TO THE RUSSIAN EDITION)

Naturally it has not been possible, within the limits of one book, to ex-
haust all the riches of even the most fundamental results of mathematical

research; a certain freedom in the choice of material has been inevitable

here. But along general lines, the present bookwill give an idea of the

present state of mathematics, its origins, and its probable future develop-
ment. For this reason the book is also intended to some extent for persons
already acquainted with most of the factual material in it. It may perhaps
help to remove a certain narrowness of outlook occasionally to be
found in some of our younger mathematicians.

The separate chapters of the book are written by various authors,
whose names are given in the Contents. But as a whole the book is the
result of collaboration. Its general plan, the choice of material, the suc-
cessiveversions of individual chapters, were all submitted to general
discussion,and improvements were made on the basis of a lively exchange

of opinions. Mathematicians from several cities in the Soviet Union

were given an opportunity, in the form of organized discussion, to make

many valuable remarks concerning the original version of the text. Their

opinions and suggestions were taken into account by the authors.
The authors of some of the chapters also took a direct share in pre-

paring the final version of other chapters: The introductory part of

Chapter II was written essentially by B. N. Delone, while D. K. Faddeev

played an active role in the preparation of Chapter IV and Chapter XX.
A share in the work was also taken by several persons other than the

authors of the individual chapters: \n4 of Chapter XIV was written by

L. V. Kantorovic, \n6 of Chapter VI by O. A. Ladyzenskaja, \n5 of

Chapter 10 by A. G. Postnikov;work was done on the text of Chapter V

by O. A. Oleinik and on Chapter XI by Ju. V. Prohorov.

Certain sections of ChaptersI, II,VII, and XVII were written by

V. A. Zalgaller. The editing of the final text was done by V. A. Zalgaller
and V. S. Videnskii with the cooperation of T. V. Rogozkinaja and

A. P. Leonovaja.
The greater part of the illustrations were prepared by E. P. Sen'kin.)

Moscow
1956) EDITORIAL BOARD)))



FOREWORD BY THE

EDITOR OF THE TRANSLATION)

Mathematics, in view of its abstractness, offersgreater difficulty to the

expositor than any other science. Yet its rapidly increasing role in modern

life creates both a need and a desire for good exposition.
In recent years many popular books about mathematics have appeared

in the English language, and some of them have enjoyed an immense
sale. But for the most part they have contained little serious mathematical
instruction, and many of them have neglected the twentieth century, the

undisputed \"golden age\" of mathematics. Although they are admirable

in many other ways, they have not yet undertaken the ultimate task of
mathematical exposition, namely the large-scale organization of modern

mathematics in such a way that the reader is constantly delighted by the

obvious economizing of his own time and effort. Anyone who reads

through some of the chapters in the present book will realize how well

this task has been carried out by the Soviet authors, in the systematic

collaboration they have described in their preface.

Such a book, written for \"a wide circle of the intelligentsia,\" must also

discuss the general cultural importance of mathematics and its continuous

developmentfrom the earliest beginnings of history down to the present
day. To form an opinion of the book from this point of view the reader
need only glance through the first chapter in Part 1 and the introduction
to certain other chapters;for example, Analysis, or Analytic Geometry.

In translating the passages on the history and cultural significance of
mathematical ideas, the translators have naturally been aware of even

greater difficulties than are usually associated with the translation of
scientifictexts.As organizer of the group, I express my profound grati-

tude to the other two translators, Tamas Bartha and Kurt Hirsch, for

their skillful cooperation.)
Vll)))
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The present translation, which was originally published by the Ameri-
can Mathematical Society, will now enjoy a more general distribution in

its new format. in thus making the book more widely available the

Society has been influenced by various expressions of opinion from
American mathematicians. For example, \". . . the book will contribute

materially to a better understanding by the public of what mathematicians
are up to. . . . It will be useful to many mathematicians, physicists and

chemists, as well as to laymen. . . . Whether a physicist wishes to know
what a Lie algebra is and how it is related to a Lie group, or an under-

graduate would like to begin the study of homology, or a crystallographer
is interested in Fedorov groups, or an engineer in probability, or any
scientist in computing machines, he will find here a connected, lucid
account. \"

In its first edition this translation has been widely read by mathemati-

cians and students of mathematics. We now look forward to its wider

usefulness in the general English-speakingworld.)

August, 1964)

S. H. GOULD
Editor of Translations

American Mathematical Society
Providence, Rhode Island)))
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CHAPTER) I)

A GENERAL VIEW

OF MATHEMATICS)

An adequate presentation of any science cannot consist of detailed

information alone, however extensive. It must also provide a proper
view of the essential nature of the scienceas a whole. The purpose of the

present chapter is to give a general picture of the essential nature of
mathematics. For this purpose there is no great needto introduce any of

the details of recent mathematical theories, since elementary mathematics
and the history of the science already provide a sufficient foundation for

general conclusions.)

\n1. The Characteristic Features of Mathematics

1. Abstractions, proofs, applications. With even a superficial knowl-

edge of mathematics, it is easy to recognizecertain characteristic features:

its abstractness, its precision, its logical rigor, the indisputable character

of its conclusions, and finally, the exceptionally broad range of its applica-
tions.

The abstractness of mathematics is easy to see.We operate with abstract

numbers without worrying about how to relate them in each case to
concrete objects. In schoolwe study the abstract multiplication table,
that is, a table for multiplying one abstract number by another, not a
number of boys by a number of apples,or a number of apples by the

price of an apple.

Similarly in geometry we consider, for example, straight lines and not

stretched threads, the concept of a geometric line being obtained by
abstraction from all other properties, excepting only extension in one

1)))



2) I. A GENERAL VIEW OF MATHEMATICS)

direction.More generally, the concept of a geometric figure is the result

of abstraction from all the properties of actual objectsexcept their spatial

form and dimensions.
Abstractions of this sort are characteristic for the whole of mathematics.

The concept of a whole number and of Ii geometric figure are only two of
the earliestand most elementary of its concepts. They have been followed

by a mass of others, too numerous to describe, extending to such abstrac-
tions as complexnumbers, functions, integrals, differentials, functionals,
n-dimensional, and even infinite-dimensional spaces, and so forth. These
abstractions, piled up as it were on one another, have reached such a

degree of generalization that they apparently lose all connection with

daily life and the \"ordinary mortal\" understands nothing about them
beyond the mere fact that \"all this is incomprehensible.\"

In reality, of course, the case is not so at all. Although the concept of

n-dimepsional space is no doubt extremely abstract, yet it does have a
completely real content, which is not very difficult to understand. In the

present book it will be our task to emphasize and clarify the concrete

content of such abstract conceptsas those mentioned earlier, so that the
reader may convince himself that they are all connected with actual life,

both in their origin and in their applications.

But abstraction is not the exclusive property of mathematics; it is

characteristic of every science, even of all mental activity in general.

Consequently, the abstractness of mathematicalconceptsdoesnot in itself

give a complete descriptionof the peculiar character of mathematics..
The abstractions of mathematics are distinguished by three features.

In the first place, they deal above aU else with quantitative relations and
spatial forms, abstracting them from all other properties ofobjects.Second,
they occur in a sequence of increasingdegreesof abstraction, going very

much further in this direction than the abstractions of other sciences. We

will illustrate these two features in detail later, using as examples the
fundamental notions of number and figure. Finally, and this is obvious,

mathematics as such moves almost wholly in the field of abstract concepts
and their interrelations. While the natural scientist turns constantly to

experiment for proof of his assertions,the mathematician employs only

argument and computation.
It is true that mathematicians also make constant use, to assist them in

the discovery of their theorems and methods, of modelsand physical

analogues, and they have recourse to various completely concrete

examples. These examples serveas the actual source of the theory and as
a means of discovering its theorems, but no theorem definitely belongs

to mathematics until it has been rigorously proved by a logical argument.
If a geometer,reporting a newly discovered theorem, were to demonstrate)))
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it by means of models and to confine himself to such a demonstration, no
mathematician would admit that the theorem had been proved. The

demand for a proof of a theorem is well known in high school geometry,
but it pervades the whole of mathematics. We could measure the angles
at the base of a thousand isosceles triangles with extreme accuracy, but

such a procedure would never provideus with a mathematical proof of the
theorem that the angles at the base of an isoscelestriangle are equal.

Mathematics demands that this result be deduced from the fundamental

concepts of geometry, which at the present time, in view of the fact that

geometry is nowadays developed on a rigorous basis, are precisely

formulated in the axioms. And so it is in every case. To prove a theorem

means for the mathematician to deduceit by a logical argument from the
fundamental properties of the concepts occuring in that theorem. In this

way, not only the concepts but also the methods of mathematics are
abstract and theoretical.

The results of mathematicsare distinguishedby a high degree of logical

rigor, and a mathematical argument is conducted with such scrupulousness
as to make it incontestable and completely convincing to anyone who

understands it. The scrupulousness and cogencyof mathematical proofs

are already well known in a high school course. Mathematical truths

are in fact the prototype of the completely incontestable. Not for nothing

do people say \"as clear as two and two are four.\" Here the relation \"two

and two are four\" is introduced as the very image of the irrefutable
and incontestable.

But the rigor of mathematics is not absolute; it is in a process of con-
tinual development; the principles of mathematics have not congealed
onceand for all but have a life of their own and may even be the subject
of scientificquarrels.

In the final analysis the vitality of mathematics arises from the fact that

its concepts and results, for all their abstractness, originate, as we shall see,
in the actual world and find widely varied application in the other sciences,
in engineering, and in all the pratical affairs of daily life; to realize this is
the most important prerequisite for understanding mathematics.

The exceptional breadth of its applications is another characteristic
feature of mathematics.

In the first place we make constant use, almost every hour, in industry
and in private and social life, of the most varied conceptsand results of

mathematics, without thinking about them at all; for example, we use

arithmetic to compute. our expensesor geometry to calculate the floor area
of an apartment. Of course, the rules here are very simple, but we should
remember that in some period of antiquity they represented the most
advanced mathematical achievementsof the age.)))
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Second, modern technology would be impossiblewithout mathematics.

There is probably not a single technical process which can be carried
through without more or less complicated calculations;and mathematics

plays a very important role in the development of new branches of
technology.

Finally, it is true that every science, to a greater or lesserdegree,makes

essential use of mathematics. The \"exactsciences,\"mechanics, astronomy,

physics, and to a great extent chemistry, express their laws, as every
schoolboyknows,by means of formulas and make extensiveuse of mathe-

matical apparatus in developing their theories. The progressof these

sciences would have been completely impossible without mathematics.

For this reason the requirements of mechanics, astronomy, and physics

have always exercised a direct and decisive influence on the development
of mathematics.

In other sciences mathematics plays a smaller role, but here too it finds

important applications. Of course, in the study of such complicated
phenomenaas occurin biology and sociology, the mathematical method
cannot play the same role as, let us say, in physics. In all cases, but espe-

cially where the phenomena are most complicated,we must bear in mind,
if we are not to loseour way in meaningless play with formulas, that the

application of mathematics is significant only if the concrete phenomena
have already been made the subject of a profound theory. In one way or

another, mathematics is appliedin almost every science, from mechanics
to political economy.

Let us recall some particularly brilliant applications of mathematics

in the exact sciencesand in technology.

The planet Neptune, one of the most distant in the Solar System,was

discovered in the year 1846 on the basis of mathematical calculations.

By analyzing certain irregularities in the motion of Uranus, the astron-

omers Adams and Leverrier cameto the conclusion that these irregularities
were caused by the gravitational attraction of another planet. Leverrier
calculated on the basis of the laws of mechanicsexactly where this planet
must be, and an observer to whom he communicated his results caught
sight of it in his telescope in the exact position indicated by Leverrier.
This discovery was a triumph not only for mechanics and astronomy,

and in particular for the system of Copernicus,but also for the powers
of mathematical calculation.

Another example, no less impressive, was the discovery of electro-
magnetic waves. The English physicist Maxwell, by generalizing the laws

of electromagnetic phenomenaas established by experiment, was able to

express these laws in the form of equations. From these equations he

deduced, by purely mathematical methods, that electromagnetic waves)))
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could exist and that they must be propagated with the speed of light.

On the basis of this result, he proposed the electromagnetic theory
of light, which was later developed and deepened in every direction.

Moreover, Maxwell's results led to the search for electromagnetic waves
of purely electrical origin, arising for example from an oscillatingcharge.
These waves were actually discovered by Hertz. Shortly afterwards,
A. S.Popov, by discovering means for exciting, transmitting, and receiving

electromagnetic oscillations made them available for a wide range of
applications and thereby laid the foundations for the whole technology

of radio. In the discovery of radio, now the common possession of

everyone, an important role was played by the results of a purely mathe-

matical deduction.

So from observation, as for example of the deflection of a magnetic

needle by an electric current, scienceproceedsto generalization, to a theory
of the phenomena, and to formulation of laws and to mathematical
expressionof them. From these laws come new deductions, and finally,

the theory is embodied in practice, which in its turn provides powerful
new impulses for the developmentof the theory.

It is particularly remarkable that even the most abstract constructions
of mathematics, arising within that science itself, without any immediate

motivation from the natural sciences or from technology, nevertheless
have fruitful applications. For example, imaginary numbers first came to

light in algebra, and for a long time their significance in the actual world
remaineduncomprehended, a circumstance indicated by their very name.
But when a\nout 1800 a geometrical interpretation (see Chapter IV, *2)

was given to them, imaginary numbers became firmly established in

mathematics, giving rise to the extensive theory of functions of a complex
variable, i.e., of a variable of the form x + y vi - I. This theory of

\"imaginary\" functions of an \"imaginary\" variable proved itself to be far
from imaginary, but rather a very practical meansof solving technological

problems. Thus, the fundamental results of N. E. lukovski concerning

the lift on the wing of an airplane are proved by means of this theory.

The same theory is useful, for example, in the solution of problems
concerning the oozingof water under a dam, problems whose importance
is obvious during the present period of construction of huge hydroelectric

stations.

Another example, equally impressive, is provided by non-Euclidean

geometry,
* which arose from the efforts, extending for 2000 years from

the time of Euclid, to prove the parallel axiom, a problem of purely)

* Here we merely point out this example without further explanation, for which the
reader may turn to Chapter XVII.)))
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mathematical interest. N. I. Lobacevskij himself, the founder of the

new geometry, was careful to label his geometry \"imaginary,\" since he

could not see any meaning for it in the actual world, although he was

confident that such a meaning would eventually be found. The resultsof
his geometry appeared to the majority of mathematicians to be not only

\"imaginary\" but even unimaginable and absurd.Nevertheless, his ideas

laid the foundation for a new development of geometry, namely the
creation of theories of various non-Euclidean spaces; and these ideas
subsequentlybecame the basis of the general theory of relativity, in which

the mathematical apparatus consistsof a form of non-Euclidean geometry
of four-dimensional space.Thus the abstract constructions of mathematics,
which at the very least seemed incomprehensible,proved themselves a

powerful instrument for the developmentof one of the most important

theories of physics. Similarly, in the present-day theory of atomic phenom-

ena, in the so-called quantum mechanics, essential use is made of many

extremely abstract mathematical concepts and theories, as for example

the concept of infinite-dimensional space.
There is no need to give any further examples, since we have already

shown with sufficient emphasis that mathematics finds widespread applica-

tion in everyday life and in technology and science; in the exact sciences
and in the great problems of technology, applicationsare found even for

those theories which arise within mathematics itself. This is one of the

characteristic peculiarities of mathematics, along with its abstractness

and the rigor and conclusivenessof its results.)

2. The essential nature of mathematics. In discussingthese special

features of mathematics we have been far from explaining its essence;
rather we have merelypointed out its external marks. Our task now is to

explain the essential nature of these characteristic features. For this

purpose it will be necessary to answer, at the very least, the following

questions:

What do these abstract mathematicalconceptsreflect? In other words,
what is the actual subject matter of mathematics?

Why do the abstract results of mathematics appear so convincing, and
its initial concepts so obvious? In other words, on what foundation do

the methods of mathematicsrest?
Why, in spite of all its abstractness, does mathematics find such wide

application and does not turn out to be merely idle play with abstractions?

In other words, how is the significanceof mathematics to be explained?

Finally, what forces lead to the further development of mathematics,

allowing it to unite abstractness with breadth of application? What is the

basis for its continuing growth?)))
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In answering these questions we will form a general picture of the content
of mathematics, of its methods, and of its significanceand its development;

that is, we will understand its essence.

Idealists and metaphysicistsnot only fall into confusion in their attempts

to answer these basic questions but they go so far as to distort mathe-

matics completely, turning it literally inside out. Thus, seeingthe extreme

abstractness and cogency of mathematical results,the idealist imagines

that mathematics issues from pure thought.

In reality, mathematics offers not the slightest support for idealism or
metaphysics. We will convince ourselves of this as we attempt, in general
outline, to answer the listed questions about the essence of mathematics.

For a preliminary clarification of thesequestions,it is sufficient to examine
the foundations of arithmetic and elementary geometry, to which we now

turn.)

\n2. Arithmetic

1. The concept of a whole number. The concept of number (for the

time being, we speak only of whole positive numbers), though it is so
familiar to us today, was worked out very slowly. This can be seen from
the way in which counting has been done by various races who until

recent times have remained at a relatively primitive level of social life.

Among some of them, there wereno names for numbers higher than two
or three; among others, counting went further but ended after a few

numbers, after which they simply said \"many\" or \"countless.\" A stock of

clearlydistinguished names for numbers was only gradually accumulated
among the various peoples.

At first these peopleshad no conceptof what a number is, although they

could in their own fashion makejudgments about the size of one or another

collection of objects met with in their daily life. We must conclude that a

number was directly perceived by them as an inseparable property of a
collection of objects, a property which they did not, however, clearly
distinguish. We are so accustomed to counting that we can hardly imagine
this state of affairs, but it is possible to understand it. *

At the next higher level a number already appearsas a property of a)

* In fact, every collection of objects, whether it be a flock of sheep or 3 pile of

firewood, exists and is immediately perceived in all its concreteness and complexity.
The distinguishing in it of separate properties and relationships is the result of conscious
analysis. Primitive thought does not yet make this analysis, but considers the object

only as a whole. Similarly, a man who has not studied music perceives a musical
composition without distinguishing in it the details of melody, tonality, and so forth,
while at the same time a musician easily analyzes even a complicated symphony.)))
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collectionof objects,but it is not yet distinguished from the collectionas
as an \"abstract number,\" as a number in general, not connected with

concrete objects. This is obvious from the names of numbers among
certain peoples, as \"hand\" for five and \"wholeman\" for twenty. Here five

is to be understoodnot abstractly but simply in the sense of \"asmany as

the fingers on a hand,\" twenty is \"as many as the fingers and toes on a
man\" and so forth. In a completely analogous way, certain peoples had

no concept of \"black,\"\"hard,\" or \"circular.\" In order to say that an

object is black, they compared it with a crow for example,and to say that

there were five objects, they directly compared these objects with a hand.

In this way it also came about that various names for numbers were used
for various kinds of objects; some numbers for counting people, others

for counting boats, and so forth, up to as many as ten different kinds of

numbers. Here we do not have abstract numbers, but merely a sort of

\"appellation,\" referring only to a definite kind of objects. Among other

peoples there were in general no separate names for numbers, as for

example, no word for \"three,\" although they could say \"three men\" or

\"in three places,\" and so forth.

Similarly among ourselves, we quite readily say that this or that object
is black but much more rarely speak about \"blackness\" in itself, which is

a more abstract concept.*
The number of objects in a given collection is a property of the col-

lection, but the number itself,as such, the \"abstract number,\" is a property
abstractedfrom the concrete collection and considered simply in itself,

like \"blackness\" or \"hardness.\"Just as blackness is the property common
to all objects of the color of coal, so the number \"five\" is the common

property of all collectionscontaining as many objects as there are fingers

on a hand. In this case the equality of the two numbers is establishedby

simple comparison: We take an object from the collection, bend one finger

over, and count in this way up to the end of the collection.More generally,

by pairing off the objects of two collections,it is possible, without making
any use of numbers at all, to establish whether or not the collections
contain the same number of objects. For example,if guests are taking their

places at the table they can easily, without any counting, make it clear to

the hostess that she has forgotten one setting, since one guest will be

without a setting.)

* In the formation of concepts about properties of objects, such as coloror the

numerosity of a collection, it is possible to distinguish three steps, which we must not,
of course,try to separate too sharply from one another. At the first step the property
is defined by direct comparison of objects:like a crow, as many as on a hand. At the
second, an adjective appears: a black stone or (the numerical adjective being quite
analogous) five trees. At the third step the property is abstracted from the objects
and may appear \"as such\"; for example \"blackness,\" or the abstract number \"five.\)
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In this way it is possible to give the following definition of a number:
Each separate number like \"two,\" \"five,\" and so forth, is that property

of collections of objects which is common to all collections whose
objects can be put into one-to-one correspondence with one another

and which is different for those collections for which such a cor-

respondence is impossible. In order to discover this property and
to distinguish it clearly, that is, in order to form the concept of
a definite number and to give it a name \"six,\" \"ten,\" and so forth,
it was necessary to compare many collections of objects. For
countless generations people repeated the same operation millions of

times and in that way discovered numbers and the relations among
them.)

2. Relations among the whole numbers. Operations with numbers

arose in their turn as a reflection of relations among concrete objects.
This is observable even in the names of numbers. For example, among

certain American Indians the number \"twenty-six\" is pronounced as

\"above two tens I place a six,\"which is clearly a reflection of a concrete
method of counting objects. Addition of numbers corresponds to placing
together or uniting two or more collections,and it is equally easy to see
the concrete meaning of subtraction, multiplication, and division.
Multiplication in particular arose to a great extent, it seems clear, from
the habit of counting off equal collections: that is, by twos, by threes, and
so forth.

In the process of counting, men not only discoveredand assimilatedthe

relations among the separate numbers, as for example that two and three
are five, but also they gradually established certain generallaws.By prac-

tical experience, it was discovered that a sum does not depend on the order

of the summands and that the result of counting a given set of objects
does not depend on the order in which the counting takes place, a fact

which is reflected in the essential identity of the \"ordinal\" and \"cardinal\"

numbers: first, second, third, and one, two, three. In this way the numbers

appeared not as separate and independent, but as interrelated with one
another.

Somenumbers are expressed in terms of others in their very names and
in the way they are written. Thus, \"twenty\" denotes \"two (times) ten\";
in French, eighty is \"four-twenties\" (quatre-vingt), ninety is \"four-

twenties-ten\"; and the Roman numerals VIII, IX denote that 8 = 5 + 3,
9=10-1.

In general, there arose not just the separate numbers but a system of

numbers with mutual relations and rules.
The subjectmatter of arithmetic is exactly this, the system of numbers)))
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with its mutual relations and rules.* The separate abstract number by itself

does not have tangible prop\nrties, and in general there is very little to be

said about it. If we ask ourselves, for example, about the properties of
the number six, we note that 6 = 5 + 1,6 = 3 .

2, that 6 is a factorof 30
and so forth. But here the number 6 is always connectedwith other num-

bers; in fact, the properties of a given number consist precisely of its
relations with other numbers. t Consequently, it is clear that every arith-
metical operation determines a connection or relation among numbers.
Thus the subject matter of arithmetic is relations among numbers. But

these relations are the abstract images of actual quantitative relations

among collections of objects; so we may say that arithmetic is the science
of actual quantitative relations considered abstractly, that is, purely as

relations. Arithmetic, as we see, did not arise from pure thought, as the

idealists represent, but is the reflection of definite properties of real things;

it arose from the long practical experienceof many generations.)

3. Symbols for the numbers. As social life became more extensive
and complicated,it posed broader problems. Not only was it necessary

to take note of the number of objectsin a set and to tell others about it,

a necessity which had already led to formulation of the concept of number
and to names for the numbers, but it became essential to learn to count
increasinglylargercollections,ofanimals in a herd, of objects for exchange,

of days before a fixed date, and so forth, and to communicate the results
of the count to others. This situation absolutely demanded improvement

in the names and also in the symbols for numbers.
The introduction of symbolsfor the numbers, which apparently occured

as soon as writing began, played a great role in the development of

arithmetic. Moreover, it was the first step toward mathematicalsignsand

formulas in general. The second step, consisting of the introduction of

signs for arithmetical operations and of a literal designation for the

unknown (x), was taken considerably later.

The concept of number, like every other abstract concept, has no
immediate image; it cannot be exhibited but can only be conceived in the)

* The word \"arithmetic,\" meaning the \"art of calculation,\" is derived from the

Greek adjective \"arithmetic\" formed from the noun \"arithmos,\" meaning \"number.\"
The adjective modifies a noun \"techne\" (art, technique), which is here understood.

t This is understandable from the most general considerations. An arbitrary
abstraction, removed from its concrete basis (just as a number is abstracted from a
concrete collection of objects),has no sense \"in itself\"; it exists only in its relations
with other concepts. These relations are already implicit in any statement about the

abstraction, in the most incomplete definition of it. Without them the abstraction
lacks content and significance, i.e., it simply does not exist. The content of the concept
of an abstract number lies in the rules, in the mutual relations of the systemof numbers.)))
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mind. But thought is formulated in language, so that without a name there

can be no concept. The symbol is also a name, except that it is not oral
but written and presents itself to the mind in the form of a visible image.
For example,if I say \"seven,\" what do you picture to yourself? Probably
not a set of seven objects of one kind or another, but rather the symbol
\"7,\" which forms a sort of tangible framework for the abstract number
\"seven.\" Moreover, a number 18273 is considerably harder to pronounce
than to write and cannot be pictured with any accuracy in the form of
a set of objects. In this way it came about, though only after some lapse of
time, that the symbols gave rise to the conceptionof numbers so large that

they could never have been discovered by direct observation or by

enumeration. With the appearance of government, it was necessary to

collect taxes, to assemble and outfit an army, and so forth, all of which

required operations with very large numbers.
Thus the importance of symbols for the numbers consists, in the first

place, in their providing a simpleembodiment of the concept of an abstract
number. * This is the role of mathematical designations in general: They

provide an embodiment of abstract mathematical concepts. Thus

+ denotes addition, x denotesan unknown number, a an arbitrary given
number, and so forth. In the second place the symbols for numbers provide

a particularly simple means of carrying out operations on them. Everyone
knows how much easier it is \"to calculate on paper\" than \"in one's head.\"

Mathematical signs and formulas have this advantage in general: They
allow us to replace a part of our arguments with calculations, with

something that is almost mechanical. Moreover, if a calculation is written

down, it already possesses a definite authenticity; everything is visible,

everything can be checked,and everything is defined by exact rules. As
examples one might mention addition by individual columns or any

algebraic transformation such as \"taking over to the other side of the

equation with change of sign.\" From what has been said, it is clear that

without suitable symbolsfor the numbers arithmetic could not have made
much progress. Even more is it true that contemporary mathematics would
be impossiblewithout its special signs and formulas.

It is obvious that the extremely convenient method of writing numbers

that is in use today could not have been worked out all at once. From
ancient times there appeared among various peoples, from the very)

* It is worth remarking that the concept of number, which was worked out with

such difficulty in a long period of time, is mastered nowadays by a child with relative

ease. Why? The first reason is, of course, that the child hears and seesadults constantly

making use of numbers, and they even teach him to do the same. But a second reason,
and this is the one to which we wish to draw special attention, is that the child already
has at hand words and symbols for the numbers. He first learns these external symbols
for number and only later masters the meaning of them.)))
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Table
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1
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beginnings of their culture, various symbols for the numbers, which were

very unlike our contemporary ones not only in their general appearance
but also in the principles on which they were chosen. For example, the
decimal system was not used everywhere, and among the ancient
Babylonians there was a system that was partly decimal and partly

sexagesimal. Table I gives some of the symbols for numbers among

various peoples. In particular, we see that the ancient Greeks, and
later also the Russians, made use of letters to designate numbers. Our
contemporary \"Arabic\" symbols and, more generally, our method of

forming the numbers, were brought from India to Europe by the Arabs
in the 10th century and became firmly rooted there in the course of the

next few centuries.

The first peculiarity of our system is that it is a decimal system. But this

is not a matter of great importance, since it would have been quite possible

to use, for example, a duodecimal system by introducing special symbols
for ten and eleven. The most important peculiarity of our system of

designating numbers is that it is \"positional\"; that is, that one and the

same number has a different significance depending upon its position.
For example, in 372 the number 3 denotes the number of hundreds and

7 the numbers of tens. This method of writing is not only concise and

simple but makes calculations very easy. The Roman numerals were in

this respect much less convenient, the' same number 372 being written in

the form CCCLXXIl; it is a very laborious task to multiply together two

large numbers written in Roman numerals.

Positional writing of numbers demands that in one way or another we
take note of any category of numbers that has been omitted, since if we

do not do this, wewill confuse, for example, thirty-one with three-hundred-

and-one. In the position of the omitted category we must place a zero,
thereby distinguishing 301 and 31. In a rudimentary form, zero already

appears in the late Babylonian cuneiform writings, but its systematic
introduction was an achievement of the Indians:

* It allowed them to

proceed to a completely positional system of writing just as we have it

today.

But in this way zero also became a number and entered into the system

of numbers. By itself zero is nothing; in the Sanskrit language of ancient
India, it is called exactly that: \"empty\" ( 9un ga); but in connection with

other numbers, zero acquires content, and well-known properties; for

example, an arbitrary number plus zero is the same number, or when an

arbitrary number is multiplied by zero it becomes zero.)

* The first Indian manuscript in which zero appears comes from the end of the
9th century; in it the number 270is written exactly as we would write it today. But
it is probable that zero was introduced in India still earlier, in the 6th century.)))
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4. The theory of numbers as a branch of pure mathematics. Let us
return to the arithmetic of the ancients. The oldesttexts that have been

preserved from Babylonand Egypt go back to the second millennium B.C.

These and later texts contain various arithmetical problems with their

solutions, among them certain ones that today belong to algebra, such as
the solution of quadratic and even cubic equations or progressions;all
this being presented, of course, in the form of concrete problems and
numerical examples. Among the Babylonians we also find cenain tables of

squares, cubes, and reciprocals.It is to be supposed that they were already
beginning to form mathematical interests which were not immediately
connected with practical problems.

In any case arithmetic waswell developed in ancient Babylon and Egypt.
However,it was not yet a mathematical theory of numbers but rather a

collection of solutions for various problems and of rules of calculation.
It is exactly in this way that arithmetic is taught up to the present time in

our elementary schools and is understood by everyone who is not

especially interested in mathematics. This is perfectly legitimate, but

arithmetic in this form is still not a mathematical theory. There are no
general theorems about numbers.

The transition to theoretical arithmetic proceeded gradually.
As was pointed out, the existence of symbolsallows us to operate with

numbers so large that it is impossible to visualize them as collections of

objects or to arrive at them by the process of counting in succession from

the number one. Among primitive tribes special numbers were worked
out up to 3, 10, 100 and so forth, but after these came the indefinite

\"many.\" In contrast to this situation the use of symbols for numbers
enabled the Chinese, the Babylonians, and the Egyptians to proceed to

tens of thousands and even to millions. It was at this stage that the pos-

sibility was noticed of indefinitely extending the series of numbers,
although we do not know how soon this possibility was clearly perceived.
Even Archimedes (287-212 B.c.) in his remarkable essay \"The Sand
Reckoner\"took the trouble to describe a method for naming a number

greater than the number of grains of sand sufficient to fill up the \"sphere
of the fixed stars.\" So the possibility of naming and writing such a number
still required at his time a detailed explanation.

By the 3rd century B.C., the Greeks had clearlyrecognizedtwo important

ideas: first, that the sequence of numbers could be indefinitely extended
and second, that it was not only possible to operate with arbitrarily given

numbers but to discuss numbers in general, to formulate and prove general
theorems about them. This idea represents the generalization of an

immense amount of earlier experience with concrete numbers, from which
arose the rules and methods for general reasoning about numbers. A)))
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transition took place to a higher level of abstraction: from separate given

(though abstract) numbers to number in general, to any possible number.
From the simple process of counting objects one by one, we pass to

the unbounded process of formation of numbers by adding one to the

number already formed. The sequence of numbers is regarded as being
indefinitely continuable, and with it there enters into mathematics the

notion of infinity. Of course, we cannot in fact, by the process of adding
one, proceedarbitrarily far along the sequence of numbers: Who could

reach as far as a million-million, which is almost forty times the number of

seconds in a thousand years? But that is not the point; the process of
adding ones,the process of forming arbitrary large collectionsof objects
is in principle unlimited, so that the possibility exists of continuing the

sequence of numbers beyond all limits. The fact that in actual practice
counting is limited is not relevant; an abstraction is made from it. It is

with this indefinitely prolonged sequence that general theorems about
numbers have to deal.

General theorems about any property of an arbitrary number already
contain in implicit form infinitely many assertions about the properties of
separatenumbers and are therefore qualitatively richer than any particular

assertions that could be verified for specific numbers. It is for this reason

this general theorems must be proved by general arguments proceeding
from the fundamental rule for the formation of the sequence of numbers.
Here we perceive a profound peculiarity of mathematics: Mathematics

takes as its subject not only given quantitative relationships but all possible
quantitative relationships and therefore infinity.

In the famous \"Elements\" of Euclid, written in the 3rd century B.C.,
we already find general theorems about whole numbers, in particular, the

theorem that there exist arbitrarily large prime numbers. *

Thus arithmetic is transformed into the theory of numbers. It is already

removed from particular concrete problemsto the region of abstract

concepts and arguments. It has become a part of \"pure\" mathematics.

More precisely, this was the moment of the birth of pure mathematics
itself with the characteristic features discussed in our first section. We must,
of course,take note of the fact that pure mathematics was born simul-

taneously from arithmetic and geometry and that there were already to
be found in the general rules of arithmetic some of the rudiments of

algebra, a subject which was. separated from arithmetic at a later stage.
But we will discuss this later.

It remains now to summarize our conclusions up to this point, since we)

* We recall that a prime number is defined as a positive integer greater than unity
which is divisible without remainder only by the number itself and by unity.)))
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have now traced out, though in very hurried fashion, the process whereby
theoreticalarithmetic arose from the concept of number.)

5. The essential nature of arithmetic. Since the birth of theoretical

arithmetic is part of the birth of mathematics, we may reasonably expect
that our conclusions about arithmetic will throw light on our earlier
questionsconcerning mathematics in general. Let us recall thesequestions,
particularly in their application to arithmetic.

I. How did the abstract concepts of arithmetic arise and what do they

reflect in the actual world?
This question is answered by the earlier remarks about the birth of

arithmetic. Its concepts correspond to the quantitative relations of
collections of objects.These concepts arose by way of abstraction, as a
result of the analysis and generalization of an immense amount of practical
experience. They arose gradually; first came numbers connected with

concrete objects, then abstract numbers, and finally the concept of number
in general, of any possible number. Each of these conceptswas made

possible by a combination of practical experience and preceding abstract

concepts. This, by the way, is one of the fundamental laws of formation

of mathematical concepts: They are brought into being by a series of

successive abstractions and generalizations, each resting on a combination
of experiencewith preceding abstract concepts. The history of the concepts
of arithmetic shows how mistaken is the idealistic view that they arose

from \"pure thought,\" from \"innate intuition,\" from \"contemplation of a
priori forms,\" or the like.

2. Why are the conclusions of arithmetic so convincing and unalterable?

History answers this question too for us. We see that the conclusions

of arithmetic have been worked out slowly and gradually; they reflect
experienceaccumulated in the course of unimaginably many generations
and have in this way fixed themselves firmly in the mind of man. They
have also fixed themselves in language: in the names for the numbers,
in their symbols, in the constant repetition of the same operations with

numbers, in their constant application to daily life. It is in this way that

they have gained clarity and certainty. The methods of logical reasoning
also have the same source. What is essential here is not only the fact that

they can be repeated at will but their soundness and perspicuity, which

they possess in common with the relations among things in the actual

world, relations which are reflected in the concepts of arithmetic and in

the rules for logical deduction.
This is the reason why the results of arithmetic are so convincing; its

conclusions flow logically from its basic concepts, and both of them, the)))
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methods of logic and the concepts of arithmetic, were worked out and
firmly fixed in our consciousness by three thousand years of practical
experience,on the basis of objective uniformities in the world around us.

3. Why does arithmetic have such wide application in spite of the

abstractness of its concepts?
The answer is simple. The concepts and conclusionsof arithmetic, which

generalize an enormous amount of experience,reflect in abstract form

those relationships in the actual world that are met with constantly and

everywhere. It is possible to count the objects in a room, the stars, people,
atoms,and soforth. Arithmetic considers certain of their general properties,
in abstraction from everything particular and concrete,and it is precisely

because it considers only these general properties that its conclusions are
applicableto so many cases. The possibility of wide application is guaran-

teed by the very abstractness of arithmetic, although it is important here
that this abstraction is not an empty one but is derived from long practical
experience.The same is true for all mathematics, and for any abstract

concept or theory. The possibilitiesfor application of a theory depend
on the breadth of the original material which it generalizes.

At the same time every abstract concept, in particular the concept of
number, is limited in its significance as a result of its very abstractness.
In the first place, when applied to any concrete object it reflects only one

aspect of the object and therefore gives only an incomplete picture of it.
How often it happens, for example, that the mer numerical facts say
very little about the essence of the matter. In the second place,abstract

concepts cannot be applied everywhere without certain limiting conditions;
it is impossible to apply arithmetic to concrete problems without first

convincing ourselves that their application makes some sense in the

particular case. If we speakof addition, for example, and merely unite

the objects in thought, then naturally no progress has been made with

the objects themselves. But if we apply addition to the actual uniting of
the objects, if we in fact put the objects together, for exampleby throwing

them into a pile or setting them on a table, in this case there takes place
not merely abstract addition but also an actual process. This processdoes
not consist merely of the arithmetical addition, and in general it may
even be impossibleto carry it out. For example, the object thrown into a

pile may break; wild animals, if placed together, may tear one another

apart; the materials put together may enter into a chemical reaction: a
liter of water and a liter of alcohol when poured together produced not 2,
but 1.9 liters of the mixture as a result of partial solution of the liquids;
and so forth.

If other examples are needed they are easy to produce.
To put it briefly, truth is concrete; and it is particularly important to)))
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remember this fact with respect to mathematics, exactly becauseof its

abstractness.

4. Finally, the last question we raised had to do with the forces that led
to the development of mathematics.

For arithmetic the answer to this question also is clear from its history.
We saw how people in the actual world learned to count and to work out
the concept of number, and how practical life, by posing more difficult

problems, necessitated symbols for the numbers. In a word, the forces
that led to the development of arithmetic were the practical needs of social
life. These practical needs and the abstract thought arising from them

exercise on each other a constant interaction. The abstract concepts
provide in themselves a valuable tool for practical life and are constantly
improved by their very application. Abstraction from all nonessentials
uncovers the kernel of the matter and guarantees success in those cases
where a decisiverole is played by the properties and relations picked out
and preservedby the abstraction; namely, in the case of arithmetic, by

the quantitative relations.

Moreover, abstract reflection often goes farther than the immediate
demandsof a practical problem. Thus the concept of such large numbers

as a million or a billion arose on the basis of practical calculations but

arose earlier than the practical need to make use of them. There are many

such examples in the history of science; it is enough to recall the imaginary

numbers mentioned earlier. This is just a particular case of a phenomenon
known to everyone, namely the interaction of experienceand abstract

thought, of practice and theory.)

\n3. Geometry

1. The concept of a geometric figure. The history of the origin of
geometry is essentially similar to that of arithmetic. The earliest geometric
conceptsand information also go back to prehistoric times and also
result from practical activity.

Early man took over geometric forms from nature. The circleand the

crescent of the moon, the smooth surfaceof a lake, the straightness of a

ray of light or of a well-proportioned tree existedlong before man himself

and presented themselves constantly to his observation.But in nature itself

our eyes seldom meet with really straight lines, with precise triangles or

squares, and it is clear that the chief reason why men gradually worked

out a conceptionof these figures is that their observation of nature was an

active one, in the sense that, to meet their practical needs, they manu-

factured objects more and more regular in shape. They built dwellings,
cut stones, enclosedplots of land, stretched bowstrings in their bows,)))
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modeledtheir clay pottery, brought it to perfection and correspondingly

formed the notion that a pot is curved, but a stretched bowstring is straight.

In short, they first gave form to their material and only then recognized
form as that which is impressed on material and can therefore be con-

sidered in itself, as an abstraction from material. By recognizing the form
of bodies,man was able to improve his handiwork and thereby to work

out still more precisely the abstract notion of form. Thus practical activity
served as a basisfor the abstract concepts of geometry. It was necessary
to manufacture thousands of objects with straight edges, to stretch
thousands of threads, to draw upon the ground a large number of straight

lines, before men could form a clear notion of the straight line in general,
as that quality which is common to all these particular cases.Nowadays

we learn early in life to draw a straight line, since we are surrounded by

objects with straight edges that are the result of manufacture, and it is

only for this reason that in our childhood we already form a clear notion

of the straight line. In exactly the same way the notion of geometric
magnitudes, of length, area, and volume, arose from practical activity.

People measured lengths, determined distances, estimated by eye the

area of surfaces and the volumes of bodies, all for their practical purposes.
It was in this way that the simplest general laws were discovered, the

first geometric relations: for example, that the area of a rectangle is equal
to the product of the lengths of its sides. It is useful for a farmer to be
aware of such a relation, in order that he may estimate the area he has

sowed and consequently the harvest he may expect.

So we see that geometry took its rise from practical activity and from

the problems of daily life. On this question the ancient Greek scholar,
Eudemusof Rhodes,wrote as follows: \"Geometry was discovered by the

Egyptians as a result of their measurementof land.This measurement was

necessary for them becauseof the inundations of the Nile, which constantly

washed away their boundaries. * There is nothing remarkable in the fact

that this science, like the others, arose from the practical needs of men.
All knowledge that arises from imperfect circumstancestends to perfect

itself. It arises from sense impressionsbut gradually becomes an object
of our contemplation and finally enters the realm of the intellect.\"

Of course, the measurement of land was not the only problem that led

the ancients toward geometry. From the fragmentary texts that have

survived, it is possible to form some ideaof various problems of the ancient

Egyptians and Babylonians and of their methods for solving them.
One of the oldest Egyptian texts goes back to 1700B.C.This is a manual)

* What is meant here is the boundaries between shares of land. Let us note, parenthet-
ically, that geometry means land-measurement (in ancient Greek \"ge\" is land, and
\"metron\" is measure).)))
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of instruction for \"secretaries\" (royal officers), written by a certain Ahmes.
It contains a collection of problems on calculating the capacity of
containers and warehouses, the area of shares of land, the dimensions of

earthworks, and so forth.
The Egyptians and Babylonians were able to determine the simplest

areas and volumes, they knew with considerable exactness the ratio of
the circumference to the diameter of a circle,and perhaps they were even
able to calculate the surface area of a sphere; in a word, they already
possessed a considerablestore of geometrical knowledge. But so far as
we can tell, they were still not in possession of geometry as a theoretical
sciencewith theorems and proofs. Like the arithmetic of the time, geometry

was basically a collection of rules deducedfrom experience. Moreover,

geometry was in general not distinguished from arithmetic. Geometric
problemswere at the same time problems for calculation in arithmetic.

In the 7th century B.c., geometry passed from Egypt to Greece, where

it was further developed by the great materialist philosophers, Thales,
Democritus, and others. A considerable contribution to geometry was
also made by the successors of Pythagoras, the founders of an idealistic

religiophilosophical school.

The development of geometry took the direction of compiling new facts
and clarifying their relations with one another. These relations were

gradually transfonned into logical deductions of certain propositions of

geometry from certain others. This had two results: first, the concept of
a geometrical theorem and its proof; and second, the clarification of those

fundamental propositions from which the others may be deduced, namely,

the axioms.

In this way geometry gradually developed into a mathematical
theory.

It is well known that systematic expositions of geometry appeared in

Greece as far back as the 5th century B.C., but they have not been
preserved, for the obvious reason that they were all supplanted by the
\"Elements\" of Euclid (3rd century B.C.). In this work, geometry was

presented as such a well-formed system that nothing essential was added
to its foundations until the time of N. I. LobacevskiI, more than two

thousand years later. The well-known school text of Kiselev, like school
booksover the whole world, represented in its older editions, nothing
but a popular reworking of Euclid. Very few other books in the world
have had sucha long life as the \"Elements\" of Euclid, this perfect creation

of Greek genius. Of course,mathematics continued to advance, and our

understanding of the foundations of geometry has been considerably
deepened;nevertheless the \"Elements\" of Euclid became, and to a great

extent remain, the model of a bookon pure mathematics. Bringing together)))
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the accomplishments of hispredecessors,Euclid presented the mathematics

of his time as an independent theoretical science; that is, he presented it

essentially as it is understood today.

2. The essential nature of geometry. The history of geometry leads to
the same conclusionsas that of arithmetic. We see that geometry arose

from practical life and that its transformation to a mathematical theory
required an immense period of time.

Geometry operates with \"geometric bodies\" and figures; it studies their

mutual relations from the point of view of magnitude and position. But a

geometric body is nothing other than an actual body consideredsolely
from the point of view of its spatial form,

* in abstraction from all its
other properties such as density, color, or weight. A geometric figure is a

still more general concept, since in this case it is possible to abstract from

spatial extension also; thus a surface has only two dimensions, a line,

only one dimension, and a point, none at all. A point is the abstract
concept of the end of a line, of a position defined to the limit of precision
so that it no longer has any parts. It is in this way that all these concepts
are defined by Euclid.

Thus geometry has as its object the spatial forms and relations of actual
bodies, removed from their other properties and considered from the

purely abstract point of view. It is just this high level of abstraction that

distinguishes geometry from the other sciences that also investigate the

spatial forms and relations of bodies. In astronomy for example, the

mutual positions of bodies are studied, but they are the actual bodies
of the sky; in geodesy it is the form of the earth that is studied, in crystal-

lography, the form of crystals,and so forth. In all these other sciences, the
form and the position of concrete bodies are studied in their dependence

on other properties of the bodies.

This abstraction necessarily leads to the purely theoretical method of

geometry; it is no longer possible to set up experiments with breadthless

straight lines, with \"pure forms.\" The only possibility is to make use of
logical argument, deriving some conclusions from others. A geometrical

theorem must be proved by reasoning, otherwise it does not belong to

geometry; it does not deal with \"pure forms.\"
The self-evidence of the basic concepts of geometry, the methods of

reasoning and the certainty of their conclusions,all have the same source
as in arithmetic. The properties of geometric concepts, like the concepts

themselves, have been abstracted from the world around us. It was

necessary for people to draw innumerable straight lines before they could
take it as an axiom that through every two points it is possible to draw a)

* By form we mean also dimensions.)))
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straight line; they had to move various bodiesabout and apply them to
one another on countless occasionsbefore they could generalize their

experience to the notion of superpositionof geometric figures and make

use of this notion for the proof of theorems,as is doneis the well-known

theorems about congruence of triangles.
Finally, we must emphasize the generality of geometry. The volume of

a sphere is equal to 4f31T R3 quite independently of whether we are speaking
of a spherical vessel, of a steel sphere, of a star, or of a drop of water.

Geometry can abstract what is common to all bodies,becauseevery actual

body does have more or lessdefinite form, dimensions, and position with

respect to other bodies. So it is no cause for wonder that geometry finds

application almost as widely as arithmetic. Workmen measuring the.
dimensionsof a building or reading a blueprint, an artillery man deter-

mining the distance to his target, a farmer measuring the area of his field,
an engineerestimating the volume of earthworks, all these peoplemake

use of the elements of geometry.The pilot, the astronomer, the surveyor, the
engineer,the physicist, all have need of the preciseconclusionsofgeometry.

A clear example of the abstract-geometrical solution of an important

problem in physics is provided by the investigationsof the well-known

crystallographer and geometer, E. S. Fedorov.The problem he set himself
of finding all the possible forms of symmetry for crystals is one of the
most fundamental in theoretical crystallography. To solve this problem,

Fedorov made an abstraction from all the physical properties of a crystal,

considering it only as a regular system of geometric bodies \"in place of a

system of concreteatoms.\"Thus the problem became one of finding all

the forms of symmetry which could possibly exist in a system of geometric
bodies. This purely geometrical problem was completely solved by

Fedorov, who found all the possible forms of symmetry, 230 in number.

His solution proved to be an important contribution to geometry and
was the source of many geometric investigations.

In this example, as in the whole history of geometry, we detect the

prime moving force in the development of geometry. It is the mutual
influence of practicallife and abstract thought. The problem of discovering

possible symmetries originated in physical observation of crystals but was

transformed into an abstract problem and so gave rise to a new mathe-
matical theory, the theory of regular systems, or of the so-called Fedorov
groups.* Subsequently this theory not only found brilliant confirmation

in the practical observation of crystals but also served as a general guide
in the development of crystallography, giving rise to new investigations,
both in experimental physics and in pure mathematics.)

*
Compare Chapter XX.)))
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\n4. Arithmetic and Geometry

1. The origin of fractions in the interrelation of arithmetic and geometry.
Up to now we have considered arithmetic and geometry apart from each

other. Their mutual relation, and consequently the more general inter-
relation of all mathematical theories, has so far escaped our attention.

Nevertheless this relation has exceptionally great significance. The inter-

action of mathematical theories leads to advances in mathematics itself
and also uncovers a rich treasure of mutual relations in the actual world

reflected by the these theories.
Arithmetic and geometry are not only applied to each other but they

also serve thereby as sourcesfor further general ideas, methods, and
theories. In the final analysis, arithmetic and geometryare the two roots

from which has grown the whole of mathematics. Their mutual influence

goes back to the time when both of them had just come into being. Even

the simple measurement of a line represents a union of geometry and
arithmetic. To measure the length of an object we apply to it a certain

unit of lenght and calculate how many times it is possible to do this; the

first operation (application) is geometric, the second (calculation) is

arithmetical. Everyone who counts off his steps along a road is already
uniting these two operations.

In general, the measurement of any magnitude combines calculation

with some specific operation which is characteristic of this sort of
magnitude. It is sufficient to mention measurementof a liquid in a gradu-
ated container or measurement of an interval of time by counting the
number of strokesof a pendulum.

But in the process of measurementit turns out, generally speaking, that

the chosen unit is not contained in the measured magnitude an integral

number of times, so that a simple calculation of the number of units is not

sufficient. It becomes necessary to divide up the unit of measurement in

order to express the magnitude more accurately by parts of the unit;

that is, no longer by whole numbers but by fractions. It was in this way

that fractions actually arose, as is shown by an analysis of historicaland

other data. They arose from the division and comparison of continuous

magnitudes; in other words, from measurement.The first magnitudes to

be measured weregeometric, namely lengths, areas of fields, and volumes
liquids or friable materials, so that in the earliest appearance of fractions

we see the mutual action of arithmetic and geometry. This interaction
leads to the appearanceof an important new concept, namely of fractions,
as an extension of the concept of number from whole numbers to fractional
numbers (or as the mathematicians say, to rational numbers, expressing
the ratio of whole numbers). Fractions did not arise, and could not arise,)))
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from the division of whole numbers, since only whole objects are counted

by whole numbers. Three men, three arrows, and so forth, all these

make sense, but two-thirds of a man and even two-thirds of an arrow are
senseless concepts; even three separate thirds of an arrow will not kiII a

deer, for this it is necessary to have a whole arrow.)

2. Incommensurable magnitudes. In the development of the concept
of number, arising from the mutual action of arithmetic and geometry,
the appearance of fractions was only the first step. The next was the
discoveryof incommensurable intervals. Let us recall that intervals are

called incommensurable if no interval exists which can be applied to each
of them a whole number of times or, in other words, if their ratio cannot
be expressedby an ordinary fraction; that is, by a ratio of whole numbers.

At first people simply did not think about the question whether every
interval can be expressed by a fraction. If in dividing up or measuring an
interval they came upon very small parts, they merely discarded them;
in practice, it made no sense to speak of infinite precision of measurement.

Democritus even advanced the notion that geometrical figures consist of
atoms of a particular kind. This notion, which to our view seems quite
strange, proved very fruitful in the determination of areas and volumes.

An area was calculated as the sum of rows consisting of atoms, and a
volume as the sum of atomic layers. It was in this way, for example, that

Democritus found the volume of a cone.A reader who understands the

integral calculus will note that this method already forms the prototype
of the determination of areas and volumes by the methods of the integral
calculus. Moreover, in returning in thought to the times of Democritus,
onemust attempt to free oneself of the customary notions of today, which

have become firmly fixed in our minds by the development of mathematics.

At the time of Democritus, geometrical figures were not yet separated
from actual onesto the same extent as is now the case. SinceDemocritus
consideredactual bodies as consisting of atoms, he naturally also regarded

geometrical figures in the same light.
But the notion that intervals consist of atoms comes into contradiction

with the theorem of Pythagoras, since it follows from this theorem that

incommensurable intervals exist. For example, the diagonalof a squareis

incommensurable with its side; in other words, the ratio of the two
cannot be expressed as the ratio of whole numbers.

We shall prove that the side and the diagonal of a square are in fact

incommensurable. If a is the side and b is the diagonal of a square, then

according to the theoremof Pythagoras b 2 = a 2 + a 2 = 2a 2 and therefore

(\nf

= 2.)))
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But there is no fraction such that its square is equal to 2. In fact, if we

suppose that there is, let p and q be whole numbers for which)

(\nf
=

2,)

where we may assume that p and q have no common factor,sinceotherwise

we could simplify the fraction. But if (pjq)2 = 2, then p2 = 2q2, and
therefore p2 is divisibleby 2. In this case p2 is also divisible by 4, since it

is the square of an even number. So p2
= 4ql; that is, 2q2 = 4ql , and

q2
= 2ql . From this it follows that q must also be divisible by 2. But this

contradicts the supposition that p and q have no common factor. This

contradiction proves that the ratio bja cannot be expressed by a rational

number. The diagonal and the side of a square are incommensurable.
This discovery made a great impression on the Greek scientists.

Nowadays, when we are accustomed to irrational numbers and calculate

freely with square roots, the existence of incommensurable intervals does

not disturb us. But in the 5th century B.C., the discoveryof such intervals

had a completely different aspect for the Greeks. Since they did not have
the concept of an irrational number and never wrote a symbol like y2,

the previous result indicated that the ratio of the diagonal and the side
of the square was not represented by any number at all.

In the existence of incommensurable intervals the Greeks discovered a
profound paradoxinherent in the concept of continuity, one of the expres-
sions of the dialectical contradiction comprised in continuity and motion.
Many important Greek philosophers considered this contradiction;

particularly well-known among them, because of his paradoxes,is Zeno

the Eleatic.

The Greeks founded a theory of ratios of intervals, or of magnitudes in

genc;ral, which takes into consideration the existenceof incommensurable

intervals;
* it is expounded in the \"Elements\" of Euclid, and in simplified

form is explained today in high school courses in geometry. But to

recognize that the ratio of one interval to another (if the second interval

is taken as the unit of length, this ratio is simply the length of the first

interval) may also be considered as a number, whereby the very concept
of number is generalized, to this idea the Greeks were not able to rise:
The concept of an irrational number simply did not originate among

them. t This step was taken at a later period by the mathematicians)

* This theory is ascribed to the Greek scientist Eudoxus, who lived in the 4th century

D.C.
t As a result of the fact that the theory of the measurement of magnitudes did not

becomepart of arithmetic but passed over into geometry, mathematics among the)))
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of the East; and in general, a mathematically rigorous definition of a real

number, not depending immediately on geometry,was given only recently:

in the seventies of the last century.
* The passage of such an immense

period of time after the founding of the theory of ratios shows how

difficult it is to discover abstractconceptsand give them exact formulation.)

3. The real number. In describing the concept of a real number,

Newton in his \"General Arithmetic\" wrote: \"by number we mean not so
much a collection of units as an abstract ratio of a certain quantity to
another quantity taken as the unit.\" This number (ratio) may be integral,

rational, or if the given magnitude is incommensurable with the unit,
irrational.

A real number in its original sense is therefore nothing but the ratio of
one magnitude to another taken as a unit; in particular cases this is a ratio
of intervals, but it may also be a ratio of areas, weights, and so forth.

Consequently, a real number is a ratio of magnitudes in general,

considered in abstraction from their concrete nature.

lust as abstract whole numbers are of mathematical interest only in

their relations with one another, so abstract real numbers have content
and become an object of mathematical attention only in relation with one

another in the system of real numbers.
In the theory of real numbers, just as in arithmetic, it is first necessary

to defineoperations on numbers: addition, subtraction, multiplication, di-
vision, and also the relations expressed by such words as \"greater than\" or

\"less than.\" These operations and relations reflect actual connections

among the various magnitudes; for example, addition reflects the placing
togetherof intervals. A beginning on operations with abstract real numbers

was made in the Middle Ages by the mathematicians of the East. Later

came the gradual discoveryof the most important property of the system)

Greekswas engulfed by geometry. Such questions, for example, as the solution of
quadratic equations, which today we treat in an algebraic way, they stated and solved
geometrically. The \"Elements\" of Euclid contain a considerable number of such

questions, which obviously represented for contemporary mathematicians a summary

of the foundations not only of geometry in our sense but of mathematics in general.
This domination by geometry continued up to the time when Descartes, on the contrary,
subjected geometry to algebra. Traces of the long domination by geometry are pre-
served, for example, in such names as \"square\" and \"cube\" for the second and third

powers: \"a cubed\" is a cube with side a.
* We are speaking here not of a descriptive definition, but of a definition which

serves as the immediate basis for proofs of theorems about the properties of real
numbers. It is natural that such definitions should arise at a later period, when the

development of mathematics, and in particular of the infinitesimal analysis, required
a suitable definition of the real number represented by \"the variable x.\" This definition

was given in various forms in the seventies of the last century by the German mathe-
maticians Weierstrass, Dedekind, and Cantor.)))
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of real numbers, its continuity. The system of real numbers is the
abstract image of all the possible values of a continuously varying

magnitude.

In this way, as in the similar case of whole numbers, the arithmetic of
real numbers deals with the actual quantitative relations of continuous
magnitudes, which it studies in their general form, in complete abstraction

from all concrete properties. It is precisely because real numbers deal with

what is common to all continuous magnitudes that they have such wide

application: The values of various magnitudes, a length, a weight, the

strength of an electric current, energy and so forth, are expressed by

numbers, and the interdependence or relations among these entities are

mirrored as relations among their numerical values.

To show how the generalconceptofrealnumbers can serve as the basis
of a mathematical theory, w\n must give their mathematical definition in

a formal way. This may be done by various methods, but perhaps the

most natural is to proceed from the very process of measurement of
magnitudes which actually did lead in practical life to this generalization
of the concept of number. We will speak about the length of intervals,
but the reader will readily perceive that we could argue in exactly
the same way about any other magnitudes which permit indefinite

su bdivision.
Let us suppose that we wish to measure the interval AB by means of the

interval CD taken as a unit (figure I).)

A) P B)
.)

0----0
C 0)

FIG. l.)

We apply the interval CD to AB, beginning for example with the point A,

as long as CD goes into AB. Suppose this is no times. If there still remains

from the interval AB a remainder PB, then we divide the interval CD
into ten parts and measure the remainder with these tenths. Suppose that n 1

of the tenths go into the remainder. If after this there is still a remainder,
we divide our measure into ten parts again; that is, we divide CD into

a hundred parts, and repeat the same operation, and so forth. Either the

process of measurement comes to an end, or it continues. In either
case we reach the result that in the interval AB the whole interval CD is

contained no times, the tenths are contained n 1 times, the hundredths n 2

times and so forth. In a word, we derive the ratio of AB to CD with

increasing accuracy: up to tenths, to hundredths, and so forth. So the)))
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ratio itself is represented by a decimal fraction with no units, n l tenths and
so forth)

AB

CD
= no' nln2 n a....)

This decimal fraction may be infinite, corresponding to the possibility
of indefinite increase in the precision of measurement.

Thus the ratio of two intervals, or of two magnitudes in general, is

always representable by a decimal fraction, finite or infinite. But in the

decimal fraction there is no longer any trace of the concrete magnitude

itself; it represents exactly the abstract ratio, the real number. Thus a
real number may be formally defined if we wish, as a finite or infinite

decimal fraction. *

Our definition will be complete if we say what we mean by the operations
of addition and so forth for decimal fractions. This is done in such a way

that the operations defined on decimal fractions correspond to the opera-
tions on the magnitudes themselves.Thus, when intervals are put together
their lengths are added; that is, the length of the interval AB + BC is
equal to the sum of the length AB and Be. In defining the operations on

real numbers, there is a difficulty that these numbers are represented in

general by infinite decimal fractions, while the well-known rules for these
operations refer to finite decimal fractions. A rigorous definition of the

operations for infinite decimals may be made in the following way.
Suppose, for example,that we must add the two numbers a and b. We take
the corresponding decimal fractions up to a given decimal place, say the

millionth, and add them. We thus obtain the sum a + b with corre-

sponding'accuracy, up to two millionths, since the errors in a and b may
be added together. Sowe are able to define the sum of two numbers with

an arbitrary degree of accuracy, and in that sense their sum is completely

defined, although at each stage of the calculation it is known only with a

a certain accuracy. But this corresponds to the essential nature of the case,

since each of the magnitudes a and b is alsomeasured only with a certain

accuracy, and the exact value of each of the correspondinginfinite fractions

is obtained as the result of an indefinitely extended increase in accuracy.
The relations \"greater than\" and \"less than\" may then be defined by
means of addition: a is greater than b if there exists a magnitude c such

that a = b + c, where we are speaking, of course, of positive numbers.

The continuity of the sequence of real number finds expression in the
fact that if the numbers a l , a 2 ,

... increase and bl , b2 ,
... diminish but)

* Fractions with the periodic digit nine are not considered here, they are identical
with the corresponding fraction without nines according to the well-known rule,
which is clear from the example: 0.139999... = 0.140000....)))
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always remain greater than the a j , then between the one seriesof numbers

and the other there is always a number c. This may be visualized on a
straight line if its points are put into correspondence with the numbers
(figure 2) according to the well-known rule.)

0, Op c bp
I I I 11111111111 I

FIG. 2.)

b,
I)

Here it is clearly seen that the presence of the number c and of the point

corresponding to it signify the absence of a break in the series of numbers,
which is what is meant by their continuity.)

4. The conflict of opposites: concrete and abstract. Already in the

example of the interaction of arithmetic and geometry we can seethat the

development of mathematics is a process of conflict among the many

contrasting elements: the concreteand the abstract, the particular and the

general, the formal and the material, the finite and the infinite, the discrete

and the continuous, and so forth. Let us try, for example, to trace the

contrast between concrete and abstract in the formation of the concept of
a real number. As we have seen, the real number reflects an infinitely

improvable process of measurement or, in slightly different terms, an
absolutely accurate determination of a magnitude. This corresponds to

the fact that in geometry we consider ideally precise forms and dimensions
of bodies, abstracting altogether from the mobility of concrete objects
and from a certain indefiniteness in their actual forms and dimensions;
for example, the interval measured (figure I) was a completely ideal one.

But ideally precise geometric forms and absolutely precise values for

magnitudes represent abstractions.No concrete object has absolutely
precise form nor can any concrete magnitude be measured with absolute

accuracy, since it does not even have an absolutely accurate value. The

length of a line segment, for example,has no sense if one tries to make it

precise beyond the limits of atomic dimensions.In every case when one

passes beyond well-known limits of quantitative accuracy, there appears
a qualitative change in the magnitude, and in general it loses its original
meaning. For example,the pressure of a gas cannot bemadeprecisebeyond

the limits of the impact of a singlemolecule;electricchargeceasesto be

continuous when one tries to make it precise beyond the charge on an
electronand so forth. In view of the absence in nature of objects of ideally
precise form, the assertion that the ratio of the diagonal of a squareto the

side is equal to the yl2 not only cannot be deducedwith absolute accuracy)))
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from immediate measurement but does not even have any absolutely

accurate meaning for an actual concretesquare.
The conclusion that the diagonal and the side of a squareare incom-

mensurable comes, as we have seen, from the theorem of Pythagoras.
This is a theoretical conclusion based on a development of the data of

experience; it is a result of the application of logic to the original premises
of geometry, which are taken from experience.

In this way the concept of incommensurable intervals,and all the more

of real numbers, is not a simple immediate reflection of the facts of
experiencebut goes beyond them. This is quite understandable. The real

number does not reflect any given concrete magnitude but rather

magnitude in general, in abstraction from all concreteness;in other words,

it reflects what is common to particular concrete magnitudes. What is

common to all of them consists in particular in this, that the value of the

magnitude can be determined more and more precisely;and if we abstract

from concrete magnitudes, then the limit of this possible increase in

precision, which depends on the concrete nature of the magnitude,

becomes indefinite and disappears.
In this way a mathematical theory of magnitudes, since it considers

magnitudes in abstraction from their individual nature, must inevitably
consider the possibility of unlimited accuracy for the value of the magni-
tude and must thereby lead to the concept of a real number. At the same

time, since it reflects only what is common to various magnitudes, mathe-

matics takes no account of the peculiarity of each individual magnitude.
Sincemathematics selects only general properties for consideration, it

operates with its clearly defined abstractions quite independently of the

actual limits of their applicability,as must happen precisely because these
limits are different in different particular cases. These limits depend on

the concrete properties of the phenomena under consideration and on the
qualitative changes that take place in them. So in making an application of
mathematics, it is necessary to verify the actual applicability of the theory
in question. To consider matter as continuousand to describeits properties

by continuous magnitudes is permissibleonly if we may abstract from its
atomic structure, and this is possible only under well-known conditions.

Nevertheless, the real numbers represent a trustworthy and powerful
instrument for the mathem\ntical investigation of actual continuous

magnitudes and processes. Their theory is based on practice, on an

immense field of applications in physics, technology, and chemistry.
Consequently, practiceshowsthat the concept of the real number correctly
reflects the general properties of magnitudes. But this correctness is not
without limits; it is not possible to consider the theory of real numbers as
something absolute, allowing an unlimited abstract development in)))
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complete separation from reality. The very concept of the real number is
continuing to develop and is in fact still far from being complete.)

5. The conflict of opposites: discrete and continuous. The role of

another of the mentionedcontrasts,the contrast between the discrete and
the continuous, may also be illustrated by the development of the concept

of number. We have already seen that fractions arose from the division
of continuous magnitudes.

On this theme of division there is a humorous question which is extra-

ordinarily instructive. Grandmother has bought three potatoes and must
divide them equally between two grandsons. How is she to do it? The

answer is: make mashed potatoes.
The joke reveals the very essence of the matter. Separate objectsare

indivisible in the sense that, when divided, the object almost always
ceases to be what it was before, as is clear from the example of \"thirds
of a man\" or \"thirds of an arrow.\" On the other hand, continuous and

homogenous magnitudesor objectsmay easily be divided and put together

again without losing their essential character. Mashedpotatoes offer an

excellent example of a homogeneousobject,which in itself is not separated
into parts but may nevertheless be divided in practice into as small parts
as desired.Lengths, areas, and volumes have the same property. Although

they are continuous in their very essence and are not actually divided into

parts, nevertheless they offer the possibility of being divided without limit.

Here we encounter two contrasting kinds of objects:on the one hand,

the indivisible, separate, discrete objects;and on the other, the objects
which are completely divisible and yet are not divided into parts but are

continuous. Of course, these contrastingcharacteristicsare always united,

since there are no absolutely indivisible and no completely continuous

objects. Yet these aspectsof the objects have an actual existence, and it

often happens that one aspect is decisive in one case and the other in

another.

In abstracting forms from their content, mathematics by this very act

sharply divides these forms into two classes, the discrete and the conti-
nuous.

The mathematical model of a separate object is the unit, and the mathe-
matical modelof a collectionof discreteobjects is a sum of units, which is,

so to speak, the image of pure discreteness,purified of all other qualities.
On the other hand, the fundamental, original mathematical model of
continuity is the geometric figure; in the simplest case, the straight line.

We have before us therefore two contrasts, discretenessand continuity,

and their abstract mathematical images: the whole number and the

geometric extension.Measurement consists of the union of thesecontrasts:)))
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The continuous is measured by separate units. But the inseparable units

are not enough; we must introduce fractional parts of the original unit.

In this way the fractional numbers arise and the concept of numbers

develops precisely as a result of the union of the mentioned contrasts.
Then, on a more abstract level, appeared the concept of incommensur-

able intervals, and, as a result, the real number as an abstract image of
unlimited increase in accuracy in the determination of a magnitude. This
conceptwas not formed immediately, and the long path of its development

led through many a conflict betweenthese same two contrasting elements,

the discrete and the continuous.
In the first place, Democritus represented figures as consistingof atoms

and in this way reduced the continuous to the discrete. But the discovery

of incommensurable intervals led to the abandonment of such a representa-
tion. After this discovery continuous magnitudes were no longer thought

of as consisting of separate elements,atoms or points, and they were not

represented by numbers, since numbers other than the whole numbers

and the fractions were not known at that time.
The contrast between the continuous and the discrete appeared in

mathematics again with renewed force in the 17th century, when the
foundations of the differential and integral
calculus were being laid. Here it was the
infinitesimal that was under discussion. In

some accounts the infinitesimal was thought

of as a real, \"actually\" infinitesimal, \"indivis-

ible\" particle of the continuous magnitude,

like the atoms of Democritus, exceptthat now

the number of these particleswas considered
to be infinitely great. Calculation of areas
and volumes, or in other words integration,
was thought of as summation of an infinite FIG. 3.

number of these infinitely small particles.

An area, for example, wasunderstoodas \"the sum of the lines from which

it is formed\" (figure 3). Consequently,the continuous was again reduced
to the discrete, but now in a more complicated way, on a higher level.
But this point of view also proved unsatisfactory, and, as a counterweight
to it, there appeared, on the basis of Newton'swork, the notion of

continuous variables, of the infinitesimal as a continuous variable decreasing
without limit. This conception finally carried the day at the beginning of

the 19th century, when the rigorous theory of limits was founded. An

interval was now thought of as consisting not of points or \"indivisibles,\"
but as an extension, as a continuous medium, where it was only possible
to fix separate points, separate values of a continuous magnitude. Mathe-)))
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maticians then spoke of \"extension.\" In the union of the discrete and the

continuous, it was again the continuous that dominated.

But the development of analysis demanded further precision in the

theory of variable magnitudes and above all in the general definition of a

real number as an arbitrary possiblevalue of a variable magnitude. In the

seventies of the last century there arosea theory of real numbers which

represents an interval as a set of points, and correspondinglythe range of

variation of a variable as a set of real numbers. The continuous again
consisted of separate discrete points and the properties of continuity

were again expressed in the structure of the set of points that formed it.

This conception led to immense progress in mathematics and became
dominant. But again profound difficulties were discovered in it, and these
led to attempts to return on a new level to the notion of pure continuity.

Other attempts were made to change the concept of an interval as a set
of points. New points of view appeared for the concepts of number,

variable, and function. The development of the theory is continuing, and
we must await its further progress.)

6. Further results of the interaction of arithmetic and geometry. The

interaction of geometry and arithmetic played a role elsewhere than in

the formation of the concept of a real number. The same interaction of
geometry with arithmetic, or more accurately with algebra, also showed

itself in the formation of negative and complex numbers, that is of

numbers of the form a + b V - I . Negative numbers are represented by

points of the straight line to the left of the point representingzero.It was

exactly this geometric representation which gave imaginary numbers a
firm place in mathematics; up to that time they had not been understood.
New concepts of mangnitude appeared: for example, vectors, which are

represented by directed line segments; and tensors,which are still more

general magnitudes; in these again algebra is united with geometry.
The union of various mathematical theories has always played a great

and sometimes decisive role in the development of mathematics. We shall

see this further on in the rise of analytic geometry,differential and integral

calculus, the theory of functions of a complexvariable, the recent so-called

functional analysis, and other theories.Even in the theory of numbers
itself, that is in the study of whole numbers, methods are applied with

great success which dep\nnd on continuity (namely on the infinitesimal

analysis) and on geometry. These methods have given rise to extensive

chapters in the theory of numbers, the \"analytic theory of numbers,\"
and the \"geometry of numbers.\"

From a certain well-known point of view, it is possible to regard the

foundations of mathematics as the union of concepts arising from geometry)))
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and arithmetic; that is to say, of the general concepts of continuity and of
algebraicoperations (as generalizations of arithmetic operations). But we
will not be able to speak here of these difficult theories. The aim of the

present chapter has been to give an impression of the general interaction
of concepts, of the union and the conflict between contrasting ideas in

mathematics, as illustrated by the interaction of arithmetic and geometry

in the development of the concept of number.)

\n5. The Age of Elementary Mathematics

I. The four periods of mathematics. The development of mathe-

matics cannot be reduced to the simple accumulation of new theorems

but includes essential qualitative changes. These qualitative changes
take place, however, not in a process of destructionor abolition of already

existing theories but in their being deepened and generalized, so as to
form more general theories, for which the way has been prepared by

preceding developments.

From the most general point of view, we may distinguish in the history
of mathematics four fundamental, qualitatively distinct periods. Of course,
it is not possible to draw exact boundary lines between these stages, since

the essential traits of eachperiodappeared more or less gradually, but the

distinctions among the stages and the passages from one to another are

completely clear.
The first stage (or period) is the period of the rise of mathematics as an

independent and purely theoretical science.It begins in the most ancient
times and extends to the 5th century B.C., or perhaps earlier, when the

Greeks laid the foundations of \"pure\" mathematics with its logical
connection betweentheorems and proofs (in that century there appeared, in

particular, systematic expositions of geometry like the \"Elements\" of

Hippocrates of Chi os). This first stage was the period of the formation
of arithmetic and geometry, in the form considered earlier.At this time

mathematics consisted of a collection of separaterules deduced from

experience and immediately connected with practical life. These rules did
not yet form a logically unified system, since the theoretical character of
mathematics with its logical proof of theorems was formed very slowly,

as material for it was accumulated. Arithmetic and geometry were not

separated but were closely interwoven with each other.

The second period may be characterized as the period of elementary

mathematics, of the mathematics of constant magnitudes; its simple
fundamental results now form the content of a high school course. This

period extended for almost 2000 years and ended in the 17th century
with the rise of \"higher\" mathematics. It is with this period that we will)))
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be concerned in greater detail in the present section. The following

sections will be devoted to the third and fourth periods, namely to the
founding and development of analysis and to the period of contemporary

mathematics.)

2. Mathematics in Greece. The period of elementary mathematics may
in its turn be divided into two parts, distinguished by their basic content:
the period of the development of geometry (up to the 2nd century A.D.)
and the period of the predominance of algebra (from the 2nd to the 17th

century). With respect to historical conditions it is divided into three

parts, which may be called \"Greek,\" \"Eastern,\" and \"European Renais-
sance.\" The Greek periodcoincidesin time with the general flowering

of Greek culture, beginning with the 7th century B.C., reaching its culmina-
tion in the 3rd century B.C. at the time of the great geometers of antiquity,
Euclid, Archimedes, and Apollonius, and ending in the 6th century

A.D. Mathematics, and especially geometry, enjoyed a wonderful

development in Greece. We know the names and the results of numerous

Greek mathematicians, although only a few genuine works have come
down to us. It is to be remarked that Rome gave nothing to mathematics
though it reached its zenith in the 1st century A.D. at a time when the

science of Greece, which had been conquered by Rome, was still flour-

ishing.

The Greeks not only developed and systematized elementary geometry
to the extent to which it is given in the \"Elements\" of Euclid and is now

taught in our secondary schools, but

achieved considerably higher results.

They studied the conic sections:

ellipse, hyperbola, parabola; they

proved certain theorems relating
to the elements of what is called

projective geometry; guided by the

needs of astronomy, they worked out

spherical geometry (in the 1st century

A.D.) and also the elements of
trigonometry, and calculated the first
tables of sines (Hipparchus, 2nd

x
century B.C. and Claudius Ptolemy,
2nd century A.D.);* they determined

the areas and volumes of a number)

y)

FIG. 4.)

* Ptolemy is widely known as the author of a system in which the Earth is considered

as the center of the universe and the motion of the heavenly bodies is described as
proceeding around it. This system was supplanted by the Copernician system.)))



\n5. THE AGE OF ELEMENTARY MATHEMATICS) 37)

of complicated figures; for example, Archimedes found the area of the

segment of a parabola by proving that it is 2/3 of the area of the

rectangle containing it (figure 4). The Greeks were also acquainted

with the theorem that of all bodieswith a given surface area the sphere
has the greatest volume, but their proof has not been preserved and

was probably not complete.Sucha proof is quite difficult and was first
discovered in the 19th century, by means of the integral calculus.

In arithmetic and in the elements of algebra, the Greeks also made

considerable progress. As was mentioned earlier, they laid the foundation
for the theory of numbers. Here belong, for example, their investigations
on prime numbers (the theorem of Euclid on the existence of an infinite

number of prime numbers and the \"sieve\" of Eratosthenes for finding
prime numbers) and the solution of equations in whole numbers

(Diophantus about 246-330 A.D.).
We have already said that the Greeks discoveredirrational magnitudes

but considered them geometrically, as line segments. So the problems that

today we deal with algebraically were treated geometrically by the

Greeks. It was in this way that they solved quadratic equations and
transformed irrational expressions. For example, the equation that we

today write in the form x2
+ ax = b 2

, they stated as follows: Find a
segment x such that if to the square constructed on it we add a rectangle
constructed on the same segment and on the given segment a, we obtain

a rectangle equal in area to a given square. This dominance of geometry

lasted a long time after the Greeks. They were also acquainted with

(geometric) methods for extracting square roots and cube roots and with

the properties of arithmetic and geometric progressions.
In this way the Greeks were already in possession of much of the

material of contemporary elementary algebra but not, however, of the

following essential elements: negative numbers and zero,irational numbers

abstracted entirely from geometry, and finally a well-developed system
of literal symbols. It is true that Diophantus made use of literal symbols
for the unknown quantity and its powers and alsoof special symbols for

addition, subtraction, and equality, but his algebraic equations were still

written with concrete numerical coefficients.
In geometry the Greeks attained what we now call \"higher\" mathematics.

Archimedes made use of integral calculus for the calculation of areas
and volumes and Apollonius used analytic geometry in his investigations

on conic sections. Apolloniusactually gives the equations of these curves*)

* He gives the \"equations\" of conic sections referred to a vertex. For example \"the

equation\" of the parabola y' =
2px is formulated thus: The square on the side y is

equal in area to the rectangle with sides 2p and x. Of course, in place of the symbols
p, x, y he uses the corresponding line segments.)))
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but expresses them in geometric language. In these equations there

does not yet appear the general notion of an arbitrary constant or of
a variable magnitude; and the necessary means of expressing such

concepts, namely the literal symbols of algebra, appear only at a later

age; they alone could convert such investigations into a sourceof new

theories, which would be truly a part of higher mathematics. The founders

of these new theories were guided, a thousand years later, by the legacy
of the Greek scientists; in fact, the \"Geometry\" of Descartes(I637),

which laid the foundation for analytic geometry,begins with a selection

of problems left by the Greeks.

Such is the general rule. The old theories, by giving rise to new and
profound problems,outgrow themselves, as it were, and demand for

further progress new forms an new ideas. But these forms and ideas may
demand new historical conditions for their birth. In ancient society the

conditions necessary for the passage to higher mathematics did not and
could not exist; they came on the scene with the development of the
natural sciences in modern times, a development which in its turn was
conditioned in the 16th and 17th centuries by the new demands of techno-

logy and of manufacturing and was connected in this way with the birth

and development of capitalism.
The Greeks practically exhausted the possibilities of elementary mathe-

matics, which is the explanation of the fact that the brilliant progress of
geometry dried up at the beginning of our era and was replaced by

trigonometry and algebra in the works of Ptolemy, Diophantus, and

others. In fact, one may consider the works of Diophantus as the beginning

of the period in which algebra played the leading role. But the society

of the ancients, already verging to its decline, was no longer able to

advance science in this new direction.
It should be noted that, a few centuries earlier, arithmetic had already

reached a high level in China. The Chinese scientists of the 2nd and 1st
centuries B.C.described the rules for arithmetical solution of a system of

three equations of the first degree. It is here for the first time in history
that negative coefficientsare made use of and the rules for operating
with negative quantities are formulated. But the solutions themselves
were sought only in the form of positive numbers,just as later in the works

of Diophantus. These Chinesebooks also include a method for the
extraction of squareroots and cube roots.)

3. The Middle East. With the end of Greek science a period of
scientific stagnation began in Europe, the center of mathematical develop-

ment being shifted to India, Central Asia, and the Arabic countries. *)

* To give some orientation in the dates we list here the times of some of the out-)))
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For a period of about a thousand years, from the 5th to the 15th century,
mathematics developedchiefly in connection with the demands of com-
putation, particularly in astronomy, since the mathematicians of the East

were for the most part also astronomers.It is true that they added nothing

of importance to Greek geometry; in this field they only preserved for
later times the results of the Greeks. But the Indian, Arabic, and Central
Asian mathematicians achieved immense successes in the fields of arith-
metic and algebra.*

As has been mentioned in \n2, the Indians invented our present system

of numeration. They also introduced negative numbers, comparing the

contrast between positive and negative numbers with the contrast between

property and debt or between the two directions on a straight line. Finally,

they began to operate with irrational magnitudes exactly as with rational,

without representing them geometrically, in contrast to the Greeks. They
also had special symbols for the algebraic operations, including extraction

of roots. For the very reason that the Indian and Central Asian scholars
were no longer embarrassed by the difference between the irrational and

rational magnitudes, they were able to overcome the \"dominance\" of
geometry, which was characteristic of Greek mathematics, and to open

up paths for the development of contemporary algebra, free of the heavy
geometricframework into which it had been forced by the Greeks.

The great poet and mathematician,Omar Khayyam (about 1048-1122),
and also the Azerbaijanianmathematician, Nasireddin Tusi (1201-1274),

clearly showed that every ratio of magnitudes, whether commensurable
or incommensurable, may be called a number; in their works we find the
same general definition of number, both rational and irrational, as was

introduced above in Newton's formulation, in \n4. The magnitude of these
achievementsbecomesparticularly clear when we recall that complete

recognition of negative and irrational numbers was attained by European

mathematicians only very slowly, even after the beginning of the Renais-
sance of mathematics in Europe. For example, the celebrated French
mathematician Viete (1540-1603), to whom algebra owes a great deal,

avoided negative numbers, and in England protests against them lasted
even into the 18th century. These numbers were considered absurd, since

they were less than zero, that is \"less than nothing at all.\" Nowadays they)

standing mathematicians of the East. From India: Aryabhata, born about 476A.D.;
Brahmagupta, about 598-660; Bhaskara, 12th century; from Kharizm: AI-Kharizmi,
9th century; A1-Biruni, 973-1048; from Azerbaijan: Nasireddin Tusi, 120112-74;
from Samarkand: Gyaseddin Jamschid, 15th century.

* One should keep in mind that it is wrong to associatethe development of mathe-
matics in this period chiefly with the Arabs. The term \"Arabic\" mathematics came
into use chiefly because most of the scholars of the East wrote in the Arabic language,

which had been spread abroad by the Arab conquests.)))
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have becomefamiliar, if only in the form of negative temperature; everyone

reads the newspapers and understands what is mean by \"the temperature
in Moscow is _8\302\260.\"

The word \"algebra\" comes from the name of a treatise of the mathe-

matician and astronomer Mahommedibn Musaal-Kharizmi (Mahommed,

son of Musa, native of Kharizm),who lived in the 9th century. His treatise
on algebra was called Al-jebr al-muqabala, which means \"transposition
and removal.\" By transposition (al-jebr) is understood the transfer of
negative terms to the other side of an equation, and by removal (al-

muqabaIa), cancellation of equal terms on both sides.

The Arabic word \"al-jebr\" became in Latin transcription \"algebra\"

and the word al-muqabala was discarded,which accounts for the modern
term \"algebra.\"*

The origin of this term corresponds very well to the actual content of
the science itself. Algebra is basically the doctrine of arithmetical opera-

tions considered formally from a general point of view, with abstraction
from the concrete numbers. Its problems bring to the fore the formal
rules for transformation of expressions and solution of equations. AI-

Kharizmi placed on the title page of his book the actual names of two

most general formal rules, expression in this way the true spirit of algebra.

Subsequently, Omar Khayyam definedalgebra as the science of solving

equations. This definition retained its significance up to the end of the

19th century, when algebra, along with the theory of equations, struck
out in new directions, essentially changing its character but not changing

its spirit of generality as the science of formal operations.
The mathematicians of Central Asia found methods for calculation,

both exact and approximate,of the roots of a number of equations; they

discovered the general formula for the \"binomial of Newton,\" although

they expressed it in words; they greatly advanced and systematizedthe

science of trigonometry, and calculated very accurate tables of sines.
These tables were computed, for astronomical purposes, by the mathe-
matician Gyaseddin (about 1427) who was working with the famous
Uzbekastronomer Ulug Begh;Gyaseddin also invented decimal fractions
150 years before they were reinvented in Europe.

To sum up, in the course of the Middle Ages in India and in Central
Asia the present decimal system of numeration (including fractions)
was almost completely built up, as were also elementary algebra and

trigonometry. During the same period the achievementsof Chinese science

began to make their way into the neighboring countries; about the 6th)

* It is to be noted also that the mathematical term \"algorithm,\" denoting a method
or set of rules for computation, comes from the name of the same a1-Kharizmi.)))
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century B.C. the Chinese already had methods for the solution of the

simplest indeterminate equations, for approximate calculations in geom-
etry, and for the first steps in approximate solution of equations of the
third degree. Essentially the only parts of our present high school course

in algebra that were not known before the 16th century were logarithms
and imaginary numbers. However, there did not yet exist a system of
literal symbols: The content of algebra had outdistanced its form. Yet the
form was indispensable: The abstraction from concrete numbers and the

formulation of general rules demanded a correspondingmethod of

expression; it was essential to have some way of denoting arbitrary
numbers and operationson them. The algebraic symbolism is the necessary
form corresponding to the content of algebra. Just as in remote antiquity
it had been necessary, in order to operate with whole numbers, that

symbols should be invented for them, so now, to operate with arbitrary
numbers and to give general rules for their use, it was necessary to work
out corresponding symbols. This task, begun at the time of the Greeks,

was not brought to completion until the 17th century, when the present
system of symbols was finally set up in the works of Descartesand

others.)

4. Renaissance Europe. At the time of the Renaissance the Europeans
becameacquainted with Greek mathematics by way of the Arabic transla-
tions. The books of Euclid, Ptolemy, and AI-Kharizmi were translated

in the 12th century from Arabic into Latin, the common scientific language
of Western Europe, and at the same time, the earlier system of calculation,

as derived from the Greeks and Romans, was gradually replaced by the

present-day Indian method, which was borrowed by the Europeans
from the Arabs.

It was only in the 16th century that European science finally surpassed
the achievements of its predecessors. Thus the Italians, Tartaglia and

Ferrari, solved the general cubic equation, and later, the general equation
of the fourth degree (see Chapter IV). Let us note that although these

results are not taught in school, they belong, with respect to the methods

employed in them, to elementary algebra. To higher algebra we must

however refer the general theory of equations.
During the same period imaginary numbers began for the first time to

be used; at first this was done in a purely formal manner, without logical

foundation, which came considerably later at the beginning of the 19th

century. Our present-day algebraic symbols were also worked out; in

particular, literal symbols wereusedby Viete in 1591 not only for unknown

quantities but also for given ones.

Many mathematicians took a share in this development of algebra. At)))
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the same time decimal fractions appeared in Europe; they were invented

by the Dutch scholar Stevin, who wrote about them in 1585.

Finally, Napier in Great Britain invented logarithms as an aid in

astronomical calculations and wrote about them in 1614; Briggs calculated
the first decimal tables of logarithms, which were published in 1624. *

At the same time there appeared in Europe the \"theory of combinations\"
and the general formula for the\" binomial of Newton\";t the progressions
being already known, and in this way the structure of elementary algebra
was completed.Therewith came to an end, at the beginning of the 17th

century, the whole period' of the mathematics of constant magnitudes,
of elementary mathematics as it is now taught, with a few additions, in

our schools. Arithmetic, elementary geometry, trigonometry, and elemen-

tary algebra were now essentiallycomplete.There followed a transition

to higher mathematics, to the mathematics of variable magnitudes.
It is not to be thought, however, that the development of elementary

mathematics ceased at this time; for example, new resultswere discovered

and are being constantly discovered today in elementary geometry.

Furthermore, it is precisely because of the subsequent developmentof
higher mathematics that we now understand more clearly the essential

nature of elementary mathematics itself. But the leading role in mathe-

matics was now taken over by the concepts of variable magnitude,
function, and limit. The problems,that led from elementary mathematics
to higher mathematics are nowadays clarified and solved by the concepts
and methods of higher mathematics (occasionally they are not solvable
at all by elementary methods), and there are other problemswhich may

be stated in terms of elementary mathematics but which serve even

today as a sourceof more generalresults and even of entire theories.
Examplesare provided by the earlier mentioned theory of regular systems

of figures or by problems of the theory of numbers which are elementary
in their formulation but far from elementary in the methods by

which they are solved. For further details the reader may consult
Chapter X.)

* It is interesting to note that Napier did not define logarithms as they are defined

nowadays, when we say that in the formula x = a' the number y is the logarithm of x
to the base a. This definition of logarithms appeared later. Napier's definition was
related to the concepts of a variable magnitude and an infinitesimal and amounted
to saying that the logarithm of x is a function y = f(x) whose rate of growth is inversely

proportional to x; that is, y' = c/x(see Chapter II). In this way the basis of the definition

was essentially a differential equation, defining the logarithm, although differentials

had not yet been invented.

t The formula bears the name of Newton not because he was the first to discover it

but because he generalized it from integral exponents to arbitrary fractional and
irrational exponents.)))
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\n6. Mathematics of Variable Magnitudes

1. Variable and function. In the 16th century the investigation of
motion was the central problem of physics. The physical sciences were

led to this problem, and to the study of various other involving inter-
dependenceof variable magnitudes, by the demands of practical life and

by the whole development of scienceitself.

As a reflection of the general properties of change, there arose in

mathematics the concepts of a variable magnitude and a function, and it

was this cardinal extension of the subject matter of mathematics that

determined the transition to a new stage, to the mathematics of variable

magnitudes.
The law of motion of a body in a given trajectory, for examplealong a

straight line, is defined by the manner in which the distance covered by

the body increases with time.
Thus Galileo (1564-1642)discovered the law of falling bodies by

establishingthat the distance fallen increases proportionally to the square
of the time. This fact is expressed in the well-known formula

gt 2

s=2') (I))

where g is approximatelyequal to 9.81 m/sec
2 .

In general, the law of motion expressesthe distance covered in the time
t. Here the time t and the distance s are respectively the \"independent\"

and the \"dependent\" variable, and the fact that to each time t there cor-
respondsa definite distance s is what is meant by saying that the distance s
is a function of the time t.

The mathematical concepts of variable and function are the abstract
generalization of concrete variables (such as time, distance, velocity,
angleof rotation, and area of surface traced out) and of the interdepend-

ences among them (the distancedependson the time and so forth). Jut as
the concept of a real number is the abstract image of the actual value of
an arbitrary magnitude, so a \"variable\" is the abstract image of a varying

magnitude, which assumes various values during the process under

consideration. A mathematical variable x is \"something\" or, more

accurately, \"anything\" that may take on various numerical values. This
is the meaning of a variable in general; in particular, we may understand
by it the time, the distance, or any other variable magnitude.

In exactly the same way, a function is the abstract imageof the depend-

ence of one magnitude on another. The assertion that y is a function of x

means in mathematics only that to each possible value of x there corre-

sponds a definite value of y. This correspondencebetween the values)))
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of y and the values of x is called a function. For example, according to
the law of falling bodies, the distance covered corresponds to the time of

fall by formula (I). The distance is a function of the time. Let us look at
some other examples.

The energy of a falling body is expressed by its mass and its velocity
according to the formula)

mv 2

E=2') (2))

For a given body the energy is a function of the velocity I'.

By a familiar law the quantity of heat generated in a conductor in unit

time by the passage of an electric current is expressedby the formula)

RI2

Q=2') (3))

where I is the magnitude of the current and R is the resistance of the

conductor. For a given resistance there correspondsto every current I

a definite amount of heat Q, generated in unit

time. That is, Q is a function of I.

The area of a right-angled triangle S with a

given acute angle ex and corresponding side x

(see figure 5) is expressed by the formula)

S = t x 2 tan ex.) (4))

FIG. 5 For a given angle ex the area is a function of

the side x.
All these formulas (1)-(4) may be united in the one)

y = t ax2
.) (5))

This general formula represents a transition from the concrete variable

magnitudes t, s, E, Q, v and so forth to the general variablesx and y, and

from the concrete dependences(I), (2),(3), (4) to their general form (5).
Mechanicsand the theory of electricity have to do with concrete formulas

(I), (2), (3), interrelating concrete magnitudes, but the mathematical

theory of functions deals with the general formula (5), without associating

this formula with any concrete magnitudes.
The next degree of abstraction from the concrete consists in our exam-

ining not a given dependence of yon x, like y = t ax2
, y = sin x, y = log x

and so forth, but the general dependenceofyon x expressed in the abstract

formula)

y =
f(x).)))



*6. MATHEMATICS OF VARIABLE MAGNITUDES) 45)

This formula states that the magnitude y is in general some function of x;
that is, to each value assumed by x there corresponds, in some fashion

or another, a definite value y. The subject matter of mathematics thus

consists not only of certain given functions (y = t ax 2
, y =: sin x, and so

forth), but of arbitrary (more accurately, more or lessarbitrary) functions.

These degrees of abstraction, first from concrete magnitudes and then

from concrete functions, are analogous to the degrees of abstraction

observed in the formation of the concept of a whole number: First,
abstractionfrom concrete collections of objects led to the conceptof whole

numbers (I, 3, 12, and so forth), and then a further abstraction led to the
concept of an arbitrary whole number in general. This generalization is
the result of a profound interraction between analysis and synthesis:
analysis of separate interrelations and synthesis, in the form of new con-
cepts,of their common features.

The branch of mathematicsdevoted to the study of functions is called
analysis, or often, infinitesimal analysis, since one of the most important

elements in the study of functions is the concept of the infinitesimal (the

meaning of this concept and its significance are explained in Chapter I I).

Since a function is the abstract image of a dependenceof onemagnitude

on another, we may say that analysis takes as its subject matter depend-
encesbetween variable magnitudes, not between one concrete magnitude

and another but between variables in general, in abstraction from their
content. An abstraction of this sort guarantees great breadth of applica-

tion, since one formula or one theorem contains an infinite number of

possible concrete cases. An example of this is given already by our simple

formulas (1)-(5). So the complete analogy of analysis with arithmetic and
algebrabecomesevident. They all originate in definite practical problems
and give a general abstract expression to concrete relationships in the

actual world.)

2. Analytic geometry and analysis. Thus the new period of mathe-

matics, beginning in the 17th century, may be defined as the period of the
birth and development of analysis. (This is the third of the three important
periods mentioned earlier.) It is to be understood, of course, that no

theory arises as a result of the mere formation of new concepts, that

analysis could not result from the mereexistenceof the concepts of variable

and function. For the founding of a theory, and all the more of a complete
branch of science like mathematical analysis, it is necessary that the new

concepts becomeactive, so to speak, that among them there be discovered

new relationships, and that they permit the solution of new problems.
But more than that, new concepts can originate and develop, and

become more general and precise, only on the basis of the very problems)))
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they enable us to solve, only through those theorems of which they form

a part. The concepts of variable and function did not arise in complete

form in the mind of Galileo,Descartes,Newton, or anybody else. They
occurred to many mathematicians (for example Napier in connection with

logarithms) and gradually assumed a more or lessclear,but stiJl by no

means final, form with Newton and Leibnitz, being made still more

precise and general in the subsequent development of analysis. Their
present-day definition was laid down only in the 19th century, but even
it is not absolutely rigorous or altogether final. The development of the

concept of a function is continuing even at the present time.
Mathematical analysis was based on material furnished by the new

science of mechanics,and on problems of geometry and algebra. The first

definite step toward the mathematics of variable magnitudes was the

appearance in 1637 of the \"geometry\" of Descartes,where the foundations

were laid for the so-called analytic geometry.The basic ideas of Descartes
are as follows.

Suppose we are given, for example, the equation)

x2 + y2 = a2.) (6))

In algebra x and y were understood as unknowns, and since the given

equation does not allow us to determine them, it did not present any

essential interest for algebra. But Descartes did not consider x and y as

unknowns, to be found from the equation, but as variables; so that the

given equation expresses the interdependence of

two variables. Such an equation may be written

in general form, by taking all its terms to the
left-hand side, thus:)

y)

y)

- u_
-<? (x,yJ

I
I
I
I
I
I
I
I
I)

F(x, y) = O.)

Further, Descartes introduced into the plane
the coordinates x, y which are now called

x Cartesian (figure 6). In this way, to each pair
of values x and y there corresponds a point,

and conversely to each point there corresponds
a pair of coordinatesx, y. Consequently, the

equation F(x, y) = 0 determines the geometric locus of those points on
the plane whose coordinatessatisfy the equation. In general, this will be

a curve. For example, equation (6) determines the circumference of a
circle of radius a with center at the origin. In fact, as is obvious from
figure 7, by the theorem of Pythagoras, x2

+ y2 is the square of the

distance from the origin 0 to the point M with coordinates x and y.
So equation (6) representsthe geometric locus of those points whose)

o) x)

FIG. 6.)))
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distance from the origin is equal to a, which is the circumference of a
circle.

Conversely, a geometric locus

of points, given by a geometric

condition, may also be given by

an equation expressing the same
condition in the language of

algebra by means of coordinates.

For example, the geometric con-
dition defining the circumference

of a circle, namely that it is a

geometric locus of points equi-
distant from a given point, may
beexpressedin algebraic language

by equation (6).
Thus the general problem and the general method of analytic geometry

are as follows: We representa given equation in two variables by a curve

on the plane, and from the algebraic properties of the equation we investi-

gate the geometric properties of the correspondingcurve; and conversely,

from the geometric properties of the curve we find the equation, and then

from the algebraic properties of the equation we investigate the geometric

properties of the curve. In this way geometric problems may be reduced
to algebraic, and so finally to computation.

The content of analytic geometrywill be discussed in detail in Chapter

III. We now wish to direct attention to the fact that, as is evident from
our short explanation, it originated in a union of geometry,algebra,and

the general idea of a variable magnitude. The main geometric content of
the early beginnings of analytic geometry was the theory of conic sections,
ellipse, hyperbola, and parabola. This theory, as we have pointed out,
was developed by the ancient Greeks;the results of Apollonius already
contained in geometric form the equations of the conicsections.The union

of this geometric content with algebraic form, developed after the time of
the Greeks, and with the general idea of a variable magnitude, arising from

the study of motion, produced analytic geometry.
Among the Greeks the conic sections were a subject of purely mathe-

matical interest, but by the time of Descartes they were of practical

importance for astronomy, mechanics,and technology. Kepler (I 571- I 630)
discovered that the planets move around the sun in ellipses, and Galileo
established the fact that a body thrown in the air, whether it is a stone

or a cannonball, moves along a parabola (to the first approximation, if

we may neglect air resistance).As a result, the calculation of various
magnitudes referring to the conic sections became an urgent necessity,)

y)

x)

FIG. 7.)))
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and it was the method of Descartesthat solved this problem. So the

way was prepared for his method by the preceding development of

mathematics, and the method itself was brought into existence by the
insistent demands of scienceand technology.)

3. Differential and integral calculus. The next decisive step in the mathe-
matics of variable magnitudes was taken by Newton and Leibnitz during

the second half of the 17th century, in the founding of the differential

and integral calculus. This was the actual beginning of analysis, since the

subject matter of this calculus is the properties of functions themselves,
as distinct from the subject matter of analytic geometry,which is geometric

figures. In fact Newton and Leibnitz only brought to completion an im-
mense amount of preparatory work, shared by many mathematicians and

going back to the methods for determining areas and volumes worked
out by the ancient Greeks.

Here we shall not explain the fundamental concepts of differential and

integral calculus and of the theories of analysis that followed them, since
this will be done in the special chapters devoted to these theories. We wish

only to draw attention to the sources of the calculus, which were mainly
the new problems of mechanics and the old problems of geometry, the

latter consisting of drawing a tangent to a given curve and of determining

areas and volumes. These geometric problems had already been studied

by the ancients (it is sufficient to mention Archimedes), and also by

Kepler, Cavalieri, and others at the beginning of the 17th century.
But the decisive event was the discovery of the remarkable relation
between these two types of problems and the formulation of a general

method for solving them; this was, the achievementof Newton and

Leibnitz.

This relation, allowing us to connect the problems of mechanics with

these of geometry,was discoveredbecauseof the possibility, arising from

the method of coordinates,of making a graphical representation of the

dependence of one variable on another, or in other words of a function.
With the help of this graphical representation, it is easy for us to formulate
the earlier mentioned relation, between the problems of mechanicsand

geometry, which was the source of the differential and integral calculus,
and consequently to describethe general content of these two types of

calculus.

The differential calculus is basicallya method for finding the velocity
of motion when we know the distance covered at any given time. This

problem is solved by \"differentiation.\" It turns out that the problem is

completely equivalent to that of drawing a tangent to the curve repre-
senting the dependence of distance on time. The velocity at the moment t)))
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is equal to the slope of the tangent to the curve at the point corresponding
to 1 (figure 8).

The integral calculus is basically a method of finding the distance
covered when the velocity is known, or more generally of finding the total
result of the action of a variable magnitude. This problem is obviously)

s) s)

I) I)

o) o)
I,)

12)

FIG. 8.) FIG. 9.)

the converse of the problem of the differential calculus (the problem of
finding the velocity); it is solved by \"integration.\" It turns out that the

problem of integration is completely equivalent to that of finding the

area under the curve representingthe dependence of the velocity on time.
The distance covered in the interval of time from the moment t1 to the
moment 12 is equal to the area under the curve between the straight lines

corresponding on the graph to the values t 1 and t2 (figure 9).
By abstracting from the mechanical formulation of the problems of

the calculus and by dealing with functions rather than with dependence

of distance or velocity on time, we obtain the general concept of the

problems of differential and integral calculus in abstract form.

Fundamental to the calculus, as to the whole subsequent development
of analysis, is the concept of a limit, which was formulated somewhat

later than the other fundamental concepts of variable and function. In the

early days of analysis the role later played by the limit was taken by the

somewhat nebulous concept of an infinitesimal. The methods for actual
calculation of velocity, given the distance covered (namely, differentiation),
and of distance, given the velocity (integration),were founded on a union
of algebrawith the concept of limit. Analysis originated in the application

of these concepts and methods to the aforementioned problems of
mechanics and geometry(and alsoto certain other problems; for example,
problemsof maxima and minima). The science of analysis was in turn

absolutely necessary for the development of mechanics,in the formulation)))
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of whose laws its concepts had already appeared in latent form. For

example, the second law of Newton, as formulated by Newton himself,
states that \"the change in momentum is proportional to the acting force\"
(more precisely:The rate of change of momentum is proportional to the

force). Consequently, if we wish to make any use of this law, we must

be able to define the rate of change of a variable, that is, to differentiate.

(If we state the law in the form that the acceleration is proportional to the
force, the problem remains the same, because accelerationis proportional

.to rate of change of momentum.) Also, it is perfectly clear that in order to

state the law governing a motion when the force is variable (in other words,

the motion proceeds with a variable acceleration), we must be able to

solve the inverse problem of finding a magnitude given its rate of change;
in other words, we must be able to integrate. So one might say that Newton

was simply compelled to invent differentiation and integration in order
to develop the science of mechanics.)

4. Other branches of analysis. Along with the differential and integral

calculus, other branches of analysis arose:The theory of series (see Chapter
II, \n14), the theory of differential equations (Chapters V and VI), and the

application of analysis to geometry, which later became a specialbranch

of geometry, called differential geometry and dealing with the general

theory of curves and surfaces (Chapter VII). All these theories were

brought to life by the problems of mechanics, physics, and technology.
The theory of differential equations, the most important branch of

analysis, has to do with equations in which the unknown is no longer a

magnitude but a function, or in other words a law governing the depend-
ence of one magnitude on another or on several others. It is easy to under-
stand how such equations arose. In mechanics we seek to determine the
whole law of motion of a body under given conditions and not just one
value of the velocity or of the distance covered. In the mechanics of fluids
it is necessary to find the distribution of velocity over the whole mass of

fluid in motion, or in other words to find the dependence of the velocity

on all three space coordinates and on time. Analogously, in the theory
of electricity and magnetism we must find the tension in the field

throughout all space; that is, the dependence of this tension on the same
three space coordinates,and similarly in other cases.

Problems of this sort arose continually in the various branches of

mechanics, including hydrodynamics and the theory of elasticity,in acous-

tics, in the theory of electricityand magnetism, and in the theory of heat.
From the very moment of its birth, analysis remained in close contact
with mechanics and with physics in general, its most important achieve-
ments being invariably connected with the solution of problems posed)))
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by the exact sciences. Beginning with Newton, the greatest analysts,
D. Bernoulli (1700-1782),L. Euler (1707-1783),1. Lagrange (1736-1813),
H. Poincare (1854-1912),M.V. OstrogradskiI (1801-1861) and A. M.

Lyapunov (1857-1918),as well as many others who laid new foundations
in analysis, started as a rule from the urgent problems of contemporary

physics.
In this way new theories arose: In direct connection with mechanics,

Euler and Lagrange founded a new branch of analysis, called the calculus
of variations (see Chapter VIII), and at the end of the 19th century

Poincare and Lyapunov, starting again from the problems of mechanics,
founded the so-called qualitative theory of differential equations (see
Chapter V, \n7).

In the 19th century analysis was enriched by an important new branch,

the theory of functions of a complexvariable (see Chapter IX). The rudi-
ments of it are to be found in the works of Euler and certain other mathe-

maticians, but its transformation into a well-formed theory took place in

the middle of the 19th century and was carried out to a great extent by

the French mathematician Cauchy (1789-1857).This theory rapidly

underwent an imposing development with numerous significant results

that allowed mathematicians to penetrate more deeply into many of the

laws of analysisand found important applications in problems of mathe-
matics itself, and of physics and technology.

Analysis developed rapidly; not only did it form the center and the most
important part of mathematics but it also penetrated into the older
regions: algebra, geometry, and even the theory of numbers. Algebra

began to be thought of as basically the doctrine of functions expressed
in the form of polynomials of one or several variables.

*
Analytic and

differential geometry began to dominate the field of geometry. As far

back as Euler, methods of analysis were introduced into the theory of
numbers and formed in this way the beginning of the so-called analytic
theory of numbers, which contains some of the most profound achieve-

ments of the science of wholenumbers.
Through the influence of analysis, with its concepts of variable, function,

and limit, the whole of mathematics was penetrated by the idea of motion

and change, and therefore of dialectic.In exactly the same way, basically
through analysis, mathematics was affected by the exact sciences and)

* Polynomials are functions of the form y = aoX' + alx.-1+ ...
+ a. . The funda-

mental problem of the algebra of the period, namely the solution of the equation

aoX' + alx.- 1
+

... + a. = 0, simply means the search for values of x for which

the function y = aoX' + alx.- 1
+ ... + a. is equal to zero. The very existence of a

solution, of a root of the equation, which is called the fundamental theorem of algebra,
is proved by means of analysis (see Chapter rv, \n3).)))
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technology and in turn played a role in their development, since it was the

means of giving exact expression to their laws and of solving their

problems. lust as among the Greeks mathematics was basically geometry,
one may say that after Newton it was basically analysis.Ofcourse,analysis

did not completely absorb the whole of mathematics; in geometry, in the

theory of numbers, and in algebra the problems and methods character-
isticof thesescienceswere everywhere continued. Thus in the 17th century

there arose, along with analytic geometry, another branch of geometry,

namely projective geometry, in which purely geometric methods played a
dominant role. It originated chiefly in problems of the representationof

objects on a plane (projection), and as a result it is particularly useful in

descriptive geometry.

At the same time there was developed an important new branch of
mathematics, the theory of probability, which takes as its subject matter
the uniformities observable in large masses of phenomena, such as a long
series of rifle shots or tosses of a coin.In the succeeding period it acquired
a special importance in physics and technology and its development
wasconditioned by the problems which came to it from those branches of
science. The characteristic feature of this theory is that it deals with the laws
of \"random events,\" providing mathematical methods for investigation
of the irregularities that necessarily appear in random events. The
basicfeatures of the theory of probability will be explained in Chapter XI.)

5. Applications of analysis. Analysis in all its branches provided
physics and technology with powerful methods for the solution of problems
of many different kinds. We have already mentioned the earliest of these:

to find the rate of change of a magnitude when we know how the magnitude
itself depends on time; to find the area of curvilinear figures and the

volumes of solids; and to find the total result of some processor another

or the total action of a variable magnitude. Thus, the integral calculus
allows us to determine the work done by an expanding gas as the pressure

changes according to a well-known law; the same integral calculus allows
us to compute, for example, the tension of an electric field with an

arbitrarily given system of charges,basingour workon the law of Coulomb

which determines the tension of a field resulting from a point charge, and
so forth.

Further, analysis provided a method for finding the maximum and the
minimum values of a magnitude under given conditions. Thus, with the

help of analysis it is easy to determine the shape of a cylindrical cistern

which for a given volume will have the smallest surface and consequently
will require the smallest outlay of material. It turns out that the cistern
will have this property if its height is equal to the diameter of its base)))
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(figure 10). Analysis allows us to determine the shape of the curve along

which a body must roll in order to fall in the shortest time from one given

point to another (this curve is the so-called cycloid; figure II).

o)
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For the solution of these and other problems the reader may turn to

Chapters II and VIII.
Analysis, or more precisely the theory of differential equations, allows

us not merely to find separate values for variable magnitudes but also

to determine unknown functions; that is, to find laws of dependenceof
certain variables on others. Thus we have the possibility,on the basis of

the general laws of electricity,of computing how the current varies with

time in a circuit with arbitrary resistance, capacitance, and self-induction.
We can determine laws for the distribution of velocities throughout the
whole mass of a fluid under given conditions. We can deduce general
laws for the vibration of strings and membranes, and for the propagation
of vibrations in various media; here we are referring to sound waves,

electromagnetic waves, or elasticvibrations propagated through the Earth

by earthquakes or explosions. Parenthetically, we may remark that new

methods are thereby provided for searching for useful minerals and for
carrying out investigations far below the surface of the Earth. Individual

problems of this sort will be found in Chapters V and VI.

Finally, analysis not only provides us with methods for solving special
problems; it also gives us general methods for mathematical formulation

of the quantitative laws of the exact sciences.As was mentioned, earlier,

the general laws of mechanics could not be formulated mathematically
without recourse to the concepts of analysis,and without such a formula-

tion we would not be able to solve the problems of mechanics.In exactly

the same way the general laws for heat conduction, diffusion through

porous materials, propagation of vibrations, the course of chemical

reactions, the basic laws of electromagnetism, and many other laws

simply could not be given a mathematical formulation without the concepts)))
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of analysis.It is only as the result of such a formulation that these laws

can be applied to the most varied concrete cases, providing a basis for

exact mathematical conclusionsin the special problems of heat conduction,
vibrations, chemical solution, electromagnetic fields, and other problems
of mechanics, astronomy, and aU the numerous branches of physics,
chemistry, heat engineering, power, machine construction, electrical
engineering, and so forth.)

6. Critical examination of the foundations of analysis. lust as in the

history of geometry among Greeks the rigorous and systematic presenta-
tion given by Euclid brought to completion a long previousdevelopment,

so in the development of analysis there arose the necessity of placing it

upon a firmer basis than had been provided by the first creators of its

powerful methods: Newton, Euler, Lagrange, and others. As the analysis
founded by them grew more extensive, it began, on the one hand, to deal
with more profound and difficult problems, and on the other, to require

from its very extent a more systematic and carefully reasoned basis. The
growth of the theory necessitated a systematizationand critical analysis

of its foundations. To put a theory on a firm foundation requires examina-

tion of its entire development and should by no means be consideredasa
starting point for the theory itself, since without the theory we would

simply have no ideaof what it is that we need to providewith a foundation.

By the way, certain contemporary formalists forget this fact when they
consider it advisable to found and develop a theory starting from axioms

that have not been selectedon the basis of any analysis of the actual
material which they are supposed to summarize. But the axioms themselves

require a justification of their content; they only sum up other material and
providea foundation for the logical construction of a theory.

*

The necessary period of criticism,systematization, and laying of founda-
tions occurred in analysis at the beginning of the last century. Though the

efforts of a number of eminent scientiststhis important and difficult work
was brought to a successful completion. In particular, precise definitions

were given for the basic conceptsof real number, variable, function, limit,
and continuity.

However, as we have already had occasion to mention, none of these
definitions may be consideredas absolutely rigorous or final. The develop-
ment of these concepts is continuing. Euclid and all the mathematicians
in the course of 2,000 years after him no doubt considered his \"Elements\

* This double role of the axioms is sometimes lost from view even in works of a
methodological character, which thereby attribute to the construction of axioms a
significance which does not at all belong to it, namely that of the total construction
of a theory.)))
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as the practical limit of logical rigor. But to a contemporary view the

Euclidean foundations of geometry seem quite superficial. This historical

example shows that we ought not to flatter ourselves with any idea of
\"absolute\" or \"final\" rigor in contemporary mathematics. In a science
that is not yet dead and mummified, there is not and cannot be anything

perfect. But we can say with confidence that the foundations of analysis
as they exist at present correspond in a quite satisfactory way to the con-

temporary problemsof scienceand the contemporary conception of logical
precision;and second,that the continued deepening of these conceptsand
the discussions that are now taking place about them give us no cause,
and will not give us cause, simply to reject them; these discussionswill

lead us to a new, more precise, and more profound understanding, the

results of which it is still difficult to estimate.
Although the establishment of the basic principlesof a theory forms a

summary of its development, it does not represent the end of the theory;

on the contrary, it is conducive to further development. This is exactly

what happened in analysis. In connection with the deepening of its founda-
tions there arose a new mathematical theory, created by the German
mathematician Cantor in the seventies of the last century, namely the

general theory of infinite sets of arbitrary abstract objects, whether
numbers, points, functions or any other \"elements\". On the basisof these
ideas there grew up a new chapter in analysis, the so-called theory of
functions of a real variable, whose concepts,along with those of the founda-
tions of analysis and the theory of sets, are explained in Chapter XV.

At the same time the general ideas of the theory of sets penetrated every

branch of mathematics. But this \"set-theoretical point of view\" is

inseparably connected with a new stage in the development of mathematics,
which we will now consider briefly.)

\n7. Contemporary Mathematics

1. The more advanced character of present-day mathematics. To the
four stages of the develoment of mathematics mentioned in \n5 there

naturally correspond stages in our mathematical education, the material
learnedat each stage of our study consisting, to a fair degree of approxima-
tion, of the basic content of the corrrespondingperiodin the history of

mathematics.
The basicresultsof arithmetic and geometry, obtained in the first period

of the development of mathematics,form the subject of primary education
and are known to us all. For example, when we determine the quantity
of material necessaryto cary out a certain job, let us say to cover a floor,

we are already making use of these first results of mathematics. The most)))
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important achievements of the second period, the period of elementary

mathematics, are taught in the high schools. The basic resultsof the third

p\nriod, the foundations of analysis, the theory of differential equations,
higher algebra, and so forth, form the mathematical instruction of an

engineer; they are studied in all the schools of higher education, except
those devoted purely to the humanities. In this way the basic ideas and
results of the mathematics of that period are widely known, use being
made of them to some extent by almost every engineerand scientist.

On the other hand, the ideas and results of the present-day period

mathematics are studied almost exclusively in graduate departments
of mathematics and physics.Beside mathematical specialists, they are used
by researchers in the fields of mechanics and physics,and in a number of
the newer branches of technology. Of course, this does not at all mean
that they have no practical application, but since they represent the most
recent results of science,they are naturally more complicated. Conse-
quently, as we now pass to a generaldescriptionof the latest stage in the

development of mathematics we can no longer consider that everything

which we mention briefly will be altogether clear. We will try to present
in a few lines the most general character of the new branches of mathe-

matics; their contentwill be explained in greater detail in the corresponding

chapters of the book.
If the present section seems overly difficult it may be passed over at

first reading and taken up again after study of the special chapters.)

2. Geometry. The beginning of the present-day development of
mathematics is characterized by profound changes in all its basic fields:
algebra,geometry, and analysis. This change may perhaps be followed

most clearly in the field of geometry. In the year 1826 Lobacevskil, and
almost simultaneously with him the Hungarian mathematician lanos
Bolyai, developed the new non-Euclidean geometry. The ideas of
Lobacevskilwere far from being immediately understood by all mathe-

maticians. They were too bold and unexpected.But from this moment

there began a fundamental new development of geometry; the very
conception of what is meant by geometry was changed. Its subjectmatter

and the range of its applications were rapidly extended. The most im-

portant step, after Lobacesvskil, in this direction was taken in 1854 by

the celebrated German mathematician, Riemann. He clearly formulated

the general idea that an unlimited number of \"spaces\"could be investi-

gated by geometry, and at the same time he indicated their possible
significance in the real world. In the new development of geometry two
features werecharacteristic.

In the first place the earlier geometry studied only the spatial forms and)))
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relations of the material world, and then only to the extent in which they

appear in the framework of Euclidean geometry, but now the subject
matter of geometry began to include also many other forms and relations

of the actual world, provided only they were similar to the spatial
ones and therefore allowed the use of geometric methods.The term

\"space\" thereby took on in mathematics a new meaning, broader and at

the same time more special. Simultaneously, the methods of geometry
became much richer and more varied. In their turn they provide us with

more complete means for learning about the physical world around us,

the world from which geometry in its original form was abstracted.
In the second place, even in Euclidean geometry important progress

was made: In it were studied the propertiesof incomparably more compli-

cated figures, even including arbitrary sets of points. Also a fundamentally

new attitude appeared toward the properties of the figures under investiga-
tion. Separate groups of propertieswere distinguished, which could be

investigated in abstraction from others, and this very abstraction within

geometry gave rise to many characteristic branches of the subject, which

essentially became independent \"geometries.\" The development of
geometry in all these directions is being continued and more and more
new \"spaces\" and their \"geometries\" are being studied: the space of

Lobacesvskil, projective space, Euclidean and other spaces of various

dimensions, in particular four-dimensional space, Riemann spaces, Finsler
spaces,topological spaces, and so forth. These theories find important

application in mathematics itself, outside of geometry, and also in physics
and mechanics; particularly noteworthy are their applications in the theory
of relativity of contemporary physics, which is a theory of space,time,

and gravitation. From what has been said it is clear that we are dealing
here with a qualitative change in geometry.

The ideas of contemporary geometryand someof the elements of the

theory of various spacesinvestigated in it will be explained in Chapters

XVII and XVIII.)

3. Algebra. Algebra too underwent a qualitative change. In the first

half of the 19th century new theories arose, which led to changes in its

character, and to an extension of its subject matter and its range of

application.
In its original form, as pointed out in \n5, algebra dealt with mathematical

operations on numbers considered from a formal point of view, in abstrac-

tion from given concrete numbers. This abstraction found expression in

the fact that in algebra magnitudes are denoted by letters, on which

calculations are carried out according to well-known formal rules.
Contemporaryalgebra retains this basis but widens it in a very extensive)))
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way. It now considers \"magnitudes\" of a much more general nature

than numbers, and studiesoperations on these \"magnitudes\" which are
to some extent analogous in their formal properties to the ordinary

operations of arithmetic: addition, subtraction,multiplication, and divison.

A very simple example is offered by vector magnitudes, which may be
addedby the well-known parallelogram rule. But the generalization carried

out in contemporary algebra is such that even the very term \"magnitude\"

often loses its meaning and one speaksmoregenerally of \"elements\" on

which it is possible to perform operations similar to the usual algebraic
ones. For example, two motions carried out one after the other are
evidently equivalent to a certain single motion, which is the sum of the

two; two algebraic transformations of a formula may be equivalent to
a certain single motion, which is the sum of the two; two algebraic
transformations of a formula may be equivalent to a singletransformation,

that produces the same result, and so forth; and so it is possible to speak
of a characteristic \"addition\" of motions or transformations. All this and

much else is studied in a general abstract form in contemporary algebra.

The new algebraic theories in this direction arose in the first half of the

19th century in the investigations of a number of mathematicians, among

whom we should particularly mention the French mathematician Galois

(l811-1832). The concepts, methods, and resultsof contemporary algebra

find important applications in analysis, geometry, physics, and crystal-
lography. In particular, the theory mentioned at the end of \n3 concerning

the symmetry of crystals, which was developed by E. S. Fedorov, is based
ona union of geometry with one of the new algebraic theories, the so-called

theory of groups.
As we see, we are dealing herewith a fundamental, qualitative generaliza-

tion of the subject matter of algebra with a change in the very concept of
what algebra is. The ideas of contemporaryalgebraand the basic elements

of some of its theories will be explained in Chapter XX and XVI.)

4. Analysis. Analysis in all its branches also made profoundprogress.
In the first place, as was already mentioned in the preceding section,
its foundations were made more precise;in particular, its basic concepts
were given exact and general definitions: such conceptsas function, limit,

integral and finally, the basic concept of a variable magnitude (a rigorous
definition was given for the real number). A beginning of the process of

putting analysis on a more precise foundation was made by the Czech

mathematician Bolzano (1781-1848), the French mathematician Cauchy

(1789-1857), and a number of others.This greater precision was gained
at the same time as the new developments in algebra and geometry were

being made; it was brought to completion in its present well-known)))
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form in the eighties of the 19th century by the German mathematicians

Weierstrass, Dedekind, and Cantor.As was mentioned at the end of \n6,

Cantor also laid the foundation for the theory of transfinite sets, which

plays such a large role in the development of the newer ideas in mathe-

matics.

The increase in precision in the concepts of variable and function in

connection with the theory of setslaid the foundation for a further develop-
ment of analysis. A transition was made to the study of more general
functions; and in the same direction the apparatus of analysis, namely

the integral and differential calculus, was also generalized.Thus, on the

threshold of the present century, there arose the new branch of analysis
already mentionedin \n6, the so-called theory of functions of a real variable.

The development of this theory is chiefly connected with the French

mathematicians, Borel and Lebesgueand others, and with N. N. Luzin
(1883-1950)and his school. In general, the newer branchesof analysis are

called modern analysis in contradistinction to the earlier so-called classical
analysis.

Other new theories arose in analysis. Thus a specialbranch was formed

by the theory of approximation of functions, which studies questions of
the best approximate representation of general functions by various

\"simple\" functions, above all by polynomials, that is by functions of the
form)

a\nn + aIX
n - I +

... + an_IX + an')

The theory of approximationof functions has great importance, if only
for the reason that it lays down general foundations for the practical

calculation of functions, for the approximate replacementof complicated
functions by simpler ones. The rudiments of this theory go back to the

very beginnings of analysis. Its modern direction was given to it by the

great Russian mathematician P. L. Cebysev (1821-1894). This direction
was later developed into the so-called constructive theory of functions,

chiefly in the works of Soviet mathematicians, particularly S. N. Bernstein
(born 1880),to whom belong the most important results in this field.

Chapter XII deals with approximation of functions.

We spoke earlier about the development of the theory of functions of a
complexvariable. We must still mention the so-called qualitative theory
of differential equations, originating in the works of Poincare(1854-1912)
and A. M. Lyapunov (1857-1918), about which some ideas will be given
in Chapter V, and also the theory of integral equations. These theories
have great practical importance in mechanics, physics, and technology.

Thus, the qualitative theory of differential equations provides solutions of

problems concerning stability of motion, and the action of mechanisms)))
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or of vibrating electric systems and the like. Stability of a process means
in the most general sense that if small changes are made in the initial data

or in the conditions of the motion, then the motion itself during the whole
of its course will change only slightly. The technical significanceof

questions of this sort hardly needs to be emphasized.)

5. Functional analysis. On the ground prepared by the development

of analysis and mathematicalphysics,along with the new ideas of geometry
and algebra, there has grown up an extensive new division of mathematics,
the so-called functional analysis, which plays an exceptionally important
role in modern mathematics. Many mathematicians shared in creating it;

let us mention, for example, the greatest German mathematician of recent
times, Hilbert (1862-1943),the Hungarian mathematician Riesz (1880-
1956) and the Polish mathematician Banach (1892-1945). The separate
Chapter XIX is devoted to functional analysis.

The essenceof this new branch of mathematics consists briefly in the

following. In classical analysis the variable is a magnitude, or \"number,\"

but in functional analysis the function itself is regarded as the variable.
The propertiesof the given function are determined here not in themselves

but in relation to other functions. What is under study is not a separate

function but a wholecollectionof functions characterized by one property
or another; for example, the collection of all continuous functions.Such
a collection of functions forms the so-called functional space. This
procedurecorresponds,for example, to the fact that we may consider the
collection of all curves on a surface or of all possible motions of a given
mechanical system, thereby defining the properties of the separate curves
or motions in their relation to other curvesor motions.

The transition from the investigation of separate functions to a variable

function is similar to the transition from unknown numbers x, y to
variables x, y; that is, it is similar to the idea of Descartesmentioned in a

preceding paragraph. On the basis of this idea Descartes produced his
well-known union of algebra and geometry, of an equation and a curve,

which is one of the most important elements in the rise of analysis.Simi-
larly, the union of the concept of a variable function with the ideas of

contemporaryalgebraand geometry produced the new functional analysis.
lust as analysis was necessary for the development of the mechanics of

the time, so functional analysis provided new methods for the solution
of present-day problems of mathematical physics and produced the
mathematical apparatus for the new quantum mechanics of the atom.
History repeatsitself as usual, but in a new way, on a higher plane. As we

have said, functional analysis unites the basicideasand methods of analysis,
of modern algebra,and of geometry and in its turn exercises an influence on)))
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the development of these branches of mathematics. The problems arising
in classical analysis now find new, more general solutions, often almost at
a single step, by means of functional analysis. Here, as at a focus, are

gathered together, in a very productive way, the most general and abstract

ideas of modern mathematics.
From this short sketch, from this mere enumerationof the new directions

of analysis (the theory of functions of a real variable, theory of approxima-
tion of functions, qualitative theory of differential equations, theory of in-

tegral equations, and functional analysis) it may be seen that we are dealing
here in fact with an essentially new stage in the development of analysis.)

6. Computational mathematics and mathematical logic. At all periods

the technical level of the means of computation has had an essential
influence on mathematical methods. But the equipment for carrying out
calculationswhich has been at our disposal up until most recent times has
been very limited. The simplest devices, such as the abacus, tables of

logarithms and the logarithmic sliderule, the calculating machine, and

finally more complicated calculators and the automatic calculating
machine, these were the basic implements for computation existing up to

the forties of the 20th century.These implements made it possible to carry
out moreor lessquickly the separate operations of addition, multiplication,
and so forth. But to carry through to final numerical result the practical
problems that arise nowadays requires a colossal number of such opera-

tions, following one another in a complicated program that sometimes

depends on results obtained during the course of the calculation. The
solution 9f such problems proved to be practically impossible or complete-

ly valueless on account of the length of the process of solution. But in the

last ten years a radical change has taken place in the whole science of

computation. Moderncalculating machines, constructed on new principles,
allow us to make computations with exceptionally great speed and at the
same time to carry out complicated chains of calculations automatically,

according to extremely flexible programs arranged in advance. Some of
the questions connectedwith the construction and significance of modern
calculating machines will be discussed in Chapter XIV.

The new techniques not only enable us to carry out investigations that

were formerly quite impracticable but also lead us to change our estimate

of the value of many well-known mathematicalresults.For example, they

have given a special stimulus to the development of approximative
methods; that is, methods which allow us, by a chain of elementary
operations, to reach a desirednumerical result with sufficiently great
accuracy. The mathematical methods themselves must now be estimated
from the point of view of their suitability for corresponding machines.)))
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In close connection with the development of calculating techniques is
the subject of mathematical logic. It was developedprimarily as a result

of intrinsic difficulties arising in mathematics itself, its subject matter

being the analysis of mathematical proof. It is itself a branch of mathe-

matics, and includesthose branchesof general logic that can be objectively
formulated and developed by the mathematical method.

Although on the one hand mathematical logicthus goes back to the very
sources and foundations of mathematics, it is closely connected, on the
other hand, with the most modern questions of computational technique.

Naturally, for example, a proof that leads to the setting up of a definite

preassigned process, permitting us to approach a desiredresult with an

arbitrary degree of accuracy, is essentially different from more abstract

proofs on the existence of the given result.
There also arises here a characteristic range of questions concerning

the degree of generality possible in problems that can be dealt with by a

method which is completely defined in advance at every step. Profound
results have been reached along these lines in mathematical logic, results

that are extremelyimportant from a general epistemological point of view.
It would not be an exaggeration to say that with the development of the

new computational techniques and the achievements of mathematical

logic a new period has begun in modern mathematics, characterized by

the fact that its subject matter is not only the study of one object or
another but also all the ways and means by which such an object can be
defined; not only certain problems, but also all possible methods of

solving them.

To what has been said it is only necessary to add that also in the older
branches of mathematics, the theory of numbers, Euclidean geometry,
classicalalgebra and analysis, and the theory of probability, rapid
development has continued throughout the whole period of modern
mathematicsso that these fields have been enriched by many new funda-

mental ideas and results; let us mention, for example, the results attained
in the theory of numbers and in the geometry of everyday space by the

Russian and Soviet mathematicians P. L. Cebysev, E. S. Fedorov, I. M.
Vinogradov, and others. The development on a wide front of the theory
of probability has been connected with the extraordinarily important

regularities observable in statistical physics and in contemporary problems
of technology.)

7. Characteristic features of modem mathematics. What are the most

general characteristics of modern mathematics as a whole, distinguishing

it from the earlier development of geometry, algebra, and analysis?
First of alJ is the immense extension of the subjectmatter of mathematics)))
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and of its applications. Such an extension of subject matter and range of
application represents an enormous quantitative and qualitative growth,

brought about by the appearance of powerful new theories and methods
that allow us to solve problems completelyinaccessibleup to now. This

extension of the subjectmatter of mathematics is characterized by the fact

that contemporary mathematics conscientiously sets itself the task of

studying all possible types of quantitative relationships and spatial
forms.

A second characteristic feature of modern mathematicsis the formation

of general concepts on a new and higher level of abstraction. It is precisely
this feature that guarantees preservation of the unity of mathematics,

in spite of its immensegrowth in widely differing branches. Even in parts

of mathematics that are extremely far from one another similarities of
structure are brought to light by the general concepts and theories of the

present day. They guarantee that contemporary mathematical methods

will have great generality and breath of application;in particular, they

produce a profound interpenetration of the fundamental branches of

mathematics: geometry, algebra, and analysis.

As one of the characteristic features of modern mathematics, we must

also mention the obvious dominanceof the set-theoretical point of view.
Of course, this point of view owes its significance to the fact that it

summarizes in a certain sense the rich content of all the preceding develop-
ments of mathematics.Finally, one of the most characteristic features of
modern mathematics is the profound analysis of its foundations, of the

mutual influence of its concepts, of the structure of its separate theories,
and of the methods of mathematical proof. Without such an analysis of
foundations it would not be possible to improve or develop any further

the principles and theories that have led to the present generalizations.
The characteristic feature of modern mathematics may be said to be

that its subject matter consists not only of given quantitative relations

and forms but of all possible ones. In geometry, we speak not only of

spatial relations and forms but of all possible forms similar to spatial
ones.In algebra, we speak of various abstract systemsof objectswith all

possible laws of operation on them. In analysis, not only magnitudes are
consideredas variables but the very functions themselves. In a functional

space all the functions of a given type (all the possible interdependences
among the variables)are brought together. Summing up, it is possible to
say that while elementary mathematics deals with constant magnitudes,

and the next period with variable magnitudes, contemporary mathematics
is the mathematics of all possible (in general, variable)quantitative relations

and interdependences among magnitudes. This definition is, of course,

incomplete, but it does emphasize the characteristic feature of modern)))
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mathematics which distinguishes it from the mathematics of preceding
ages.*)
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ANAL YSIS)

\n1. Introduction

The rise at the end of the Middle Ages of new conditions of manufacture

in Europe, namely the birth of capitalism, which at this time was replacing
the feudal system, wasaccompaniedby important geographical discoveries

and explorations. In 1492, relying on the idea that the earth is spherical,
Columbus discovered the New World. The discovery by Columbus

greatly extended the boundaries of the known world and produced a
revolution in the minds of men. The end of the 15th century and the

beginning of the 16th saw the creative activity of the great artist-humanists
Leonardo da Vinci, Raphael, and Michelangelo, which gave new meaning
to art. In 1543 Copernicus published his work \"On the revolution of the

heavenly bodies,\" which completely changed the face of astronomy;

in 1609 appeared the \"New astronomy\" of Kepler, containing his first

and second laws for the motion of the planets around the sun, and in

1618 his book \"Harmony of the world,\" containing the third law. Galileo,
on the basis of his study of the works of Archimedes and his own bold

experiments, laid the foundations for the new mechanics, an indispensable
science for the newly arising technology. In 1609 Galileo directed his

recently constructed telescope, though still small and imperfect, toward
the night sky; the first glance in a telescope was enough to destroy the

ideal celestial spheres of Aristotle and the dogma of the perfect form of

celestial bodies. The surface of the moon was seen to be covered with

mountains and pitted with craters. Venus displayed phases like the
Moon,lupiter wassurrounded by four satellites and provided a miniature

visual model of the solar system.The Milky Way fell apart into separate
stars, and for the first time men felt the staggeringly immense distance

65)))
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of the stars. No other scientific discovery has ever made such an im-

pression on the civilized world.*

The further development of navigation, and consequentlyof astronomy,

and also the new development of technology and mechanics necessitated

the study of many new mathematical problems. The novelty of these

problems consisted chiefly in the fact that they required mathematical
study of the laws of motion in a broad sense of the word.

The state of rest and motionlessness is unknown in nature. The whole
of nature, from the smallest particles up to the most massive bodies,
is in a state of eternal creation and annihilation, in a perpetual flux, in

unceasing motion and change. In the final analysis, every natural science
studies some aspectof this motion. Mathematical analysis is that branch

of mathematics that provides methods for the quantitative investigation
of various processesof change, motion, and dependence of one magnitude
on another. So it naturally arose in a period when the development of

mechanics and astronomy, brought to life by questions of technology
and navigation, had already produced a considerable accumulation of

observations, measurements, and hypotheses and was leading science
straight toward quantitative investigation of the simplest forms of motion.

The name \"infinitesimal analysis\" says nothing about the subject
matter under discussion but emphasizes the method. We are dealing here

with the special mathematical method of infinitesimals, or in its modern

form, of limits. We now give some typical examples of arguments which

make use of the method of limits and in one of the later sectionswe will

define the necessary concepts.)

Example 1. As was established experimentally by GaIileo, the distance
s covered in the time t by a body falling freely in a vacuum is expressed
by the formula)

gt
2

s=-
2)

(I))

(g is a constant equal to 9.81mjsec2 ).t What is the velocity of the falling

body at each point in its path?

Let the body be passingthrough the point A at the time t and consider

what happens in the short interval of time of length LI t; that is, in the time

from t to t + Lit. The distance covered will be increased by a certain)

* This section is based on the beautiful essay of Academician S. I. Vavilov \"Galileo\"

(Great Soviet Encyclopedia, Volume 10, 1952).
t Nowadays formula (1) is deduced from the general laws of mechanics, but historic-

ally it was just this formula which, after being established experimentally by Galileo,
served as a part of the accumulation of experience that was subsequently generalized
by those laws.)))
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increment Lis. The original distance is Sl = gt2
/2; the increased distance

is)

= g(t + Llt)2 = gt 2

+ \n (2 LI + LI
2

)S2
2 2 2

t t t.)

From this we find the increment)

Lis = S2 -
Sl

=
\n

(2tLlt + Llt
2

).)

This represents the distance covered in the time from t to t + Lit. To
find the average velocity over the section of the path Lis, we divide Lis

by Lit:)

Lis g
Vay = - =

gt + - Lit.
Lit 2)

Letting Lit approach zero we obtain an average velocity which approaches
as closeas we like to the true velocity at the point A. On the other hand,
we see that the second summand on the right-hand side of the equation
becomes vanishingly small with decreasing Lit, so that the average Vay

approaches the value gt, a fact

which it is convenient to write

as follows:

r r
LIs

v =
}t'!1oVay =

d\nI}1 LIt)

=
\n\nI}1 (gt

+
\n LIt)

= gt. I

# .1_

\"\"r
Consequently, gt is the true

velocity at the time t.)

Example 2. A reservoir
with a square base of side a FIG. 1.

and vertical walls of height h

is full to the top with water (figure I). With what force is the water acting
on one of the walls of the reservoir?

We divide the surfaceof the wall into n horizontal strips of height h/n.

The pressure exerted at each point of the vessel is equal, by a well-known
law, to the weight of the column of water lying above it. So at the lower
edge of each of the strips the pressure, expressedin suitable units, will be

equal respectivelyto)

\n
2h 3h ... (n-l)h

h
n' n

' n' ,
n

,.)))



68) II. ANALYSIS)

We obtain an approximate expression for the desired force P, if we

assume that the pressure is constant over each strip. Thus the approximate
value of P is equal to)

P R;
ah . \n +

ah . 2h
+ ... + ah (n

- I) h

+
ah

h
nn nn n n n)

=
ah 2

(1 + 2 + .\"+ n)
=

ah 2
. n(n + 1) = ah 2

(
I + !

) .
n

2 n 2 2 2 n)

To find the true value of the force, we divide the side into narrower and

narrower strips, increasing n without limit. With increasing n the magnitude
I/n in the above formula will become smaller and smaller and in the limit

we obtain the exact formula)

ah 2

P=T')

The idea of the method of limits is simple and amounts to the following.

In order to determine the exact value of a certain magnitude, we first

determine not the magnitude itself but some approximation to it. How-
ever, we make not one approximation but a whole series of them, each

more accurate than the last. Then from examination of this chain of
approximations, that is from examination of the process of approximation

itself, we uniquely determine the exact value of the magnitude. By this

method, which is in essence a profoundly dialectical one, we obtain a

fixed constant as the result of a processor motion.

The mathematical method of limits was worked as the result of the

persistent labor of many generations on problems that could not be
solved by the simple methods of arithmetic, algebra, and elementary

geometry.

What were the problems whose solution led to the fundamental concepts
of analysis, and what were the methods of solution that 'were set up for
these problems? Let us examine some of them.

The mathematicians of the 17th century gradually discovered that a

large number of problems arising from various kinds of motion with

consequent dependence of certain variables on others, and also from

geometric problems which had not yielded to former methods, could
be reduced to two types. Simple examples of problemsof the first type
are: find the velocity at any time of a given nonuniform motion (or more

generally, find the rate of change of a given magnitude), and draw a

tangent to a given curve. These problems (our first example is one of

them) led to a branch of analysis that received the name \"differential

calculus.\" The simplest examples of the second type of problem are:)))
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find the area of a curvilinear figure (the problem of quadrature), or the
distance traversed in a nonuniform motion, or more generally the total

effect of the action of a continuously changing magnitude (compare the
second of our two examples). This group of problems led to another

branch of analysis, the \"integral calculus.\" Thus two fundamental

problems were singledout: the problem of tangents and the problem of
quadratures.

In this chapter we will describe in detail the underlying ideas of the

solution of these two problems. Particularly important here is the theorem
of Newton and Leibnitz to the effect that the problem of quadratures is
the inverse, in a well-known sense, of the problem of tangents. For solving

the problem of tangents, and problems that can be reduced to it, there was
worked out a suitable algorithm, a completely general method leading

directly to the solution, namely the method of derivatives or of differentia-

tion.

The history of the creation and development of analysis and of the role
played in its growth by the analytic geometry of Descarteshas already

been described in Chapter I. We see that in the second half of the 17th

century and the first half of the 18th a completechange took placein the

whole of mathematics. To the divisions that already existed, arithmetic,

elementary geometry, and the rudiments of algebra and trigonometry,
were added such general methods as analytic geometry, differential and
integral calculus, and the theory of the simplest differential equations.
It was now possible to solve problems whose solutions up to now had

been quite inaccessible.
It turned out that if the law for the formation of a given curve is not

too complicated, then it is always possible to construct a tangent to it at

an arbitrary point; it is only necessary to calculate, with the help of the
rules of differential calculus, the so-called derivative, which in most cases

requires a very short time. Up till then it had been possible to draw

tangents only to the circle and to one or two other curves, and no one had
suspected the existence of a general solution of the problem.

If we know the distance traversed by a moving point up to any desired

instant of time, then by the same method we can at once find the velocity
of the point at a given moment, and also its acceleration. Conversely,
from the acceleration it is possible to find the velocity and the distance,
by making use of the inverse of differentiation, namely integration. As a

result, it was not very difficult, for example, to prove from the Newtonian

laws of motion and the law of universal gravitation that the planets must
move around the sun in ellipses according to the laws of Kepler.

Of the greatest importance in practical life is the problemof the greatest

and least values of a magnitude, the so-called problem of maxima and)))
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minima. Let us take an example: From a log of wood with circular cross

section of given radius we wish to cut a beam of rectangularcrosssection

such that it will offer the greatest resistance to bending. What should be

the ratio of the sides? A short argument on the stiffness of beams of

rectangular cross section (applying simple concepts from the integral

calculus), followed by the solving of a maximum problem (which involves

calculating a derivative) provides the answer that the greatest stiffness

is produced for a rectangular cross section whose height is in the ratio

to its base of vl2 : 1. The problems of maxima and minima are solved as

simply as those of drawing tangents.
At various points of a curved line, if it is not a straight line or a circle,

the curvature is in general different. How can we calculate the radius

of a circle with the same curvature as the given line at the given point,
the so-called radius of curvature of the curve at the point? It turns out

that this is equally simple; it is only necessary to apply the operation of

differentiation twice. The radius of curvature plays a great role in many

questions of mechanics.
Before the invention of the new methods of calculation, it had been

possible to find the area only of polygons, of the circle, of a sector or a
segment of the circle, and of two or three other figures. In addition,
Archimedes had already invented a way to calculate the area of a segment

of a parabola. The extremely ingenious method which he used in this

problem was basedon special properties of the parabola and consequently
gave rise to the idea that every new problem in the calculation of area
would very likely require its own methods of investigation, even more

ingenious and difficult than those of Archimedes. So mathematicians
were greatly pleased when it turned out that the theorem of Newton and

Leibnitz, to the effect that the inversion of the problemof tangents would

solve the problem of quadrature, at one provided a method of calculating
the areas bounded by curves of widely different kinds. It became clear
that a general method exists, which is suitable for an infinite number of the

most different figures. The same remark is true for the calculation of
volumes, surfaces, the lengths of curves, the mass of inhomogeneous

bodies, and so forth.
The new method accomplished even more in mechanics. It seemed

that there was no problem in mechanics that the new calculations would

not clarify and solve.
Not long before, Pascal had explained the increase in the size of the

Torricelli vacuum with increasing altitude as a consequenceof the decrease

in atmospheric pressure. But exactly what is the law governing this

decrease? The question is answered immediately by the investigation
of a simple differential equation.)))
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It is well known to sailors that they should take two or three turns of
the mooring cable around the capstan if one man is to be able to keep
a large vessel at its mooring. Why is this? It turned out that from a

mathematical point of view the problem is almost completely identical
with the preceding one and can be solved at once.

Thus, after the creation ofanalysis, there followed a period oftempestu-
ous developmentof its applicationsto the most varied branches of tech-
nology and natural science. Since it is founded on abstraction from the

special features of particular problems,mathematical analysis reflects

the actual deep-lying properties of the material world; and this is the
reason why it provides the means for investigation of such a wide range
of practical questions. The mechanical motion of solidbodies,the motion

of liquids and gases of their particular particles, their laws of flow in the

mass, the conduction of heat and electricity, the course of chemical
reactions, all these phenomena are studied in the corresponding sciences

by means of mathematical analysis.
At the same time as its applications were being extended,the subject

of analysis itself was being immeasurably enriched by the creation and
developmentof various new branches, such as the theory of series,applica-
tions of geometry to analysis, and the theory of differential equations.

Among mathematicians of the 18th century, there was a widespread
opinion that any problem of the natural sciences, provided only that one
could find a correct mathematical description of it, could be solved by
means of analytic geometry and the differential and integral calculus.

Mathematicians proceeded gradually to more complicated problems
of natural science and technology, which demanded further development

of their methods. For the solution of such problemsit became necessary

to create further branches of mathematics: the calculus of variations,

the theory of functions of a complexvariable, field theory, integral

equations, and functional analysis. But all these new methods of cal-
culation were essentially immediate extensions and generalizations of
the remarkable methods discovered in the 17th century. The greatest

mathematicians of the 18th century, David Bernoulli (1700-1782),
Leonard Euler (1707-1783) and Lagrange (1736-1813), who blazed new

paths in science, constantly took as their starting point the fundamental

problems of the exact sciences. This energetic development of analysis

was continued into the 19th century by such famous mathematicians as

Gauss (1777-1855), Cauchy (1789-1857),M.V. OstrogradskiI (1801-1861),

P. L. Cebysev (1821-1894), Riemann (1826-1866), Abel (1802-1829),
Weierstrass (1815-1897), all of whom made truly remarkable contribu-
tions to the developmentof mathematical analysis.

The Russian mathematical genius, N. I. LobacevskiI, had an influence)))



72) II. ANALYSIS)

on the development of certain questions of mathematical analysis, and we
should also mention the leading mathematicians who were active at the

turn of the 20th century: A. A. Markov (1856-1922),A. M. Lyapunov

(1857-1918), H. Poincare (1854-1912),F. Klein (1849-1925), D. Hilbert

(1862- 1943).
The second half of the 19th century witnessed a profound critical

examination and clarification of the foundations of analysis.The various

powerful methods that had accumulated were now put on a uniform

systematic basis, correspondingto the advanced level of mathematical

rigor. All these methods are the means by which, along with arithmetic,

algebra, geometry and trigonometry, we give a mathematical interpreta-
tion to the world around us, describethe course of actual events, and
solve the important practical problemsconnected with them.

Analytic geometry, differential and integral calculus, and the theory

of differential equations are studied at all technical institutes, so that these

branches of mathematics are known to millions of citizens; the elements
of these sciencesare also taught at many technical schools; there is also
some question of their being introduced into the secondary schools.

In most recent times the general use of rapid calculating machines has

introduced a new era in mathematics. These machines, in conjunction

with the branches of mathematics just mentioned, open up strange new
possibilities for mankind.

At the present time, analysis and the branches arising from it represent

a widely diversified mathematical science, consisting of several broad

independent disciplines closely connected with one another; each of these
disciplines is being developed and perfected.

More than ever before, a significant role is being played in analysis by

the requirements of daily life, by problemsconnectedwith the imposing

development of technology. Of great importance are the aerodynamical
problems of hypersonic velocities, which are being solved with constant

success. The most difficult problems of mathematical physics have now
reached the stage where they can be solved in practical numerical form.

In contemporary physics such theories as quantum mechanics (which

studies the problems peculiar to the microcosm of the atom) not only
require the most advanced branches of contemporary mathematical

analysis for solving their problems but could not even describe their

fundamental concepts without the use of analysis.
The purpose of the present chapter is to give a popular presentation,

suitable for a reader acquainted only with elementary mathematics,
of the growth and the simplest applications of such basic concepts of

analysis as function, limit, derivative, and integral. Since the various

special branches of analysis will be dealt with in other chapters of the)))
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book, the present chapter has a more elementary character and a reader
who has already studied a usual first course in analysis may omit it

without harm to his understanding of the rest of the book.)

\n2. Function

The concept of a function. The various objects or phenomena that

we observe in nature are organically connected with one another; they
are interdependent. The simplest relations of this sort have long been
known to mankind and information about them has been accumulated

and formulated as physical laws. These laws indicate that the various

magnitudes characterizing a given phenomenon are so closely related
to one another that some of them are completelydetermined by the values

of others. For example, the length of the sides of a rectangle completely

determine its area, the volume of a given amount of gas at a given tem-

perature is determined by the pressure, and the elongation of a given

metallic rod is determined by its temperature. It was uniformities of this

sort that served as the origin of the concept of junction.
Consideran algebraic formula which, corresponding to each value

of the literal magnitudes occurring in it, allows us to find the value of the

magnitude expressed by the formula; the basic idea here is that of a

function. Let us consider some examplesof functions expressed by such

formulas.

I. Let us supposethat at the beginning of a certain periodof time a

material point was at rest and that subsequently it began to fall as the

result of gravity. Then the distance s traced out by the point up to time

t is expressed by the formula)

gt
2

s=2'

where g is the accelerationof gravity.)

(I))

-+-Ix I-.-)

J..
1-.,;

t)

,
I\ a)

I
. I)

FIG. 2.)))
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2. From a squareof side a we construct an open rectangular box of
height x (figure 2). The volume V of the box is calculated from the formula)

V = x(a -
2X)2.) (2))

...-._ ... __ _. _ .T;:u)

Formula (2) allows us,
for every height x under

the obvious restriction
o \n x \n a12, to find the

volume of the box.

3. Let a pillar (figure 3)

be erected at the center
of a circular skating rink

with a light at height h.

The illumination T at the

edge of the circle may be

expressed by the formula)

I)

h)

FIG. 3.)

T =
A sin ex

h 2 + r 2 ') (3))

where r is the radius of the circle, tan ex = hlr, and A is a certain magnitude
characterizing the power of the light. If we know the height h we can

calculate T from formula (3).

4. The roots of the quadratic equation)

x 2 + px - I = 0) (4))

are given by the formula)

p j-p2x= -2\"::1::,,1+4') (5))

The characteristic feature of a formula in general, and of the examples
just given in particular, is that the formula enablesus, for any given value

of one of the variables (the time t, the height x of the box, the height h

of the pilar, the coefficient p of the quadratic equation), which is called
the independent variable, to calculate the value of the other variable

(the distance s, the volume V, the illumination T, the root x of the equa-

tion), which is called a dependent variable or a function of the first

variable.

Each of the formulas introduced provides an example of a function:
the distance s traced by the point is a function to the time t; the volume)))
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V of the box is a function of height x; the illumination T of the edge of the
rink is a function of the height h of the pillar; the two roots of the quadratic

equation (4) are functions of the coefficientp.
It should be remarked that in some cases the independent variable may

assume any desired numerical value, as in example 4 where the coefficient
p of the quadratic equation (4) may be an arbitrary number. In other cases

the independent variable may take an arbitrary value from some set
(or collection) of numbers determined in advance; as in example 2, where

the volume of the box is a function of its height x, which can take any

value from the set of numbers x satisfying the inequality 0 < x < a12.
Similarly, in example 3 the illumination T at the edge of the rink is a

function of the height h of the pillar, which theoretically can take any
value satisfying the inequality h > 0, but in practice h must satisfy the

inequalities 0 < h :::;:; H, where the magnitude H is determined by the

technical facilities at the disposal of the administration of the rink.
Let us introduce other examples of this kind. The formula)

y
= Vf=X2)

determines a real function (expressing a relationship between the real
numbers x and y) only for those values of x which satisfy the inequalities
- 1 :::;:;x :::;:;+ 1, and the formula y = log (1 - x2

) only for those x
which satisfy the inequalities -1 < x < 1.

So it is necessary to take account of the fact that actual functions may
not be defined for all numerical values of the independent variable but

only for those values which belong 10 a certain set, which most often

fills out an interval on the x-axis, with or without the end points.
We are now in the position to give the definition of a function accepted

in present-day mathematics.
The (dependent)magnitude y is afunction of the (independent) magnitude

x if there exists a rule whereby to each value of x belonging to a certain

set of numbers there corresponds a definite value of y.
The set of values x appearing in this definition is called the domain

of the function.

Every new concept gives rise to a new symbolism. The transition from
arithmetic to algebra was made possible by the construction of formulas

which were valid for arbitrary numbers, and the search for general
solutions gave rise to the literal symbolism of algebra.

The problem of analysis is the study of functions, that is of the depend-
enceof one variable on another. Consequently, just as in algebra a transi-

tion took place from concrete numbers to arbitrary numbers, denoted
by letters, so in analysis there was the corresponding transition from)))
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concrete formulas to arbitrary formulas. The phrase \"y is a function of x\"

is conventionally written as)

y = f(x).)

lust as in algebra different letters are used for different numbers, so in

analysis different notations are used for different types of dependence,
that is for different functions: thus we write y = F(x), y =

cp(x),
... .)

Graphs of functions. One of the most fruitful and brilliant ideas of the
second half of the 17th century was the idea of the connection between

the concept of a function and the geometric representation of a line.
This connection can be realized, for example, by means of a rectangular
Cartesian system of coordinates,with which the reader is certainly familiar
in a general way from his secondary school mathematics.

Let us set up on the planea rectangular Cartesian system of coordinates.
This means that on the plane we choose two mutually perpendicular lines

(the axis of abscissasand the axis of ordinates), on each of which we fix

a positive direction. Then to each point M of the plane we may assign

two numbers (x, y), which are its coordinates, expressing in the given

system of measurement the distance, taken with the proper sign,
* of the

point M from the axis of ordinates and the axis of abscissas respectively.
With such a system of coordinates we may represent functions graphic-

ally in the form of certain lines. Suppose we are given a function)

y
= f(x).) (6))

This means,aswe know, that for every value of x belonging to the domain

of definition of the given function, it is possible to determine by some

means, for example by calculation, a corresponding value y. Let us give

to x all possible numerical values, for each x determine y according to our
rule (6), and construct on the plane the point with coordinates x and y.
In this way, for every point M' on the x-axis (figure 4) there will correspond)

y)

x)

x)

FIG. 4.) FIG. 5.)

* The number x is the abscissa and)' is the ordinate of the point M.)))
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a point M with coordinates x and y = f(x).The set of all points M forms
a certain line, which we call the graph of the function y

= fix).

Thus, the graph of the function f(x) is the geometric locus of the points
whosecoordinatessatisfy equation (6).

In school we became acquainted with the graphs of the simplest func-
tions. Thus the reader probably knows that the function y = kx + b,
where k and b are constants, is the graph (figure 5) of a straight line

forming the angle ex with the positive direction of the x-axis, where

tan ex = k, and intersecting the y-axis at the point (0, b). This function is

called a linear function.
Linear functions occur very frequently in the applications. Let us recall

that many physical laws are represented, with considerable accuracy,

by linear functions. For example,the length I of a body may be considered

with good approximation as a linear function of its temperature

I =
10 + exlof,)

where ex is the coefficient of linear expansion, and 10 is the length of the

body for t = O. If x is the time and y is the distance coveredby a moving

point, then the linear function y
= kx + b obviously expresses the fact

that the point is moving with uniform velocity k; and the number b
denotes the distance, at time Xo

= 0, of the moving point from the fixed
zero-point from which we measure our distances. Linear functions are

extremely useful because of their simplicity and because it is possible to
considernonuniform changes as being approximately linear, even if only

for small intervals.
But in many cases it is necessary to make use of nonlinear functional

dependence. Let us recall for example the law of Boyle-Mariotte)

c
v=-,

p
where the magnitudes p and v are inversely proportional. The graph of
such a relation represents a hyperbola (figure 6).

The physical law of Boyle-Mariottecorrespondsactually to the case

that p and v are positive; it represents a branch of the hyperbola lying

in the first quadrant.

The general class of oscillatory processesincludes periodic motions,

which are usually described by the familiar trigonometric functions.
For example, if we extend a hanging spring from its position of equilibrium,

then, so long as we stay within the elastic limits of the spring, the point
A will perform vertical oscillations which are quite accurately expressed
by the law)

x = a cos(pt + ex),)))
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where x is the displacementof the point A from its position of equilibrium,

t is the time, and the numbers a, p and ex are certain constants determined

by the material, the dimensions, and the initial extension of the spring.
It should be kept in mind that a function may be defined in various

domains by various formulas, determined by the circumstances of the)

u
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FIG. 6. FIG. 7.)

case. For example, the relation Q = f(t) between the temperature t of a
gram of water (or ice) and the quantity of heat Q in it, as t varies between

_10\302\260and + 10\302\260,is a completely determined function which it is difficult

to express in a single formula, * but it is easy to represent this function

by two formulas. Since the specificheat of ice is equal to 0.5 and that of

water is equal to I, this function, if we agree that Q
= 0 at -10\302\260, is

represented by the formula)

Q
= 0.5t + 5,)

Q
= t + 85,)

as t varies in the interval _10\302\260 :::;:; t < 0\302\260and by another formula)

as t varies in the interval 0\302\260< t :::;:;10\302\260.For t = 0 this function is inde-

finite or multiple-valued; for convenience, we may agree that at t = 0

it takes some well-definedvalue, for example flO) = 45. The graph of the

function Q = f(t) is given in figure 7.)

* This does not mean that such an expression is impossible. rn Chapter XII we will
show how to obtain a single formula.)))
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We have introduced many examples of functions given by formulas.

The possibility of representinga function by means offormulas is extremely
important from the mathematical point of view, since such formulas

provide very favorable conditions for investigating the properties of the
functions by mathematical methods.

But one must not think that a formula is the only method of defining a
function. There are many other methods; for example, the graph of the

function, which gives a visual geometric picture of it. The following

example gives a good illustration of another method.

To record variation of the temperature of the air during the course

of 24 hours, meteorologicalstations make use of an instrument called
the thermograph. A thermograph consists of a drum rotated about its

axis by a clockwork mechanism,and of a curved brass framework that

is extremely sensitiveto changesof temperature. As a result, a pen fastened
to the framework by a system of levers rises with rising temperature;
and conversely, a fall in the temperature lowers the pen. On the drum is

wound a ribbon of graph paper, on which the pen draws a continuous

line, forming the graph of the function T = f(t), which expresses the
interdependenceof the time and the temperature of the air. From this

graph we may determine, without calculation, the value of the temperature
at any moment of time t.

This example shows that a graph in itself determines a function in-

dependently of whether the function is given by a formula or not.
Incidentally, we shall return to this question (see Chapter XII)

and shall prove the following important assertion: Every continuous

graph can be representedby a formula, or, as it is stilI customary to say,

by an analytic expression. This statement is also true for many discontinu-

ous graphs*
We remark that the truth of this statement, which is of great theoretical

importance, was completely realized in mathematics only in the middle

of the past century. Up to that time mathematicians understood by the
term \"function\" only an analytic expression (formula). But they were

under the mistaken impression that many discontinuous graphs did not

correspond to any analytic expression, since they assumed that if a function

was given by a formula, then its graph must possess certain particularly
desirablepropertiesin comparison with the other graphs.

But in the 19th century, it was discovered that every continuous graph
may be represented by a more or less complicated formula. Thus the

exceptional role of the analytic expression as a means of definition of)

* Of course, the above statement will be completely clear to the reader only after
we have given a precise definition of exactly what is meant in mathematics by the term
\"formula\" and \"analytic expression.\)
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functions was weakened and there came into existence the new, more
flexible definition given above for the concept of a function. By this

definition a variable y is called a function of a variable x if there exists
a rule whereby to every value of x in the domain of definition of the
function there correspondsa completely determined value y, independent
of the way in which this rule is given: by a formula, a graph, a table or
in any other way.

We may remark here that in the mathematical literature the above
definition of a function is often associated with the name of Dirichlet,
but it is worth emphasizing that this definition was given simultaneously
and independently by N. I. LobacevskiI. Finally we suggestas an exercise

that the reader sketch the graphs of the functions x 3
, V x, sin x, sin 2x,

sin (x + 77/4), In x, In(l + x), Ix - 31,(x+ I x 1)/2.
We should also note that the graph of a function which for all values

of x satisfies the relation)

f( -x) =
f(x))

is symmetric with respect to the y-axis and in the case)

f( -x) = -f(x))
the graph is symmetric with respect to the origin of coordinates. Consider

also how to obtain the graph of a functionf(a + x), when a is a constant,
from the graph of f(x). Finally, consider how, using the graphs of the

functions f(x) and c/>(x),it is possible to find the values of the composite

function y =
f[C/>(x\302\273).)

\n3. Limits

In \nI it was stated that modern mathematical analysis usesa special

method, which was worked out in the course of many centuries and serves
now as its basic instrument. We are speakinghere of the method of

infinitesimals, or, as is essentiallythe same, of limits. We shall try to give

some idea of these concepts.For this purpose we consider the following

example.

We wish to calculate the area boundedby the parabola with equation
y = x2

, by the x-axis and by the straight line x = I (figure 8). Elementary

mathematics will not furnish us with a means for solving this problem.

But here is how we may proceed.
We divide the interval [0, I) along the x-axis into n equal parts at the

points)

12 n-l
o - - ... --- I,

n' n' ,
n

')))
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and on each of these parts construct the rectangle whose left side extends
up to the parabola. As a result we obtain the system of rectanglesshaded
in figure 8, the sum Sn of whoseareasis given by

I 1 2 1 2 2
1 n-l2J

Sn = 0 .
11

+
(11) 11

+
(11) 11

+
.., + (-11) 11

J2 + 22 + ... + (n
- 1)2 (n - I) n(2n

- I) *
n

3 6n 3

Let us express Sn in the following form:

Sn =
\n

+
( 6\n2

-
2\n )

=
\n

+ an .)

The quantity am which

depends on n, is admittedly

rather unwieldy in appear-

ance, but it possesses a
certain remarkable property:

If n is increased beyond
all bounds, then an

approaches O.This property
may also be expressed as
follows: If we are given an

arbitrary positive number

\342\202\254,then it is possible to
choose an integer N suffi-

ciently large that for all n

greater than N number an
will be less than the given
\342\202\254in absolute value. t)

(7))

y)

o) x)

FIG. 8.)

* If in the obvious equalities (k + 1)3- k3 = 3k 2
+ 3k + 1, for the different values

k = 1,2,\"',n - 1, we add the left and right sides separately, we obtain the equation
3(n

- l)n
n 3 - 1 = 3u + -- + n - 1n

2

where Un = J2 + 22
+ '\" + (n - 1)2.Solving this equation for Un. we get

(n -
I)n(2n

-
\\)

6

t For example, if. = 0.001,we may take N = 500.In fact, since

1 1
-<-
6n 2 2n)

Un =)

for positive inligral n, therefore

I \"'n I =
I

\n - \n

I

= \n - -\n < \n < 0.001
6n 2 2n 2n 6n 2 2n)))
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The magnitude an is an example of an infinitesimal in the sense in which
that word is used in modern mathematics.

In figure 8 we see that if we increase the number n beyond all bounds,
the sum Sn of the areas of the shaded rectangles will approach the desired

area of the curvilinear figure. On the other hand, equation (7), in view

of the fact that an approaches zero as n increases beyond all bounds,
shows that the sum Sn at the same time approaches 1/3. From this it

follows that the desired area S of the figure is equal to 1/3, and we have

solved our problem.
So the method under discussionamounts to this, that in order to find

a certain magnitude S we introduce another magnitude Sn, a variable

magnitude which approaches zero through particular values Sl' S2'
Sa, ..., which depend according to some law on the natural numbers

n = 1,2, .... Then, from the fact that the variable Sn may be represented

as the sum of a constant 1 and an infinitesimal an , we conclude that Sn
approaches 1 and so S = !. I n the language of the modern theory of
limits we may say that for increasing n the variable magnitude Sn
approaches a limit, which is equal to t.

Now let us give a precise definition of the concepts introduced here.
If a variable magnitude an(n = I, 2, ...) has the property that for every

arbitrarily small positive number \342\202\254it is possible to choose an integer N
so large that for all n > N we have I an I < \342\202\254,then we say that an is an

infinitesimal and we write)

lim an = 0 or an ---+ O.
n....oo)

On the other hand, if a variable X n may be represented as a sum)

X n = a + an ,)

where a is constant and an is an infinitesimal, then we say that the variable
X n , for n increasing beyond all bounds, approachesthe number a and we
write)

lim Xn = a or X n ---+ a.)

The number a is called the limit of Xn . In particular the limit of an in-

finitesimal is obviously zero.)

for arbitrary n > 500. In the same way it would be possible to assign arbitrarily small
values \302\243,or example:

\302\243,= 0.0001, \302\243.= 0. \327\241\327\241oo1, ''',

and for each of them to choose, as above, appropriate values N = N, , N. , ....)))
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Let us consider the following examples of variable magnitudes)

I _ \n Z = (-1 )n
U = \n = 1 _ \n .Xn =

Ii' Yn
=

n2'
n n' n

n n
')

Un = (_I)n (n = 1,2, ''').)

It is clear that X n ,Ym and Zn are infinitesimals, the first of them approach-

ing zero through decreasing values, the second through increasing negative
values, while the third takes on values which oscillate around zero.

Further, Un ---+ I, while Un does not have a limit at all, sincewith increasing

n it does not approach any constant number but continually oscillates,
taking on the values 1 and -1.

Another important concept in analysis is that of an infinitely large
magnitude, which is defined as a variable X n (n = I, 2, \"'), with the

property that after choice of an arbitrarily large positive number M it is

possible to find a number N such that for all n > N

IXn I> M.)

The fact that the magnitude X n is infinitely large is written thus)

Iim Xn
= 00 or X n ---+ 00.)

Such a magnitude X n is said to approach infinity. If it is positive (negative)
from some value on, this fact is expressedthus: X n - + oo(xn ---+ - (0).
For example, for n = 1,2, ...)

lim n
2 = + 00, lim (_n a

)
= -

00;)

lim
IOg\n

= -00, lim tan
G +\n)

= -00.)

It is easy to see that if a magnitude CXn is infinitely large, then Pn
= I/cx n

is infinitely small, and conversely.
Two variable magnitudes X n and Yn may beadded,subtracted,multiplied,

and divided the one by the other so as to produce new magnitudes that

are in general also variable: namely their sum Xn + Yn , their difference
X n

-
Yn , their product XnYm and their quotient xn/Yn. Correspondingly

their particular values will be)

Xl :i: YI , X2 :i: Y2 , Xa :i: Ya ,
...)

XIYI , X2Y2 , XaYa ,
...)

Xl X2 Xa

YI
'

Y2
'

Ya
')))
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It is also possibleto prove, as is fairly evident, that if the variables X n and

Yn approach finite limits, then their sum, difference, product, and quotient

also approach limits which are correspondingly equal to the sum, difference,
product,and quotient of these limits. This fact may be expressed thus:)

lim (xn :::!::Yn)
= Jim X n :::!:: lim Yn; lim (xnYn)

= lim X n lim Yn;)

lim
Xn = I\nm

X n
.

Yn 11m Yn)

However, in the case of the quotient it is necessary to assume that the

limit of the denominator (lim Yn) is not equal to zero. If lim Yn
= 0

and lim X n *- 0, then the ratio of X n to Yn will not have a finite limit but
will approach infinity.

Especially interesting, and at the same time important, is the case when

the numerator and the denominator simultaneously approach zero.Here
it is impossible to state in advance whether the ratio xn/Yn will approach

a limit, and if it does, what that limit will be, since the answer to this

question depends entirely on the character of the approach of Xn and Yn

to zero. For example, if)

I 1 ( -l)n
X n = -, Yn

=
--\"2' Zn = -

(n
= 1,2, \"'),

n n n)

then)

Yn = ! ->- 0
Xn = n ->- 00

X n n
'

Yn

.)

On the other hand, the magnitude)

X n = (_I)n
Zn)

evidently does not approach any limit.

Thus the case when the numerator and the denominator of the fraction

both approach zero cannot be dealt with in advance by general theorems,
and for each particular fraction of this kind it is necessary to make a
specialinvestigation.

We shall see later that the fundamental problem of the differential

calculus, which may be considered as the problem of determining the

velocity ofa nonuniform motion at a given moment, reducesto determining

the limit of the ratio of two infinitesimal magnitudes, namely the increase
of the distance covered and the increase in the time.

So far we have consideredvariables X n which take on a sequenceof

numerical values Xl , X 2 , Xa,
... , X n ,

...
, while the index n runs through)))
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the sequence of natural numbers n = I, 2, 3, ... . But it is also possible
to consider the case that n varies continuously, like the time for example,
and here also to determine the limit of the variable X n . The properties
of such limits are completelyanalogous to those formulated earlier for
discrete (that is, discontinuous) variables. We also note that there is no

special significance in the fact that n increases beyond all bounds.It is
equally possible to consider the case that, while varying continuously,
n approaches a given value no .

As an example let us investigate the variation in the magnitude of
(sin x)/x as x approaches zero. Table 1 shows the values of this magnitude

for certain values of x:)

Table 1)

x)
sin x

x)

0.50
0.10
0.05)

0.9589.\"
0.9983 ...

0.9996...)

(it is assumed that the values of x are given in radian measure).
It is obvious that as x approaches zero the magnitude (sin x)/x approaches

I, but of course we must still give a rigorous proof of this fact. The proof

may be obtained, for example, from the following inequality, which is
valid for all nonzero angles in the first quadrant:

sin x < x < tan x.)

If we divide both sides of this inequality by sin x, we obtain)

x I
<--;--<-,

sm x cosx)

from which follows)

sin x
cos x < - < I.

x)

But as x decreases to zero cos x approaches I, so that the magnitude

(sin x)/x, being contained in the interval between cos x and I, also
approaches 1, that is)

I
', sin x

I\nm-= .
\",-+0 X)))
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We shall have occasion below to make use of this fact.

Our equation has been proved for the case that x approaches zero
through positive values. But by changing the proof in an obvious way,
it is possible to obtain the same result when x approaches zero through

negative values.

Let us now discuss for a moment the following question. A variable
magnitude mayor may not have a limit and the question arises whether

it is possible to give a criterion for determining the existence of a limit

for a variable. We will confine ourselves to an important and sufficiently

general case, for which such a criterion can be given. Let us suppose that
the variable magnitude X n increases or at least does not decrease; that is,
it satisfies the inequalities)

Xl \n X2 \n Xa \n ...
,)

and let us also suppose we have determined that none of its values exceeds
a certain fixed number M; that is, X n \n M (n = 1,2, '''). If we mark

the values of X n and the number M on the x-axis, we see that the variable
point X n moves along the axis to the right but constantly remains to the
left of the point M. It is rather obvious that the variable point X n must

inevitably approach a certain limit point a, situated to the left of M or at

most coinciding with M.

So, in the case under consideration, the limit)

lim Xn = a)

of our variable exists.
The above argument has an intuitive character but we may consider

it as a proof. In a coursein modern analysis a complete proof of this

fact is given on the basis of the theory of real numbers.
As an example let us consider the variable)

Un =
(I +\nr(n

= 1,2,3,\"').)

The first few values are U I
= 2, U 2

= 2.25, U a \n 2.37, U4 \n 2.44,

which are seen to increase. From the binomial theorem of Newton it is

possible to prove that this increase holds for arbitrary n. Moreover, it is
also easy to prove that for all n the inequality Un < 3 is valid. Conse-
quently, our variable must have a limit which is not greater than 3. We

shall see that this limit plays a very important role in mathematical

physics and in a certain sense is the most natural base for logarithms of
numbers.)))
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It is customary to denote this limit by the letter e. It is equal to

e = lim
(

I + !
)

n
= 2.718281828459045 ... .

n-+\302\253> n)

A more detailed analysis shows that the number e is not rational. *

It is also possible to show that the limit under consideration exists
and is equal to e not only when n ---+ + 00 but also when n ---+ - 00. In
both cases n may also take on noninteger values.

Let us mention an important application to physics of the concept

of a limit. It consists of the remarkable fact that only by using the concept
of a limit (passage to the limit) is it possible for us to give a complete
definition of many of the concrete magnitudes encountered in physics.

Let us also consider for the moment the following geometricexample.
In elementary geometry the figures considered first are those bounded by
straight line segments. But later there arises the more difficult task of

finding the length of the circumference of a circlewith given radius.

If we analyze the difficulties connected with the solution of this problem,

we find that they reduce to the following.
We must give an answer to the question, what is meant by the length

of the circumference; that is, we must give a precise definition of this

length. It is essential that the definition should be expressible in terms

of the lengths of straight-line segmentsand also that it should provide
us with the possibility of effectively calculating the length of the circum-

ference.
It is understood, of course, that the result of this calculation should

be in agreement with practical experience. For example, if we consider
a circumference consisting of an actual thread, then, if we cut the thread

and stretch it out, we must obtain a segment whose length, within the

limits of accuracy of measurement, coincides with our computed length.
As is known from elementary geometry, the solution of this problem

reduces to the following definition. The length of a circumference is
defined to be the limit approached by the perimeter of a regular

t polygon

inscribed in it as the number of sidesof the polygon increases beyond
all bounds. Thus the solution of the problem is based essentially on the
concept of a limit.

The length of an arbitrary smooth curve is defined in the same way.)

* In this connection we should remark that addition, subtraction, multiplication, and

division (excluding division by zero) of rational numbers, that is numbers of the form
p/q where p and q are integers, leads to rational numbers. But this is not necessarily
the case for the operation of taking a limit. The limit of a sequence of rational numbers

may be irrational number.
t It is not important that the polygon should be regular. The only essential feature

is that the greatest side of the variable inscribed polygon should approach zero.)))



88) H. ANALYSIS)

In the paragraphs just following, we will meet with a number of examples
of geometric and physical magnitudes that can be defined only with the

concept of a limit.
The conceptsof limit and infinitesimal were given a definitive formula-

tion at the beginning of the last century. The definitions introduced

here are connected with the name of Cauchy, before whose time mathe-

maticians operated with concepts that were less clear. The present-day
concepts of a limit, of an infinitesimal as a variable magnitude, and of a

real number, resulted from the development of mathematical analysis
and were at the same time the means of stating and clarifying its many
achievements.)

\n4. Continuous Functions

Continuous functions form the basicclassof functions for the operations
of mathematicalanalysis.The general idea of a continuous function may

be obtained from the fact that its graph is continuous; that is, its curve

may be drawn without lifting the pencil from the paper.
A continuous function gives the mathematical expressionof a situation

often encountered in practical life, namely that to a small increase in an

independent variable there corresponds a small increase in the dependent
variable, or function. Excellent examples of a continuous function are

given by the various rules governing the motion of bodies s = f(t),
expressingthe dependence of the distance s on the time t. Since the time
and the distance are continuous, a law of motion of the body s = f(t)
sets up between them a definite continuous relation, characterized by

the fact that to a small increase in the time corresponds a small increase
in the distance.

Mankind arrived at the abstraction of continuity by observing the

surrounding so-called dense media, namely solids, liquids, and gases;
for example, metals, water, and air. In actual fact, as is well known now,

every physical medium represents the accumulation of a large number of

separate particles in motion. But these particlesand the distances between

them are so small in comparison with the dimensions of the media in

which the phenomena of microscopic physicstake placethat many of these

phenomena may be studied with sufficient accuracy if we consider the
medium as being approximately without interstices, that is as continuously
distributed over the occupied space.It is on such an assumption that

many of the physical sciences are based, for example, hydrodynamics,

aerodynamics, and the theory of elasticity. The mathematical concept

of continuity naturally plays a large role in these sciences, and in many
others as well.)))
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Let us consider an arbitrary function y
= f(x) and some specificvalue

of the independent variable xo' If our function reflects a continuous

process, then to values x which differ only slightly from Xo will correspond

values of the function f(x) differing only slightly from the value f(xo )

at the point Xo . Thus if the increment x -
Xo of the independent variable

is small, then the corresponding increment f(x) - f(xo ) of the function
will also be small. In other words if the increment of the independent
variable x -

Xo approaches zero, then the increment f(x) - f(xo ) of the

function must also approach zero, a fact which may be expressed in the

following way:)

lim [f(x) - f(xo ))
= O.

Z-Zo\"\",O)
(8))

This relation constitutes the mathematical definition of continuity of the
function at the point Xo; namely, the functionf(x) is said to be continuous

at the point Xo , if equality (8) holds.
Finally, we give the following definition. A function is said to be

continuous in a given interval, if it is continuous at every point Xo of this

interval; that is, if at every such point equality (8) is fulfilled.

Thus, in order to introduce a mathematical definition of the property
of a function reflected in the fact that its graph is continuous (in the
everyday sense of this word), it was necessary first to define local continuity

(continuity at the point xo) and then on this basis to define continuity

of the function in the whole interval.
This definition, first introduced at the beginning of the last century by

Cauchy, is now generally adopted in contemporary mathematical analysis.
The test of many concrete examples has shown that it corresponds very
well to the practical notion we have of a continuous function, for instance,
as represented by its continuous graph.

As examples of continuous functions, the reader may consider the
elementary functions well known to him from school mathematics xn

,

sin x, cos x, a\"', log x, arc sin x, arc cosx.All these functions are continuous
in the intervals for which they are defined.

If continuous functions are added, subtracted, multiplied, or divided

(except for division by zero), the result is also a continuous function.

But in the case of division the continuity is usually destroyed for those
values Xo for which the function in the denominator vanishes. The result
of the division in that case is a function which is discontinuous at the point
Xo'

The function y
= l/x may serve as an example of a function which

is discontinuous at the point x = O. Other discontinuous functions are

represented by the graphs in figure 9.)))
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We recommend that the reader examinethese graphs carefully. He will

notice that the breaks in the functions are different kinds: In some cases
a limit f(x) exists as x approaches the point Xo where the function suffers
a discontinuity, but this limit is different from f(x o ). In other cases, as in

figure 9c, the limit simply does not exist. It may also happen that as x

approaches Xo from one side f(x) - f(xo)-..0, but as x -..
Xo from the

other side, f(x) - f(xo ) does not approach zero. In this case, of course,
the function has a discontinuity, but we may say that at such a point it is

\"continuous from one side.\" All these cases are represented in the graphs

of figure 9.
As an exercise we recommend to the reader to considerthe question,

what value must be given to the functions)

sin x
x)

1 - cos x x3 - 1 tan x
x2 '

x-I
'

x)

at those points where they are not defined (that is, at the points where the

denominator is equal to zero), in order that they may be continuous at
these points.Also, is it possible to find such numbers for the functions)

I x-2
tanx,-,

(2 4)
?x-I x-)

These discontinuous functions in mathematics represent the numerous
jumplike processes to be met with in nature. In the case of a suddenblow,

for example, the value of the velocity of a body changes in such a jump-
like fashion. Many qualitative transitions take place with such jumps.
In \n2 we introduced the function Q = f(t), expressing the way in which
the quantity of heat in a given quantity of water (or ice) depends on the

temperature. In the neighborhood of the melting point of ice the quantity

of heat Q = f{t) changes in a jumplike fashion with changing t.
Functions with isolated discontinuities are encountered quite often

in analysis, along with the continuous functions. But as an example of a
more complicated function, where the number of discontinuities is in-
finite, let us consider the socalled Riemann function, which is equal to

zero at all irrational points and equal to l/q at rational points of the form
x =

p/q (where p/q is a fraction in its lowest terms). This function is
discontinuousat all rational points and continuous at irrational points.
By altering it slightly we may easilyobtain an example of a function which

is discontinuous at all points. * Let us remark by the way that even for

such complicated functions modern analysis has discovered many in-)

* It is sufficient to set the function equal to unity at the irrational points.)))
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teresting laws, which are investigated in one of the independentbranches

of analysis, the theory of functions of a real variable. This theory has

developed with extraordinary rapidity during the past 50 years.)

\n5. Derivative

The next fundamental concept of analysis is the concept of derivative.

Let us consider two problems from which it arose historically.)

Velocity. At the beginning of the present chapterwedefined the velocity

of a freely falling body. To do so we made useof a passage to the limit

from the average velocityover short distances to the velocity at the given

point and the given time. The same proceduremay be used to define the
instantaneous velocity for an arbitrary nonuniform motion. In fact, let

the function)
s =

f(t)) (9))

express the dependence of the distance s covered by the material point
in the time t. To find the velocity at the moment t = to, let us consider
the interval of time from to to to + h (h *- 0). During this time the point
will cover the distance)

Lis = f(to + h)
- f(to) .)

The average velocity Vav over this part of the path will depend on h)

Lis I
Vav

=
h

=
h [f(to + h)

- f(to)J,)

and will represent the actual velocity at the point to with greater and

greater accuracy as h becomes smaller. It follows that the true velocity
at the time to is equal to the limit)

v = Iim f (to + h)
- f(to)

h....O h)

of the ratio of the increase in the distance to the increase in the time,

as the latter approaches zero without ever being actually equal to zero.
In order to calculate the velocity for different forms of motion, we must
discover how to find this limit for various functions f(t).)

Tangent. We are led to investigate a precisely analogous limit by

another problem, this time a geometric one, namely the problem of
drawing a tangent to an arbitrary plane curve.)))
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Let the curve C be the graph of a function y = f(x), and let A be the

point on the curve C with abscissa Xo (figure 10). Which straight line shall

we call the tangent to C at the point A? In elementary geometry this

question does not arise. The only curve studied there, namely the circum-
ferenceof a circle, allows us to define the tangent as a straight line which

has only one point in common with the curve. But for other curves such

a definition will clearly not correspond to our intuitive picture of \"tangen-

cy.\" Thus, of the two straight lines Land M in figure II, the first is ob-
viously not tangent to the curve drawn there (a sinusoidal curve), although

it has only one point in common with it; while the second straight line

has many points in common with the curve, and yet it is tangent to the
curve at each of these points.

To define the tangent, let us consider on the curve C (figure 10) another
point A', distinct from A, with abscissa Xo + h. Let us draw the secant
AA' and denote the angle which it forms with the x-axis by f3. We now

allow the point A' to approach A along the curve C. If the secant AA'

correspondingly approaches a limiting position, then the straight line T
which has this limiting position is called the tangent at the point A.

Evidently the angle ex formed by the straight line T with the x-axis, must

be equal to the limiting value of the variable angle f3.

The value of tan f3 is easily determined from the triangle ABA' (figure

10):)

tan f3
=

BA' = f(x o + h)
- Jtxo) .

AB h)

For the limiting position we must have

tan ex = lim tan f3
= lim f(xo + h)

- f(x o )
,

1/.....1/ h....O h)

'I)

o Xo Xo +11 x)

y)

L)

FIG. 10. FIG. 11.)

x)

M)))



94) II. ANALYSIS)

that is, the trigonometrictangent of the angle of inclination of the tangent

line is equal to the limit of the ratio of the increase in the function f(x)
at the point xo to the corresponding increase in the independent variable,
as the latter approaches zero without ever being actually equal to zero.

Let us give still another example leading to the calculation of an analog-

ous limit. Let us suppose that a variable electric current is flowing through

a conductor. Let us assume that we know the function Q = f(t) expressing

the quantity of electricity that has passed through a fixed cross section
of the conductor up to time t. I n the period from to to to + h, there will

flow through this cross section a quantity of electricity LlQ equal to

f(to + h)
- f(to)' The average value of the current will therefore be

equal to)

I _ LlQ _ f(to + h) -
f(to)

av -
h

-
h

.)

The limit of this ratio as h --+ 0 will give us the value of the current at

the time to)

1 = Iim f (to + h)
- f(to) .

h....O h)

All the three problems discussed, in spite of the fact that they refer to

different branches of science,namely mechanics, geometry, and the

theory of electricity, have led to one and the same mathematical operation
to be performed on a given function, namely to find the limit of the ratio
of the increase of the function to the corresponding increase h of the

independent variable as h --+ O. The number of such widely different

problems could be increased at will, and their solution would lead to the
same operation.To it we are led, for example, by the question of the rate
of a chemical reaction, or of the density of a nonhomogeneous mass and

so forth. In view of the exceptional role played by this operation on

functions, it has received a special name, differentiation, and the result

of the operation is called the derivative of the function.

Thus, the derivative of the function y = f(x), or more precisely, the

value of the derivative at the given point x is the limit* approached by the
ratio of the increase f(x + h) - f(x) of the function to the increase h

of the independent variable, as the latter approacheszero.We often write

h = Llx, andf(x + Llx)
- f(x) =

Lly, in which case the definition of the

derivative is written in the concise form:)

. Lly
hm-.

.<3\"'....0 Llx)

* It is understood that we are speaking here of the case where the limit in question
actually exists. If this limit does not exist, then we say that at the point x the function

does not have a derivative.)))
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The value of the derivative obviouslydependson the point x at which
it is found. Thus the derivative of a function y

= f(x) is itself a function

of x. It is customary to denote the derivative thus)

f'(x) = Jim f(x + h)
- f(x) = lim

Jy
.

h....O h .<1\"'....0 Jx)

Certain other notations are also customary for the derivative:)

df(x) dy , ,

dx
' or

dx ' or y , or
y\"\"

We should also remark that the notation : looks like a fraction, al-

though it is read as a single symbol for the derivative. In the following
sections the numerator and the denominator of this \"fraction\" will take

on independent meaning, in such a way that their ratio will coincide with

the derivative so that this manner of writing is completelyjustified.
The results of these examples may now be formulated as follows.

The velocity of a point for which the distance s is a given function of

the time s = fit) is equal to the derivative of this function)

v = s' = f'(t).)

Moreconcisely, the velocity is the derivative of the distance with respect
to time.

The trigonometric tangent of the angle of inclination of the tangent

line to the curve y = fix) at the point with abscissa x is equal to the

derivative of the function f(x) at this point:)

tan 0: = y' = f'(x).)

The strength of the current I at the time t, if Q = f(t) is the quantity

of electricity which up to time t has passed through a cross section of the

conductor, is equal to the derivative)

I = Q' =
f'(t).)

Let us make the following remark. The velocity of a nonuniform motion

at a given time is a purely physical concept, arising from practical ex-
perience.Mankind arrived at it as the result of numerous observations

on different concrete motions. The study of nonuniform motion of a

body on different parts of its path, the comparison of different motions

of this sort taking place simultaneously, and in particular the study of the

phenomena of collisions of bodies,all represented an accumulation of)))
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practical experience that led to the setting up of the physical concept
of the velocity of a nonuniform motion at a given time. But the exact
definition of velocity necessarily depended upon the method of defining

its numerical value, and to define this value was possible only with the

concept of the derivative.
In mechanics the velocity of a body moving according to the rule

s = f(t) at the time t is defined as the derivative of the functionf(t) for this

value of t.

The discussion at the beginning of the present section has shown,
on the one hand, the advantages of introducing the operation of finding

the derivative, and on the other has given a reasonable justification for
the above formulated definition of the velocity at any given moment.

Thus, when we raised the question of finding the velocity of a point
in nonuniform motion we had, properly speaking,only an empirical

notion of its value but no exact definition. But now, as a result of our

analysis, we have reached an exact definition of the value of the velocity

at a given moment, namely the derivative of the distance with respect
to the time. This result is extremely important from a practical point of
view, since our empirical knowledge of the velocity has been greatly

enriched by the fact that we can now make an exact numerical calculation.
What has just been said refers equally well, of course,to the strength

of a current and to many other concepts expressing the rate of some
process,physical, chemical, and so forth.

This situation may serve as an example for numerous others of a

similar nature, where practical experiencehas led to the formation of a

concept relating to the external world (velocity, work, density, area,
and so forth) and then mathematics has enabled us to define this concept

precisely, whereupon we can make use of the concept in practical cal-
culations.

We have already noted at the beginning of the chapter that the concept
of a derivative arose chiefly as the result of many centuries of effort

directed towards the solving of two problems: drawing a tangent to a
curve and finding the velocity of a nonuniform motion. Theseproblems,
and also the calculation of areas discussedlater, interested mathematicians

in ancient times. But until the 16th century the statement and the method

of solution for each problem of this sort bore an extremely special charac-

ter. The accumulation of all this extensive material was reduced to a
theoretically complete system in the 17th century in the work of Newton
and Leibnitz. An important contribution to the foundations of present-
day analysis was also made by Euler.

But it must be said that Newton and Leibnitzand their contemporaries

provided very little logical basis for their great mathematical discoveries;)))
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in their methods of reasoning and in the concepts with which they operated
there was much that is unclear from our point of view. Even at that time
the mathematicians themselveswere quite conscious of this, as is shown
by the embittered discussions to be found in their correspondence with

one another. However,thesemathematicians of the 17th and 18th centuries
carried on their purely mathematical activities in very close association

with the research of other investigators, in the various branches of natural

science (physics, mechanics. chemistry, technology). The statement of a

mathematical problem usually arose from practical needs or from a wish

to understand some phenomenon of nature, and as soonas the problem

was solved, the solution was submitted in one way or another to a practical

test. Consequently, in spite of a certain lack of logical basis, mathematics
was able to advance in extremely useful directions.)

Examples for the calculation of derivatives. The definition of the

derivative as the limit)

f'(x)
= lim f(x + h)

- f(x) y
. h....O h)

allows us to calculate the
derivative of any given con-

crete function.
Of course, it must be

admitted that cases are
possiblewhere the function

at one point or another or
even at many points simply
does not have a derivative;

10 other words, the ratio)
o) o) b) x)

f(x + h) - f(x)
h)

FIG. 12.)

as h - 0 does not approach a finite limit. This case obviously occurs

at every point of discontinuity of the functionf(x), since here the ratio)

f(x + h) - f(x)
h)

(10))

has a numerator which does not approach zero while the denominator

decreases without bound. The derivative may also fail to exist at a point

where the function is continuous. A simple example is given by any)))
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point where the graph of the function forms an angle (figure 12). At such

a point the curve of the graph has no definite tangent, and consequently
the function has no derivative. Often at such points the expression (10)

approaches different values, depending on whether h approaches zero

from the right or from the left, so that if h approaches zero in an arbitrary

manner, the ratio (10) simply has no limit. An example of a more com-

plicated function without a derivative is given by)

I

x sin \n for x -=J. 0,
y= x

o for x = o.)

The graph of this function is drawn in figure 13. At the point x = 0
it has no derivative because, as is evident from the graph, the secant OA
does not approach any definite position even when A ---+ 0 from one side.
In fact, the secant OA oscillates endlessly back and forth between the

straight line OM and the straight line OL. The corresponding ratio (10)
in this case has no limit, even if h preserves the same sign as it approaches

zero.)

y
f)

/)

x)

FIG. 13.)))
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Let us remark finally that it is possible to define, in a purely analytic

way by means of a formula, a continuous function which does not have
a derivative at any point. An example of such a function was first given

by the outstanding German mathematician of the last century, Weierstrass.
Consequently the class of differentiable functions is considerably

narrower than that of continuous functions.
Let us pass now to the actual calculation of the derivatives of the

simplest functions.

l. y = c, where c is a constant. A constant may be consideredas a
special case of a function that remains equal to the same number for
arbitrary x. Its graph is a straight line parallel to the x-axis at a distance
equal to c. This straight line forms with the x-axis an angle ex = 0, and

obviously the derivative of a constant is identically equal to zero:
y' = (c)'= O. From the point of view of mechanics, this equation

means that the velocity of a fixed point is equal to zero.

2. y = x2)

f(x + h) - f(x)
h)

(x + h)2 - x2

= 2x + h.
h)

As h ---+ 0 we obtain* in the limit 2x; consequently)

y' = (x2
)'

= 2x.)

3. y = x n
(n a positive integer).)

f(x + h)
- f(x)

h)

(x + h)n - xn

h

n(n
- 1)xn

+ nxn-1h + xn - 2h 2
+

... + h
n - x n

2!)

h)

n(n
- 1)= nxn-l + 2! xn-2h +

... + hn-l.)

Every addend on the right side, beginning with the second, approaches
zero as h ---+ 0; consequently)

y' = (xn
)'

= nxn-l .)

This formula remains true for arbitrary n positive or negative, fractional)

* We always assume here that h ::;r:. O.)))
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or even irrational, although the proof must then be different. We will

make use of this fact without proving it. Thus for example)

- 1 1
(v x)' = (xl)' =

2\"
x-I =

2 v:
' (x> 0);

(
,3/-

)
' _ ( i)

' _ \n -I _ 1
( 0)

'v x - x -
3

x - ,3/-- ' x =F- ,
3v X2)

1
'

1

(-:d
= (x- 1)' = -1 .x-2 = -

x2 ' (x =1= 0);)

(x\'") = 1Tx\"-1,) (x > 0).)

4. y = sin x.)

sin (x + h)
- sin x

h)

2 sin h/2 cos (x + h/2) = sin h/2 . cos
(
X + \n

)h h/2 2
.)

As explained earlier, the first fraction approaches unity as h ---+ 0, and

cos (x + h/2) obviously approaches cos x. Thus the derivative of the sine

is equal to the cosine)

y' = (sinx)' = cosx.)

We suggest to the reader that by the same sort of argument he prove that)

(cos x)' = -sin x.

5. Earlier (Chapter II, \n3) we have already noted the existence of the

limit)

lim
(

1 + !
)

n

= e = 2.71828 ... .
n-+oo n)

We also remarked that for the calculation of this limit no essential role
is played by the fact that n took on only positive integral values. It is

important only that the infinitesimal l/n, which is being added to unity,

and the exponent n, which is increasing beyond all bounds, should be
reciprocal to each other.

Making use of this assertion, we can easily find the derivative of the

logarithm y =
logo x)

logo (x + h) -
logo x

= ! log
x + h

=! lo g ( I + \n
):Zlh.

h h ax X
0

X)))
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The continuity of the logarithm allows us to replace the quantity under

the log sign by its limit, which is equal to e; thus)

h

)

\"'!h

lim
(

I + - = e
h...O X)

(in this case the role of n - 00 is played by the increasing quantity x/h).
As a result, we obtain the rule for differentiating a logarithm

(logax)' = !
loga e.

x)

This rule becomes particularly simple if as the base of our logarithms we
choosethe number e. Logarithms taken to this base are called natural

logarithms and are denoted by In x. We may write

(log,x)'
=!

x)

or again)

1
(In x)' = - .

x)

\n6. Rules for Differentiation

From the examplesgiven earlier it may appear that the calculation of

the derivative of every new function demands the invention of new methods.
This is not the case. The development of analysiswas made possibleto no
small extent by the discovery of a simple unified method for finding the
derivative of an arbitrary \"elementary\" function (that is, a function which

may be expressed by a formula consistingof a finite combination of the

fundamental algebraic operations, the trigonometric functions, the

operation of raising to a power, and the taking of logarithms). At the
basis of this method are the so-called rules of differentiation. They consist

of a number of theorems that allow us to reduce more complicated
problemsto simpler ones.

We will explain here the rules of differentiation and will try to be very

brief in deducing them. If the reader wishes to form merely a general
idea of analysis, he may omit the present section, remembering only

that there exists a means of actually finding the derivative of any element-
ary function. In this case it will be necessary, of course,for him to take

on faith some of the calculations in our later examples.)

Derivative of a sum. Assume that y is given as a function of x by the

expression)
y =

cp(x) + ifi(x),)))
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where 14 = cp(x) and v = ifi(x) are known functions of x. We assume

moreover that we can find the derivatives of the functions 14 and v. How
then are we to find the derivative of the function y ? The answer is simple)

y'
=

(14 + v)' = 14' + v'.) (ll))

In fact, let us give x an increment L1x; then 14,v, and y will each receive

an increment .114,L1v, and L1y, connected by the equation)

Thus*)

L1y = .114+ L1v.

L1y _ .114
+

L1v

L1x
-

L1x L1x
')

and after the passage to the limit for L1x - 0 we at once get formula

(11), if, of course,the functions 14 and v have derivatives.

Analogously we may derive the formula for differentiating the difference

of two functions)

(14
- v)' = 14' - v'.) (12))

Derivative of a product. The rule for the differentiation of a product

is somewhat more complicated. The derivative of the product of two

functions, each of which has a derivative, exists, and is equal to the sum

of the product of the first function by the derivative of the second and

the product of the second by the derivative of the first; that is)

(uv)' = uv' + vu'.) (13))

In fact, let us give x an increment L1x. Then the functions 14, v and

y = uv will receive the increments .114,L1v, L1y, satisfying the relation)

L1y
=

(14 + L1u)(v + L1v) - uv = 14 L1v + v .114 + .114L1v,)

from which)

L1y L1v .114 L1v

L1x

= 14

L1x
+ v

L1x
+ .114

L1x
.)

After passage to the limit for L1x- 0 the first two summands on the

right side produce the right side of formula (13) while the third summand
vanishes.t Consequently, in the limit we obtain the rule (13).)

* Here .:Ix is never equal to zero.
t The final summand here approaches zero for .:Ix --+ 0, since .:Iv/.:Ixapproaches

a finite number, equal to the derivative v', which was assumed rom the beginning to

exist, and .:Iu --+ 0, since the function u, assumed to have a derivative, is continuous.)))
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In the particular case v = c = const, we have)

(cu)'
= cu' + uc' =

cu',) (14))

since the derivative of a constant is equal to zero.)

Derivative of a quotient. Let y = u/v, where u and v have a derivative
for a given x, with v =1= 0 for that value of x. Obviously)

L1y
=

u + L1u

v + L1v)

u

v)

v L1u - u L1v

(v + L1v) v
')

from which)

L1y

L1x)

L1y L1v
v--u-

L1x L1x vu' - uv'
(

A- \"-IX-O).
(v + L1v) v v 2)

Here we have again made use of the fact that for a function v which

has a derivative we necessarilyhave L1v - 0, when L1x - O.Thus)

(
.!!.-

)

'
= vu' - uv/

V v 2) (15))

Let us give some examplesof the application of these rules)

(2x3 - 5)' = 2(x3
)'

- (5)' = 2 . 3x2 - 0 = 6x2
;

(x
2 sin x)' = x 2

(sin x)' + (x 2
)' sin x = x2 cos x + 2x sin x;

( )
'

(
' sin x

)
' cosx(sin x)'

- sin x(cos x)'
tan x = - =

cos X cos 2 X

=
cos x. cos X - sin x(-sin x) = \n = sec

2 x.
cos 2 x cos 2

X)

We recommend to the reader to prove for himself the formula)

(cot x)' = -csc2 X.)

Derivative of the inverse function. Let us consider a functiony = f(x),
which is continuous and increasing (decreasing) on the interval [a, b].

By increasing (decreasing) we mean that to a greater value of x in the

interval [a, b] corresponds a greater (smaller)value of y (figure 14).
Let c = f(a) and d = f(b). In figure 14 it is evident that for each value

of y from the interval [c, d] (or [d, c], respectively)there corresponds

exactly one value of x from the interval [a, b] such that y
= f(x). Thus)))
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on the interval [c, d] (or [d,cD we have a completely determined function

x = cp(y), which is called the inverse function of y = f(x). In figure 14 it

is clear that the function cp(y) is continuous, a fact which is proved in

modern analysis by strictly analytical methods. Now let L1x and L1y)

y)
y

d

Y

c

0 a x b x)

C --------
I
I
I

Y --------T------\n
I I
I I
I I
I I
I I

d --------\n-------\n---
: \n:I I

I

: ::: I
II I)

o) a) x b) x)

FIG. 14.)

correspond respectively to the increments in x and y. It is evident that)

L1y

L1x) L1x/\ny
, if L1y \n O.)

In the limit this gives us a simple relation between derivatives of the direct
and inverse functions)

, 1
Yx =

x\"
u)

(16))

Let us make use of this relation to find the derivative of the function

y = aX. The inverse function is x =
10gaY, which we are already able

to differentiate, and so we may write)

( )
' 1

aX
-

.T-
(log V)

'
(I. Y)

I

I/y (toga e)
= y log, a = aX In a.) (17))

In particular (eX)'= eX.

As another example let us take y = arc sin x. The inverse function

is x = sin y. Thus)

(arc sin x)' = \n = \n = 1
X

(sin y)\n cos y v i -
(Sin \302\273)2)

I

vl\"\":\"x 2)))
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Table of derivatives. Let us tabulate the derivatives of the simplest

elementary functions (Table 2).)

Table 2)

y y'
I

y y' y y'

0 In x
I

sec 2c - tan x
x

I 1

x. ax.- 1
log., x - log.,e arc sin x

Vl-x

I
eZ e Z sin x cos x arc cosx -

VI

aZ In a - sinx
IaZ cosx arc tan x

1+)

x)

x 2)

- x 2)

x 2)

These formulas have been calculated and explained earlier, with the

exception of the last two which the reader may, if he wishes, easily derive

for himself by using the rule for differentiation of an inverse function.)

Calculation of the derivative of a function of a function. It remains
to consider the last and most difficult rule for differentiation. The reader
in possession of this rule and of a set of tables may with perfect right
consider that he is able to differentiate any elementary function.

In orderto apply the rule we are about to give, it is necessary to be
completely clear about how the function we wish to differentiate is

constructed; that is, which operations must we perform on the inde-

pendent variable x, and in which order, to produce the value of the

dependent variable y.
For example, to calculate the function)

y = sin x 2
,)

it is necessary first of all to raise x to the second power and then to take
the sineof the magnitude so obtained, a procedurewhich may be described

in the following way: y = sin u, where U = x 2.
On the other hand, in order to calculate the function)

y
= sin 2 x,)

it is necessary first of all to find the sine of x, and then to raise the value

so found to the second power, a procedure which may be written thus:

y = u
2

, where u = sin x.)))
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Here are some examples:)

1. y = (3x + 4)3,y = U
3

, U = 3x + 4.

2. y = v I - x 2
, y = uf , u = 1 - x2

.

3. y = ek
\"'; y

= eU
, u = kx.)

In more complicatedcaseswe have a chain of simple relations, which

may have several links. For example,)

4. y = cos3 x 2
; Y = u3; u = cos v; v = x 2

.)

If y is a function of the variable u)

y
= f(u),) (18))

and u in its turn is a function of the variable x)

u = cp(x),) (19))

then y, being a function of u, is also a certain function of x, which may
denote as follows)

y = F(x) =
ffcp(x\302\273).) (20))

By considering more complicated cases we may form, for example,
the function)

y
= (/J(x) = f{cp[ifs(x)]},)

which is equivalent to the equations)

y = f(u), u =
cp(v), v =

ifs(x) ,)

and we could form still longer chains.

We now show how to calculate the derivative of the function F(x)
defined by equation (20) if we know the derivative of f(u) with respect

to u and the derivative of cp(x) with respect to x.
Let us give to x the increment L1 x; then by (19) u will receive a certain

increment L1u and by (18) y will receive an increment L1y. Thus we may
write)

L1y _ L1y . L1\n

L1x
-

L1u L1x')

Now let L1x approach zero. Then L1u/L1x -+ u\n. Furthermore, from
the continuity of u, the increase L1u -+ 0, and therefore L1y/L1u

-+ y\n (the
existence of the derivativesy\n and u\n was assumed).)))
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Thus we have proved the important formula for the derivative of a

function of a function
*)

y\n
=

y\nu\n .) (21))

Let us calculate, from formula (21) and the fundamental table of
derivatives given, the derivatives of the functions we have been con-
sidering:)

1. y = (3x + 4)3= U
3

, y\n = (u
3

);,(3x + 4)\n
= 3u

2 . 3 = 9(3x + 4)2.

2. y
= v I -x 2 =

u!,y\n
= (u!)\n(1 -X2)\n =

\nU-!(-2X)x
vI- x

2
.

3. y = ekz = e U
, y\n

=
(eU)\n

.
u\n

= eU . k = ke kz
.)

If y = f(u), u =
cp(v), v = ifi(x), then)

y\n
= y\n

. Uz =
y\n(u\n

.
v\n) = y\n

.
u\n

.
v\n .)

It is clear how to generalize this formula for the case of an arbitrary

(finite) number of functions in the chain. For example,)

4. y = cos3 x 2
; y\n

=
(U3)\n (cos v)\n

.
(X2)\n

= 3u 2( -sin r) . 2x

= -6x cos2 x 2 sin x 2
.)

In our explanation of how to calculate the derivative of a function of a
function, we have introduced intermediate variables u, I',

... . But in fact,
after a little practice one may dispense with them, simply keeping in mind
the functions they denote.)

The elementary functions. To close the present section let us remark
that the functions whose derivatives were listed in tabular form (Table 2)
may be usedto define the so-called elementary functions. These elementary

functions are defined as those functions that may be obtained from the

preceding simple functions by the four arithmetical operations and the

operation of taking a function ofa function, each of these operations being
performed a finite number of times.

For example, the polynomial x 2 - 2X2 + 3x - 5 is an elementary

function since it is obtained by arithmetic operations from a number of

functions to the form xk . The function In vr\n-x2 is also elementary,)

* In deducing this fonnula we have tacitly assumed that, as .:Ix approaches zero,
.:Iu is never equal to zero. But the fonnula remains true even when this assumption
does not hold.)))
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since it is obtained from the polynomial u = I - x2
by the operation

v = U1/2, and subsequently the operation In v.

The rules for differentiation discussed earlierare sufficient to obtain the

derivative of any elementaryfunction, as soon as we know the derivatives
of the simplest elementary functions.)

\n7. Maximum and Minimum; Investigation of the Graphs of Functions

One of the simplestand most important applications of the derivative
is in the theory of maxima and minima. Let us suppose that on a certain

interval a 0;::;; x 0;::;; b we are given a function y
= f(x) which is not only

continuous but also has a derivative at every point. Our ability to cal-

culate the derivative enablesus to form a clear picture of the graph of the

function. On an interval on which the derivative is always positive the
tangent to the graph will be directed upward. On such an interval the

y)

o) a) Xo X,) X2) X\ X4) b) X)

FIG. 15.)

function will increase; that is, to a greater value of x will correspond a

greater value off(x). On the other hand, on an interval where the derivative
is always negative, the function will decrease; the graph will run down-

ward.)

Maximum and mlmmum. In figure 15 we have drawn the graph of a
function y

= f(x) defined on the interval (0, b). Of a special interest are
the points of this graph whose abcissas are Xo , Xl , X3 .

At the point Xo the function f(x) is said to have a local maximum; by

this we mean that at this pointf(x) is greater than at neighboring points;
more preciselyf(xo ) \n f(x) for every X in a certain interval around the

point Xo .)))
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A local minimum is defined analogously.
For our function a local maximum occurs at the points Xo and x 3 ,

and a local minimum at the point Xl .

At every maximum or minimum point, if it is inside the interval [a, b),

i.e., if it does not coincide with one of the end points a or b, the der!vative

must be equal to zero.
This last statement, a very important one, follows immediately from the

definition of the derivative as the limit of the ratio LJyjLJx. In fact, if we
move a short distance from the maximum point, then LJy 0;::;; O. Thus for

positive LJx the ratio LJyjLJx is non positive, and for negative LJx the ratio

LJyjLJx is nonnegative. The limit of this ratio, which exists by hypothesis,
can therefore be neither positive nor negative and there remains only the

possibility that it is zero. By inspection of the diagram it is seen that this
means that at maximum or minimum points (it is customary to leave
out the word \"local,\" although it is understood) the tangent to the graph
is horizontal. In figure 15 we should remark that at the points X 2 and X4

also the tangent is horizontal, just as it is at the points Xo , Xl , X3 , although

at these points the function has neither maximum nor minimum. In

general, there may be more points at which the derivative of the function

is equal to zero (stationary points) than there are maximum or minimum
points.)

Determination of the greatest and least values of a function. In

numerous technical questions it is necessary to find the point X at

which a given functionf(x) attains its greatestor its least value on a given
interval.

In case we are interested in the greatest value, we must find Xo on the

interval [a, b) for which among all X on [0, b) the inequality f(x o) \n f(x)
is fulfilled.

But now the fundamental question arises, whether in general there

exists such a point. By the methods of modern analysis it is possible to

prove the following existence theorem: If the function f(x) is continuous

on a finite interval, then there exists at least one point on the interval

for which the function attains its maximum (minimum) value on the

interval [a, b).
From what has been said already, it follows that these maximum or

minimum points must be sought among the \"stationary\" points. This

fact is the basis or the following well-known method for finding maxima

and minima.

First we find the derivative of.ttx) and then solve the equation obtained

by setting it equal to zero)
f'(x) = o.)))
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If Xl , Xl ,
... , x n are the roots of this equation, we then compare the

numbers f(x l),f(X 2 ),
... J(xn) with one another. Of course,it is necessary

to take into account that the maximum or minimum of the function may

be found not within the interval but at the end (as is the case with the

minimum in figure 15) or at a point where the function has no derivative

(as in figure 12). Thus to the points Xl , X2 ,
...

, Xn we must add the ends
a and b of the interval and also those points, if they exist, at which there
is no derivative. It only remains to compare the values of the function
at all these points and to chooseamong them the greatest or the least.

With respect to the stated existence theorem, it is important to add
that this theorem ceases, in general, to hold in the case that the function

f(x) is continuous only on the interval (a, b); that is, on the set of points
X satisfying the inequalities a < X < b. We leave it to the reader to consider
the fact that the function l/x has neither a maximum nor a minimum

on the interval (0, I).
Let us look at some examples.
From a squarepieceof tin of side a it is required to make a rectangular

open box of maximum volume. If from the corners of the original square

we take away squares of sideX (see \n2, example 2) we get a box with the

volume)

v = x(a -
2X)2.

Our problem then becomes to find the value of X for which the function

V(x) attains its greatest value on the interval 0 0;::;; X 0;::;; a/2. In accordance

with the rule, we find the derivative and set it equal to zero

V'(x) = (a -
2X)2

- 4x(a - 2x)= O.

'Solving this equation, we find the two roots)

a a
Xl

=
:2

' X2
=

6
.)

To these we adjoin the left end of the interval (the right end is identical
with Xl) and compare the values of the function at these points)

V(O) = 0; V
(\n)

=
227

a
3

, V
(\n)

= O.)

Thus the box will have the greatest volume, equal to 2/27a3
, for the

height X = a/6.
As a second example, let us examine the problem of the lamp at the

skating rink (see \n2, example 3). At what height h should we place the

lamp in order that the edge of the rink may receive the greatest illumina-
tion ?)))
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For formula (3) \n2, our problem reduces to determining the value of h

for T = A sin ex/h2 + r 2 takes on its greatest value. Instead of h it is

more convenient here to find the angle ex (figure 3, Chapter I). We have

h = r tan ex,)

so that)

T = \n sin ex A.
2

r2 1 + tan 2
ex

=
f2

SIn ex cos ex.)

Then it is required to find the maximum of the function T(ex) among

those values of ex which satisfy the inequality 0 < ex < TT/2. To do this,
we find the derivative and set it equal to zero

T'(ex) =
\n (cos

3
ex - 2 sin 2

ex cos ex) = O.
r)

This equation splits into two

cos ex = 0, cos 2
ex - 2 sin 2

ex = O.)

The first equation has the root ex =
TT/2, which coincides with the end

o( the interval (0, TT/2). The second equation may be put in the form

tan 2
ex = t.)

But since 0 < ex < TT/2, we have the result ex \n 35\302\26015'. So this is the value
for which the function T(ex) attains its maximum (at the ends of the interval,
T = 0).The desired height h is thus equal to)

r
h = r tan ex =

v2
\n 0.7r.)

For best illumination of the edge of the rink the lamp should be placed
at a height equal to about 0.7 times the radius.

But now let us suppose that the facilities at our disposal do not allow

us to raise the lamp to a height greater than a certain H. Then the angle

ex may vary not from 0 to TT/2 but only within the narrower limits

0< ex \n arc tan (H/r). For example,let r = 12meters and H = 9 meters.
In this case, it is in fact possible to raisethe lamp to the height h = r/v'1,
which amounts to somewhat more than 8 meters, so that this is what we

ought to do. But if H is less than 8 meters (for example, if we have at
our disposal only a pole of length 6 meters), then it turns out that the
derivative of the function T(ex) in the interval [0, arc tan (H/r)] is nowhere

equal to zero. In this case the maximum is attained at the end of the

interval, and the lamp should be raised to the greatest possible height
H = 6 meters.)))
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Up to now we have considered a function on a finite interval. If the

interval is infinite in length, then even a continuous function may fail

to attain its greatest or least value but may, for example, continue to
grow or to decreaseas x approaches infinity.

Thus the functions y = kx + b (see figure 5, Chapter I), y = arc
tan x (figure 16a), y = In x (figure 16b) nowhere attain either a)

y)

x)

x)

y) ,)

11'
T

y: arc tan x)

FIG. 16a.) FIG. 16b.)

maximum or a mlOlmum. The function y = e-:r;2 (figure 16c) attains
its maximum at the point x = I, but nowhere attains a minimum. As for
the function y = x/(l + x2

) (figure 16d), it reaches its minimum at the

point x = - I and its maximum at the point x = I.)

.

-4 -3) 02
+2

y:e-1t2
FIG. 16c.)

3)
.

4 x)

y)

,)

x)

_ x
y- f+x2)

FIG. 16d.)))
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In the case of an interval of infinite length the investigation may be

reduced to the ordinary rules. It is only necessary to consider in place

of d(a) and f(b) the limits

A = lim f(x), B = lim f(x).x\n-oo X\n+OO)

Derivatives of higher orders. We have just seen how, for closer study
of the graph of a function, we must examine the changes in its derivative

f'(x). This derivative is a function of x, so that we may in turn find its
derivative.

The derivative of the derivative is called the second derivative and is

denoted by)

[y']'
= y\" or ff'(x)]' = f\"(x).)

Analogously, we may calculate the third derivative)

[y\"]' =
y'\" or [f\"(x)]' = f'''(x))

and more generallythe nth derivative or, as it is also called, the derivative
of nth order)

in) = f(n)(x).

Of course, it must be kept in mind that, for a certain value of x (or even

for all values of x) this sequence may break off at the derivative of some
order, say the kth; it may happen that J<k}(X) exists but not J<k+U(x).
Derivativesof arbitrary order will appear later in \n9 in connection with
the Taylor formula. For the moment we confine ourselves to the second
derivative.)

Significance of the second derivative; convexity and concavity. The

second derivative has a simple significance in mechanics. Let s = f(t)
be a law of motion along a straight line; then s' is the velocity and s\"
is the \"velocity of the change in the velocity\" or more simply the \"accelera-
tion\" of the point at time t. For example, for a falling body under the
force of gravity)

gt
2

S =
T + Dot + So ,)

s' = gt + Do ,)

s\" =
g,)

that is, the acceleration of falling bodies is constant.

The second derivative also has a simplegeometric meaning. lust as the

sign of the first derivative determines whether the function is increasing)))
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or decreasing, so the sign of the second derivative determines the side

toward which the graph of the function will be curved.

Suppose, for example, that on a given interval the second derivative
is everywherepositive. Then the first derivative increases and therefore)

y)

o)

y)

x) x)

FIG. 17.)

f'(x) = tan a increasesand the angle a of inclination of the tangent line

itself increases (figure 17). Thus as we move along the curve it keeps

turning constantly to the same side, namely upward, and is thus, as they

say, \"convex downward.\"

On the other hand, in a part of a curve where the second derivative is

constantly negative (figure 18) the graph of the function is \"convex

upward.\"
*)

y)

x 0

FIG. 18.)

y)

x)

* Strictly defined, the \"convexity upward\" is that property of the curve that consists
of its lying above (more precisely \"not below\") the chord joining any two of its points;
analogously, for \"convexity downward\" (which is also simply called \"concavity\,

the curve does not lie above its chords.)))
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Criteria for maxima and minima; study of the graphs of curves. If

throughout the whole interval over which x varies the curve is convex
upward and if at a certain point Xo of this interval the derivative is equal
to zero, then at this point the function necessarily attains its maximum;

and its minimum in the case of convexity downward. This simple con-
sideration often allows us, after finding a point at which the derivative

is equal to zero, to decide thereupon whether at this point the function

has a local maximum or minimum.
*)

Example I. Let us study the appearance of the graph of the function)

x 3 5x 2

f(x)
=

3
-

T + 6x - 2.)

We take its first derivative and set it equal to zero,)

f'(x) = x2 - 5x + 6 = O.)

The roots of the equation obtained in this way are Xl
= 2, X 2

= 3. The

corresponding valuesof the function are)

f(2) = 2-i, f(3) = 2t.)

We then mark these two points on the diagram. Along with these we
may also mark the point with coordinates X = 0 and y = f(O) = -2
where the graph intersects the y-axis. The second derivative is f\"(x)
= 2x - 5. This reduces to zero for X =

i, so that

f\"(x) > 0 for x > i '

f\"(x) < 0 for x < i .)

The point)

x =
\n

' y = f
(\n)

= 2 1
7

2)

is a point of inflection of the graph. To the left of this point the curve is
convex upward, and to the right it is convex downward.

It is now evident that the point x = 2 is a maximum point and

the point x = 3 is a minimum point for the function.)

* In more complicated cases,where the second derivative itself changes sign, the

problem of determining the character of the stationary point is solved by means of the
Taylor formula (\n9).)))



On the basis of these
results we conclude that the

graph of the functiony = f(x)
has the appearance sketched

in figure 19. To the right

of the point (0, -2) the

curve rises with increasing
x, is convex upwards, and

attains its maximum at the

point (2, 2j), after which it

begins to fall. At the point

(2!, 2 1
7
2), wheref\"(x)= 0,

the convexity changes to

concavity. Then at the point
(3, 2!) the function attains

its minimum and from there
on rises to infinity. The

final statement comes from

the fact that the first term

of the function, the one
containing the highest (third)

power of x, approaches in-

finity faster than the second
and third terms. For the same

reason the graph of the function approaches
- 00 asx assumes numerically

larger negative values.)

116)

y)

4)

2 5 3
\"2)

4)I)

FIG. 19.)
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x)

Example 2. We shall prove the inequality eX? I + x for arbitrary

x. For this purpose we consider the function f(x)
= eX - x - I. Its

first derivative is f'(x) = eX - I, which reduces to zero only for x = O.

The second derivative f\"(x) = eX > 0 for all x. Consequentlythe graph

of the function f(x) is convex downward. The number f(O) = 0 is a
minimum for the function and eX - x - I ? 0 for all x.

The study of graphs has many different purposes. They often show

very clearly, for example, the number of real roots of a given equation.

Thus, in order to demonstrate that the equation)

xe X = 2)

has a single real root, we may study the graphs of the functions y = eX

and y = 2Jx (as sketchedin figure 20). It is easy to seethat these graphs

intersect at only one point, so that the equation eX = 2Jx has exactlyone
root.)))
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The methods of analysisare extensively applied to questions of approxi-
mate calculation of the roots of an equation. On this subject, see

Chapter IV, \n5.)

\n8. Increment and Differential of a Function)

The differential of a function.

that has a derivative. The
increment of this function)

Let us consider a function y
= f(x))

y)

\n\n
--+ f'(x).)

y: eX)

Lly
= f(x + Llx) -

f(x),)

corresponding to the in-
crement Llx, has the

property that the ratio

LlyJLlx, as Llx --+ 0, ap-
proaches a finite limit,

equal to the derivative)
f) x)

This fact may be written

as an equality)

\n\n
==; f'(x) + ex,)

FIG. 20.)

where the value of ex depends on Llx in such a way that as Llx --+ 0, ex also

approaches zero. Thus the increment of a function may be represented
in the form)

Lly
= f'(x) Llx + exLlx,)

where ex --+ 0, if Llx --+0.
The first summand on the right side of this equality depends on Llx

in a very simple way, namely it is proportional to Llx. It is called the

differential of the function, at the point x, correspondingto the given

increment Llx, and is denoted by)

dy
= f'(x) Llx.)

The second summand has the characteristic property that, as Llx --+ 0,
it approaches zero more rapidly than Llx, as a result of the presenceof the)))



factor ex. It is therefore said to be an infinitesimal of higher order than

Llx and, in casef'(x) *- 0, it is also of higher order than the first summand.

By this we mean that for

sufficiently small Llx the
second summand is small

in itself and its ratio to
Llx is also arbitrarily small.

The decompositionof Lly

into two summands, of
which the first (the principal
part) depends linearly on

Llx and the second is
negligiblefor small Llx, may
be illustrated by figure 21.

The segment BC =
Lly,

where BC = BD + DC, BD = tan f3
. Llx = f'(x) Llx =

dy, and DC

is an infinitesimal of higher order than Llx.

In practical problems the differential is often used as an approximate
value for the increment in the function. For example, suppose we have

the problem of determining the volume of the walls of a closed cubical
box whose interior dimensions are 10 x 10 x 10cm and the thickness

of whose walls is 0.05cm.If great accuracy is not required, we may argue

as follows. The volume of all the walls of the box representsthe increment

Lly of the function y = x3 for x = 10 and Llx = 0.1.Sowe find approxi-

mately)

118)

y)

FIG. 21.)
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x)

Lly \n dy = (x3
)' Llx = 3x 2

L1x = 3, 102 . 0.1 = 30 cm3 .)

For symmetry in the notation it is customary to denote the increment
of the independent variable by dx and to call it also a differential. With
this notation the differential of the function may be written thus:)

dy
= f'(x) dx.)

Then the derivative is the ratio f'(x) = dyJdx of the differential of the

function to the differential of the independent variable.
The differential of a function originated historically in the concept

of an \"indivisible.\" This concept, which from a modern point of view

was never very clearly defined, was in its time, in the 18th century, a
fundamental one in mathematical analysis. The ideas concerning it have

undergone essential changes in the course of several centuries. The
indivisible, and later the differential of a function, were represented as

actual infinitesimals, as something in the nature of an extremely small)))
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constant magnitude, which however was not zero. The definition given

in this section is the oneacceptedin present-day analysis. According to this

definition the differential is a finite magnitude for each increment Llx
and is at the same time proportional to Llx. The other fundamental

property of the differential, the character of its difference from Lly, may
be recognized only in motion, so to speak: if we consideran increment

Llx which is approaching zero (which is infinitesimal), then the difference
between dy and Lly will be arbitrarily small even in comparison with

Llx.

This substitution of the differential in place of small increments of the
function forms the basis of most of the applications of infinitesimal

analysis to the study of nature. The reader will see this in a particularly
clear way in the case of differential equations, dealt in this book in Chapters

V and VI.

Thus, in order to determine the function that represents a given physical
process,we try first of all to set up an equation that connects this function
in some definite way with its derivatives of various orders. The method

of obtaining such an equation, which is called a differential equation,
often amounts to replacing increments of the desired functions by their

corresponding differentials.
As an example let us solve the

following problem. In a rectangu-
lar system of coordinatesOxyz,

we consider the surface obtained
by rotation of the parabola whose
equation (in the Oyz plane) is
z =

y2. This surface is called a
paraboloid of revolution (figure

22). Let v denote the volume of the

body bounded by the paraboloid

and the plane parallel to the Oxy

plane at a distance z from it.

It is evident that v is a function
of z (z > 0).

Todetermine the function v, we

attempt to find its differential dv.

The increment Llv of the function vat the point z is equal to the volume
bounded by the paraboloid and by two planes parallel to the Oxy plane
at distances z and z + LIz from it.

It is easy to see that the magnitude of LI v is greater than the volume
of the circular cylinder of radius vz and height LI z but less than that of the
circular cylinder with radius V z + LIz and height LIz.)

z)

l:::.z)

z)

y)

FIG. 22.)))



120) n. ANALYSIS)

Thus)
TTZ L1z < L1v < TT(Z+ L1z)L1z)

and so)

L1v = TT(Z+ ()L1z)L1z= TTZ L1z + TT(} L1z2 ,

where () is some number depending on L1zand satisfying the inequality

0<(}<1.
So we have succeeded in representing the increment L1v in the form

of a sum, the first summand of which is proportional to L1z, while the

second is an infinitesimal of higher order than L1z (as L1z-+ 0). It follows

that the first summand is the differential of the function v)

dv = TTZ L1z,)

or)

dv = TTZ dz,

since L1z = dz for the independent variable z.

The equation so obtained relates the differentials dv and dz (of the
variables v and z) to each other and thus is called a differential equation.

If we take into account that)

dv ,- = v
dz

')

where v' is the derivative of v with respect to the variable z, our differential

equation may also be written in the form)

v' = TTZ.)

To solve this very simple differential equation we must find a function
of z whose derivative is equal to TTZ. Problems of this sort are treated in a

general way in \n10 and I I, but for the moment we urge the reader to
verify that a solution of our equation is given by v = TTZ2J2+ C, where

for C we may choose an arbitrary number. * In our case the volume of

the body is obviouslyzero for z = 0 (see figure 22), so that C = O.Thus

our function is given by v =
TTZ2J2.)

The mean value theorem and examples of its application. The differ-

ential expresses the approximate value of the increment of the function
in terms of the increment of the independentvariable and of the derivative
at the initial point. So for the increment from x = a to x = b, we have)

f(b)
- f(a) \n f'(a)(b

- a).)

* This formula gives all the solutions.)))
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It is possible to obtain an exact equation of this sort if we replace the

derivative.f'(a) at the initial point by the derivative at some intermediate
point, suitably chosen in the interval (a, b). More precisely: If y = f(x)
is a function which is differentiable on the interval a \n x \n b, then there

exists a point g, strictly within this interval, such that the following exact

equality holds)

f(b)
- f(a) = .f'(g)(b-

a).) (22))

The geometric interpretation of this \"mean-valuetheorem\" (also called

Lagrange's formula or the finite-differenceformula) is extraordinarily

simple. Let A, B be the points on the graph of the function f(x) which

correspond to x = a and x = b, and let us join A and B by the chord
AB (figure 23). Now let us move the straight line AB, keeping it constantly)

a) x)

FIG. 23.)

parallel to itself, up or down. At the moment when this straight line cuts

the graph for the last time, it will be tangent to the graph at a certain
point C. At this point (let the corresponding abscissabe x = g), the

tangent line will form the same angle of inclination (): as the chord AB.
But for the chord we have)

f(b)
- f(a)

tan (): =
b

.
-a)

On the other hand at the point C)

tan (): =.f'( g).)))
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This equation)

f(b) - f(a) = ['(g)b-a)
isexactly the mean-value theorem. *

Formula (22) has the peculiar feature that the point g appearing in it

is unknown to us; we know only that it lies \"somewhere in the interval

(a, b).\" But in spite of this indeterminacy, the formula has great theoretical

significance and is part of the proof of many theorems in analysis. The
immediate practical importance of this formula is also very great, since

it enables us to estimate the increase in a function when we know the

limits between which its derivative can vary. For example,

I sin b - sin a I
=

I cos g I (b
- a) \n b - a.

Here a, band g are angles,expressed in radian measure; g is some value
between a and b; g itself is unknown, but we know that I cos g I \n I.

From formula (22) it is clear that a function whose derivative is every-
where equal to zero must be a constant; at no part of the interval can it

receive an increment different from zero. Analogously, the reader will

easily prove that a function whose derivative is everywhere positive must

everywhere increase, and if its derivative is negative, the function must

decrease. We give here without proof one of the many generalizations
of the mean-value theorem.

For arbitrary functions 4>(x)and ifI(x) differentiable in the interval [a, b],
provided only that ifI'(x) =F 0 in (a, b), the following equation

t holds)

rf>(b)
-

rf>(a) _ rf>'(g)

ifI(b)
-

ifI(a)
-

ifI'(g)

,) (23))

where g is some point in the interval (a, b).t
From this theorem we can derive a general method for calculating the

limits of an expressionlike)

lim
rf>(x)

\"'....0 ifI(x)
,) (24))

* Of course these arguments only give a geometric interpretation of the theorem
and by no means form a rigorous proof.

t Formula (23) can be derived by a simple application of the mean-value theorem

to the function)

\"'(b) -
\"'(a)

I(x) = \"'(x)
-

.p(b)
_ .p(a)

.p(x).

t By the symbols [a, b] and (a, b) we denote the sets of values of x satisfying the

inequalities a < x < b and a < x < b respectively.)))



\n8. TAYLOR'S FORMULA) 123)

if rp(.o)
=

ifI(.o)
= .0. From formula (23) we have)

4>(x) rp(x)
- 4>(.0) 4>'(g)

ifI(x)

=

ifI(x)
-

ifI(.o)
=

ifI'(g)
,)

where g is between .a and x, and therefore g -.0 together with x. This

allows us to calculate the limit)

I
. 4>'(x)Im-

\"'....0
ifI'(x)

,)

instead of the limit (24), which is in many cases very much easier.*)

. x - sin x
Example. Let us find the 11m . By making use of the rule

\"'....0 x3

three times, we have successively)

lim
x - sin x = Jim

\"'....0 x3 \"'....0)

- cos x = lim
sin x

= Ji
cos x =!.

3x2 \"'....0 6x \"'....0 6 6)

\n9. Taylor's Formula

The function)

p(x)
= a o + a1x+ a\n2 + ... + anx n

,)

where the coefficients ak are constants, is called a polynomial of degree
n. In particular, y = ax + b is a polynomial of the first degree and

y = ax2 + bx + c is a polynomial of the second degree. Polynomials
may be considered as the simplest of all functions. In order to calculate
their value for a given x, we require only the operations of addition,
subtraction, and multiplication; not even division is needed. Polynomials
are continuous for all x and have derivatives of arbitrary order. Also,
the derivative of a polynomial is again a polynomial, of degree lower by

one, and the derivatives of order n + I and higher of a polynomial of

degree n are equal to zero.
If to the polynomials we adjoin functions of the form)

a + a x + ... + a x n

y_
0 1 n-

bo + b1x+ ... + bmx
m ')

* The same rule is valid for finding the limit of a fractional expression in which

the numerator and the denominator both approach infinity. This method, which is

very convenient for finding such limits (or, as we say, for the removal of indeterminacies),

will be used, for example, in \n3 of Chapter XII.)))
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for the calculation of which we also need division, and also the functions
vi and -{Vi and, finally, arithmetical combinations of these functions,

we obtain essentially all the functions whose values can be calculated

by methods learned in the secondary school.
While we were still in school, we formed somenotion of a number of

other functions, like)

{IX, log x, sin x, arc tan x,
...

.)

But though we became acquainted with the most important properties
of these functions, we found no answer in elementary mathematics to the

question: How can we calculate them? What sort of operations, for

example,is it necessary to perform on x in order to obtain log x or sin x?
The answer to this question is given by methods that have been worked

out in analysis. Let us examine one of these methods.)

Taylor's formula. On an interval containing the point a, let there be

given a function f(x) with derivatives of every order. The polynomial

of first degree)

Pl(X) = f(a) + f'(a) (x
- a))

has the same value asf(x) at the point x = a and also, asis easily verified,

has the same derivative as f(x) as this point. Its graph is a straight line,

which is tangent to the graph off(x) to the point a. It is possible to choose
a polynomial of the second degree, namely)

P2(X) = f(a) + f'(a)(x-
a) +

ria) (x -
a)2,)

which at the point of x = a has withf(x) a common value and a common
first and second derivative. Its graph at the point a will follow that

of f(x) even more closely.It is natural to expect that if we construct a
polynomial which at x = a has the same first n derivatives as f(x) at the

same point, then this polynomial will be a still better approximation to

f(x) at points x near a. Thus we obtain the following approximate equality,
which is Taylor's formula)

f\"(a) pnl(a)
fix) \nf(a) + f'(a)(x- a) + -

(x
- a)2 + ... + -

(x
- a)n. (25)2! n!)

The right side of this formula is a polynomial of degree n in (x
- a).

For each x the value of this polynomial can be calculated if we know the

values off(a), f'(a), ...,pn}(a).)))
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For functions which have an (n + l)th derivative, the right side of this

formula, as is easy to show, differs from the left side by a small quantity

which approaches zero more rapidly than (x
- a)n. Moreover, it is the

only possible polynomial of degreen that differs from f(x), for x close
to a, by a quantity that approaches zero, as x -+ a, more rapidly than

(x
- a)n. If f(x) itself is an algebraic polynomial of degree n, then the

approximate equality (25) becomes an exact one.
Finally, and this is particularly important, we can give a simple ex-

pression for the difference between the right side of formula (25) and the

actual value of f(x). To make the approximate equality (25) exact, we
must add to the right side a further term, called the \"remainder term\"

pn)(a) pn+lI(g)f(x) =
f(a) + f'(a)(x - a) + ... + -

(x
- a)n + (x -

a)n+l
n! (n + I)!

(26)
This final supplementary term *)

pn+ll( g)
R\"+l(X) =

(n + 1)!(x
-

a)n+l)

has the peculiarity that the derivative appearing in it is to be calculated
in each case not at the point a but at a suitably chosen point g, which

is unknown but lies somewhere in the interval between a and x.
The proof of equality (26) is rather cumbersome but quite simple in

essence. We shall give here a somewhat artificial version of the proof,
which has the merit of being concise.

In order to find out by how much the left side in the approximate

formula (25) differs from the right, let us consider the ratio of the difference

between the two sides in equality (25) to the quantity -(x
- a)n+l

f(x) -
[ita) + f'(a)(x

- a) + ...
+f\n (x -

a)n]

-(x
-

a)n+l)
(27))

We also introduce the function)

pn)(u)
rp(u) = f(u) + f'(u)(x -

u) +
'\"

+ ----, (x -
u)n

n.)

of a variable u, taking x to be fixed (constant). Then the numerator in

(27) will represent the increase of this function as we pass from u = a

to u = x, and the denominator will be the increase over the same interval

of the function)

if1(u)
= (x -

u)n+l.)

* This is only one of the possible forms for the remainder term R.+i(x),)))
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We now make use of the generalized mean-value theorem quoted earlier)

r/>(x)
-

r/>(a) _ r/>'(g)

ifI(x)
-

ifI(a)

-
ifI'(g)

.)

Differentiating the functions r/>(u) and ifI(u) with respect to u (it must be

recalled that the value of x has been fixed) we find that)

r/>'(g) _ _ .[<n+l)(g)

ifI'(g)

-
(n + I)!)

The equality of this last expression with the original quantity (27) gives
Taylor's formula in the form (26).

In the form (26)Taylor'sformula not only provides a means of approx-
imate calculation of f(x) but also allows us to estimate the error. Let us
consider the simple example)

y
= sin x.

The values of the function sin x and of its derivativesof arbitrary order

are known for x = O. Let us make use of these values to write Taylor's
formula for sin x, choosinga = 0 and limiting ourselves to the case
n = 4. We find successively)

/,(0) = I,

flv (0) =
0,)

f\"(x)
= -sin x,

fV(x) = cosx;

/\"(0)
= 0,

fV(g) = cos g.)

f(x)
= sin x,

f\"'(x) = -cos x,

f(O)
= 0

f\"'(O) = - I.)

/,(x) = cos x,

fIV(X)
= sin x,)

Therefore)
. x3

RSID X = X -
6 + 5')

x 5

where R5 =
120

cos g.)

Although the exact value R5 is unknown, still we can easily estimate it

from the fact that I cos g I \n I. For all values of x between 0 and TT/4

we have)

I

X5

I

I

(

TT

)

5 I
I R5 I

=
120

cos g < 120 \"4
<

400
.)

Consequently, on the interval [0, TT/4] the function sin x may beconsidered,
with accuracy up to

4\nO ' as equal to the polynomial of third degree

. I __\n
SID X = X - - \"\\-.

6)))
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If we wereto take more terms in Taylor's expansion for sin x, we would

obtain a polynomial of higher degree which would approximate sin x
still more closely.

The tables for trigonometric and other functions are calculated by
similar methods.

The laws of nature, as a rule, can be expressedwith good approximation

by functions that may be differentiated as often as we like and that in

their turn may beapproximated by polynomials, the degree of the polynom-
ial being determined by the accuracy desired.)

Taylor's series. If in formula (25) we take a larger and larger number

of terms, then the difference between the right side and f(x), expressed
by the remainder term R n +1(x), may tend to zero. Of coursethis will not

always occur: neither for all functions nor for all values of x. But there
exists a broad class of functions (the so-called analytic functions) for
which the remainder term R n +1(x) does in fact approach zero as n --+- 00,

at least for all values of x within a certain interval around the point a.
For these functions the Taylor formula allows us to calculatef(x) with

any desired degree of accuracy. Let us examine such functions more

closely.
If R n +1(x) --+- 0 as n --+- 00, then from (26) it follows that)

f(x) = Jim [f(a) + f'(a)(x-
a) +

... +
pn)(a) (x -

a)n
]n\n n!)

In this case we say that f(x) has been expanded in a convergentinfinite

series)

f(x) = f(a) + f'(a)(x -
a) +

f\"(a)
(x -

a)2 + ...,
2!)

in increasing powers of (x - a). This series is called a Taylor series, and
f(x) is said to be the sum of the series. Let us consider some examples
(with a = 0):

I. (l + x)n
= I + nx + n(n

- I) x2 + n(n
- l)(n - 2)

x3 +
...

2! 3!)

(valid for I x I < 1 and for arbitrary real n).)

2.)
. x 3 x 5 x 7

sm x = x - - +- - -
+

...

3! 5! 7!)
(valid for all x).)))
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3.)
x2 X 4 x6

cos x = I - - + - - -
+

...

2! 4! 6!)
(valid for all x).)

4.)
x 2 x 3

eX = 1 + x + - + -
+

...

2! 3!)
(valid for all x).)

x3 x 5

5. arc tan x = x - -
+

- - '\"

3 5)
(valid for I x I \n 1).)

The first of these examples is the famous binomial theorem of Newton,
which was obtained by Newton for all n but completely proved in his
time only for integral n. This example servedas a model for the establish-

ment of the general Taylor formula. The last two formulas allow us,
for x = I, to calculate with arbitrarily good approximation the numbers
e and 'T1'.

The Taylor formula, which opens up the way for most of the calculations
in applied analysis, is extremely important from the practical point of
view.

Many of the laws of nature, physical and chemicalprocesses,the motion

of bodies, and the like, are expressedwith great accuracy by functions
which may be expanded in a Taylor series. The theory of such functions
can be formulated in a clearer and more completeway if we consider them
as functions of a complexvariable (see Chapter IX).

The idea of approximating a function by polynomials or of representing

it as the sum of an infinite number of simpler functions underwent far-

reaching developments in analysis, where it now forms an independent
branch, the theory of approximation of functions (see Chapter XII).)

\n10. Integral

From Chapter I and from \nI of the present chapter the reader already
knows that the concept of the integral, and more generally of the integral

calculus, had its historical origin in the need for solving concrete problems,
a characteristic example of which is the calculation of the area of a cur-
vilinear figure. The present section is devoted to these questions.In it

we will also discuss the aforementioned connection between the problems

of the differential and the integral calculus, which was not fully cleared

up until the 18th century.)

Area. Let us suppose that a curve above the x-axis forms the graph
of the function y = f(x). We attempt to find the area S of the segment
bounded by the line y = f(x), by the x-axis and by the straight lines drawn

through the points x = a and x = b parallel to the y-axis.)))



*10. INTEGRAL 129)

To solve this problem we proceed as follows. We divide the

interval [a, b] into n parts,

not necessarily equal. We de- Y

note the length of the first

part by Llx l , of the second by

Llx 2 , and so forth up to the
final part Llxn . In each segment
we choosepoints \nl' \n2'

... ,
\nn and set up the sum

Sn =
f(\nl) Llx l + fal) Llx2

+ ... + f(\nn) Llxn . (28))

The magnitude Sn is obviously 0
equal to the sum of the areas of
the rectanglesshadedin figure

24.

The finer we make the subdivision of the segment [a, b], the closer Sn

will be to the area S. If we carry out a sequence of such constructions,
dividing the interval [a, b] into successively smaller and smaller parts,
then the sums Sn will approach S.

The possibility of dividing [a, b] into unequal parts makes it necessary

for us to define what we mean by \"successively smaller\" subdivisions.
We assume not only that n increases beyond all bounds but also that the

length of the greatest LlXi in the nth subdivision approaches zero. Thus)

x)

FIG. 24.)

S = lim [f(\nl) Llx l + j(\n2) Llx2 +
... + f(\nn) Llxn]

max .dZi-+O)

The calculation of the desired area has in this way been reduced to
finding the limit (29).

We note that when we first set up
the problem, we had only an

empirical idea of what we mean by
the area of our curvilinear figure,

but we had no precise definition.

But now we have obtained an
exact definition of the concept
of area: It is the limit (29).
We now have not only an in-
tuitive notion of area but also a
mathematical definition, on the)

n

= lim \nf(\ni) Llx; .
max .dZ{-+O i=l)

Y)

o)

FIG. 25.)

(29))))
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basis of which we can calculate the area numerically (compare the

remarks at the end of \n3, concerning velocity and the length of a

circumference).
We have assumed that f(x) \n O. If f(x) changes sign, then in

figure 25, the limit (29) will give us the algebraic sum of the areas

of the segments lying between the curve y = f(x) and the x-axis, where

the segments above the x-axis are taken with a plus sign and those below
with a minus sign.)

Definite integral. The need to calculate the limit (29) arises in many

other problems. For example, suppose that a point is moving along a
straight line with variable velocity v = f(t). How are we to determine

the distance s covered by the point in the time from t = a to t = b?

Let us assume that the function f(t) is continuous; that is, in small

intervals of time the velocitychanges only slightly. We divide the interval

[a, b] into n parts, oflength Llt 1 , Llt 2 ,
...

, Llt n . To calculate an approxim-
ate value for the distance covered in each interval LI t i , we will suppose
that the velocity in this period of time is constant, equal throughout to
its actual value at some intermediate point \n1' The whole distance

covered will then be expressed approximately by the sum)

n

Sn =
kf(\ni) Llt i ,
i\n1)

and the exact value of the distances covered in the time from a to b, will

be the limit of such sums for finer and finer subdivisions; that is, it will

be the limit (29))
n

S = lim \"'\"
f(\ni) Llt i .

Max .dti-+O \n
i=1)

It would be easy to give many examples of practical problems leading
to the calculation of such a limit. We will discuss some of them later,
but for the moment the examples already given will sufficiently indicate

the importance of this idea. The limit (29) is called the definite integral

of the function f(x) taken over the interval [a, b], and it is denoted by)

b

f
f(x) dx.

a)

The expression f(x) dx is called the integrand, a and b are the limits of
integration; a is the lower limit, b is the upper limit.)))
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The connection between differential and integral calculus. As an
example of the direct calculation of a definite integral, we may take

example 2, \nl. We may now say that the problem considered there reduces
to calculationof the definite integral)

r
ax dx.

o)

Another example was considered in \n3, where we solved the problem
of finding the area bounded by the parabola y = x2 . Here the problem
reduces to calculation of the integral)

r
x2 dx.

o)

We were able to calculate both these integrals directly, because we have

simple formulas for the sum of the first n natural numbers and for the

sum of their squares. But for an arbitrary function f(x), we are far from

being able to add up the sum (28) (that is, to express the result in a simple

formula) if the points gj and the increments .dXi are given to suit some

particular problem. Moreover, even when such a summation is possible,
there is no generalmethod for carrying it out; various methods, each
of a quite special character, must be used in the various cases.

So we are confronted by the problem of finding a general method for
the calculation of definite integrals. Historically this question interested
mathematicians for a long periodof time, since there were many practical
aspects involved in a general method for finding the area of curvilinear

figures, the volume of bodiesbounded by a curved surface, and so forth.

We have already noted that Archimedes was able to calculate the area
of a segment and of certain other figures. The number of special problems
that could be solved,involving areas, volumes, centers of gravity of solids,

and so forth, gradually increased, but progress in finding a general method
was at first extremely slow. The general method could not be discovered

until sufficient theoretical and computational material had been accumulat-
ed through the demands of practical life. The work of gathering and

generalizing this material proceeded very gradually until the end of the
Middle Ages; and its subsequent energetic development was a direct
consequenceof the rapid growth in the productive powers of Europe
resulting from the breakup of the former (feudal)methodsof manufactur-

ing and the creation of new ones (capitalistic).
The accumulation of facts connected with definite integrals proceeded

alongside of the corresponding investigations of problems related to the
derivative of a function. The reader already knows from \nl that this)))
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immense preparatory labor was crowned with success in the 17th century

by the work of Newton and Leibnitz. It is in this sense that Newton and

Leibnitz are the creators of the differential and integral calculus.
One of the fundamental contributions of Newton and Leibnitzconsists

of the fact that they finally cleared up the profound connection between
differential and integral calculus, which provides us, in particular, with

a general method of calculating definite integrals for an extremely wide
class of functions.

To explain this connection, we turn to an example from mechanics.
We suppose that a material point is moving along a straight line with

velocity v = f(t), where t is the time. We already know that the distance

a covered by our point in the time between t = t l and t = 12 is given

by the definite integral)

f

t.
a = fit) dt.

t,)

Now let us assume that the law of motion of the point is known to us;

that is, we know the function s = F(t) expressingthe dependence on the

time t of the distance s calculated from some initial point A on the straight

line. The distance a covered in the interval of time [11' 12 ] is obviously

equal to the difference)
a = F(12 )

- F(tl).

In this way we are led by physical considerations to the equality)

f

t.
f(t) dt = F(t 2 )

- F(II),
t,)

which expresses the connection between the law of motion of our point
and its velocity.

From a mathematical point of view the function F(t), as we already
know from \n5, may be defined as a function whose derivative for all

values of t in the given interval is equal to f(I), that is)

F'(I)
= f(t).)

Such a function is called a primitive for f(I).
We must keep in mind that if the functionf(t) has at least one primitive,

then along with this one it will have an infinite number of others; for if

F(t) is a primitive forfit), then F(t) + C, where C is an arbitrary constant,

is also a primitive. Moreover, in this way we exhaust the whole set of
primitives for f(t), since if F I(I) and F2 (1) are primitives for the same
function f(I), then their difference 4>(t) = FI(t) - F2 (1) has a derivative)))
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q,'(t) that is equal to zero at every point in a given interval so that q,(t)

is a constant. *

From a physical point of view the various values of the constant C

determine laws of motion which differ from one another only in the fact

that they correspond to all possible choicesfor the initial point of the
motion.

We are thus led to the result that for an extremely wide class of functions

f(x), including all cases where the function fix) may be considered as the

velocity of a point at the time x, we have the following equalityt)

r f(x) dx = F(b)-
F(a),

a)
(30))

where F(x) is an arbitrary primitive for f(x).
This equality is the famous formula of Newton and Leibnitz, which

reduces the problem of calculating the definite integral of a function to

finding a primitive for the function and in this way forms a link between

the differential and the integral calculus.
Many particular problems that were studied by the greatest mathematic-

ians are automatically solved by this formula, stating that the definite

integral of the functionf(x) on the interval [a, b] is equal to the difference

between the values of any primitive at the left and right ends of the

interval. t It is customary to write the difference (30) thus:)

F(x) I:
= F(b)- F(a).

Example 1. The equality)

( \n3 )'=X2)

shows that the function Xl/3 is a primitive for the function x 2. Thus, by the
formula of Newton and Leibnitz,

f:
x 2 dx =

\n3 1:
=

a;
_

\n

=
a;

.)

* By the mean value theorem

\"'(t) -
\"'(to)

= \"\"(v)(t - '0) = 0,
when v lies between t and '0' Thus \"'(t) =

\"'(to)
= const for all ,.

t It is possible to prove mathematically, without recourse to examples from mechan-

ics, that if the functionf(x) is continuous (and even if it is discontinuous but Lebesgue-
summable; see Chapter XV) on the interval [a, b], then there exists a primitive F(x)
satisfying equality (30).

t This formula has been generalized in various ways (see for example \n13, the formula
of Ostrogradskii).)))



134) II. ANALYSIS)

Example 2. Let c and c' be two electric charges, on a straight line

at distance r from each other. The attraction F between them is directed
along this straight line and is equal to)

F=!!-
r 2)

(a
= kcc', where k is a constant).The work W done by this force, when

the charge c remains fixed but c' moves along the interval [R1 , R2 ], may

be calculated by dividing the interval [R 1 , R 2 ] into parts .dr i . On each

of these parts we may consider the force to be approximately constant,
so that the work done on each part is equal to a/r\n .dri . Making the parts
smaller and smaller,we seethat the work W is equal to the integral)

.
n a

J

R. a
W =

I1m!- 2\"\"
.dr i =

2\"\"
dr.

n-+oo
i=1 r i R. r)

The value of this integral can be calculated at once, if we recall that)

\n
=

(- ;. )',)

so that)

W = - \n

J

R.
= a

(
J...- - J...-

)
.

r R. R 1 R 2)

In particular, the work done by a force F as the charge c', initially at a

distance R 1 from c, moves out to infinity, is equal to)

W = lim a (
J...- - J...-

)
= \n .

R.-+oo R 1 R 2 R 1)

From the arguments given above for the formula of Newton and

Leibnitz, it is clear that this formula gives mathematical expression to an

actual tie existing in the objective world. It is a beautiful and important

example of how mathematics gives expressionto objective laws. We

should remark that in his mathematical investigations, Newton always
took a physical point of view. His work on the foundations of differential

and integral calculus cannot be separated from his work on the founda-
tions of mechanics.

The concepts of mathematical analysis, such as the derivative or the

integral, as they presented themselves to Newton and his contemporaries,)))



\n1O. INTEGRAL) 135)

had not yet completely \"broken away\" from their physical and geometric

origins, such as velocity and area. In fact, they were half mathematical
in character and half physical. The conditions existing at that time were
not yet suitable for producing a purely mathematical definition of

these concepts. Consequently, the investigator could handle them cor-

rectly in complicated situations only if he remained in close contact

with the practical aspects of his problem even during the intermediate

(mathematical) stages of his argument.

From this point of view the creative work of Newton was different in

character from that of Leibnitz. * Newton was guided at all stages by a
physical way of looking at the problem. But the investigations of Leibnitz
do not have such an immediateconnection with physics, a fact that in the

absence of clear-cut mathematical definitions sometimes led him to mis-
taken conclusions. On the other hand, the most characteristic feature
of the creative activity of Leibnitz was his striving for generality, his

efforts to find the most general methods for the problemsof mathematical

analysis.

The greatest merit of Leibnitz was his creation of a mathematical

symbolism expressing the essenceof the matter. The notations for such
fundamental concepts of mathematical analysis as the differential dx,
the second differential d 2x, the integral Jy dx, and the derivative dJdx

were proposed by Leibnitz. The fact that these notations are still used

shows how well they were chosen.

One advantage of a well-chosensymbolism is that it makes our proofs
and calculations shorter and easier; also, it sometimes protects us against
mistaken conclusions.Leibnitz, who was well aware of this, paid especial
attention in all his work to the choice of notation.

The evolution of the concepts of mathematical analysis (derivative,

integral, and so forth) continued, of course, after Newton and Leibnitz
and is still continuing in our day; but there is one stage in this evolution

that should be mentionedespecially.It took place at the beginning of the
last century and is related particularly to the work of Cauchy.

Cauchy gave a clear-cut formal definition of the concept of a limit and

used it as the basis for his definitions of continuity, derivative, differential,

and integral. These definitions have been introduced at the corres-

ponding places in the present chapter. They are widely used in present-day

analysis.

The great importance of these achievements lies in the fact that it is

now possible to operate in a purely formal way not only in arithmetic,)

* The discoveriesof Newton and Leibnitz were made independently.)))
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algebra, and elementarygeometry, but also in this new and very extensive
branch of mathematics, in mathematical analysis, and to obtain correct
results in so doing.

Regarding practical application of the results of mathematical analysis,
it is now possible to say: If the original data are verified in the actual

world, then the results of our mathematical arguments will also be verified
there. If we are properly assuredof the accuracy of the original data,
then there is no need to make a practical check of the correctness of the
mathematical results;it is sufficient to check only the correctness of the

formal arguments.

This statement naturally requires the following limitation. In mathe-
matical arguments the original data, which we take from the actual world,
are true only up to a certain accuracy. This means that at every step
of our mathematical argument the results obtained will contain certain

errors, which may accumulate as the number of steps in the argument
increases. *

.

Returning now to the definite integral, let us consider a question of

fundamental importance. For what functionsf(x), defined on the interval

[a, b], is it possible to guarantee the existence of the definite integral

J:f(x) dx, namely a number to which the sum :E\n.ltg,) ..:::Ix, tends as limit

as max ..:::Ix,-+ O? It must be kept in view that this number is to be the
same for all subdivisions of the interval [a, b] and all choices of the points
g, .

Functions for which the definite integral, namely the limit (29), exists

are said to be integrable on the interval [a, b]. Investigationscarried out

in the last century show that all continuous functions are integrable.
But there are also discontinuous functions which are integrable. Among

them, for example, are those functions which are bounded and either
increasingor decreasing on the interval [a, b].

The function that is equal to zero at the rational points in [a, b] and

equal to unity at the irrational points, may serveas an example of a non-

integrable function, since for an arbitrary subdivision the integral sum
s\" will be equal to zero or unity, depending on whether we choose the
points g, as rational numbers or irrational.

Let us note that in many cases the formula of Newton and Leibnitz

provides an answer to the practical question of calculating a definite

integral. But here arises the problem of finding a primitive for a given)

* For example, it follows fonnally from a = band b = c that a = c.But in practice
this relation appears as follows: From the facts that a = b is known with accuracy
up to \302\243and b = c is known with the same accuracy, it follows that a = c is known

with accuracy up to 2\302\243.)))
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function; that is, of finding a function that has the given function for its

derivative. We now proceed to discussthis problem. Let us note by the

way that the problem of finding a primitive has great importance in other

branches of mathematics also, particularly in the solution of differential

equations.)

\n1l. Indefinite Integrals; the Technique of Integration)

An arbitrary primitive of a given function f(x) is usually called an
indefinite integral of f(x) and is written in the form)

f f(x) dx.)

In this way, if F(x) is a completelydetermined primitive off(x), then the
indefinite integral of f(x) is given by)

f
f(x) dx = F(x) + C,) (3 I))

where C is an arbitrary constant.
Let us also note that if the function f(x) is given on the interval [a, b]

and, if F(x) is a primitive for f(x) and x is a point in the interval [a, b],
then by the formula of Newton and Leibnitzwe may write)

F(x) = F(a) + f' f(t) dt.
a)

Here the integral on the right side differs from the primitive F(x) only

by the constant F(a). In such a case this integral, if we consider it as a

function of its upper limit x (for variable x), is a completely determined

primitive of f(x). Consequently, an indefinite integral of f(x) may also
be written as follows:)

ff(x)dx
=

f'f(t)dt + C,
a)

where C is an arbitrary constant.
Let us set up a fundamental table of indefinite integrals, which

can be obtained directly from the corresponding table of derivatives

(see \n6):)))
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J
x\"+l

x\"dx =
a + 1

+ C(a =1= -I),

J

dX

x
= In I x I + C, *

J
a\"'dx =

l:\"'a+ C,

J e\"' dx = e\"' + C,

J
sin x dx = -cos x + c,

J cos x dx = sin x + c,

J sec2 x dx = tan x + c,

J
dx . C. / = arc sm x +

vI-x 2

= -arc cos x + C1(C1- C =
; ),

J
dx

1 + x2

= arc tan x + c.)

(32))

The general properties of indefinite integrals may also be deduced from

the corresponding properties of derivatives. For example, from the rule

for the differentiation of a sum we obtain the formula)

J [f(x) :I:cp(x)] dx =
Jf(x)

dx :I: J cf>(x) dx + C,)

and from the corresponding rule expressing the fact that a constant factor

k may be taken outside the sign of differentiation we get)

J kf(x) dx = k J fix) dx + c.)

For example,)

J (3x
2

+ 2x - \n + \n -
I) dx

VX x

r 2X2 X-1/2 + 1
= 3 - + - - 3 + 4 In I x I

- x + c.
3 2 -!+l)

* For x > 0, (In I x I)' = (In x)' = l/x; for x < 0, (In I x I)' = [In( -x)]' =
1/-x(-l) = l/x.)))
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There are a number of methods for calculating indefinite integrals. Let

us consider one of them, namely the method of substitution or change of

variable, which is based on the foIlowing equality)

I f(x) dx =
II[cp(t)J cp'(t) dt + c,) (33))

where x =
cp(t) is a differentiable function. The relation (33) is to be

understood in the sense that if in the function)

F(x) =
I f(x) dx,)

on the left side of equality (33), we set x = cp(t), we thereby obtain a

function F[cp(t\302\273)whose derivative with respect to t is equal to the expression
under the sign of integration on the right side of equality (33). This fact

follows immediately from the theorem on the derivative of a function
of a function.

Let us give some examples of this method of substitution)

I I
I I

I
I ekllJ

ek:1: dx = e t

k
dt =

k
et dt =

k
e t

+ C =
T + C)

(substitution of kx = t, from which k dx = dt).)

I
x dx = - I dt = - t + C = - va 2 - x 2

+ C
va 2 - x 2

(
substitution of t = va 2 - x 2

, from which dt = _ x dx
) .

v a
2 - x 2)

I
V a 2 - x 2dx =

I va 2 - a 2 sin 2 u a cos u du = a 2
I

cos 2 u du

= 2
I

1 + cos 2u
d =

a 2

( +
sin 2u

) Ca 2 u
2

u
2

+

a2

=
\"2 (u + sin u cos u) + C

= a2

(
arc sin \n +.!.- va 2 - x 2

)
+ C

2 a a2)

(substitution of x = a sin u).
As can be seen from these examples, the method of substitution or

change of variables greatly extends the class of elementary functions

that we are able to integrate; that is, for which we can find primitives)))
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that are themselves elementary functions. But it must be noted that from
the point of view of actually calculating the result, weare in a much worse

position, generally speaking,with respect to integration than for differen-
tiation.

From \n6 we know that the derivative of an arbitrary elementary function

is itself an elementary function, which we may effectively calculate by

making use of the rules of differentiation. But the converse statement
is in general untrue, since there exist elementaryfunctions whose indefinite

integrals are not elementary functions.Examplesare e-\",2, l/(ln x), (sin x)lx
and so forth. To obtain integrals of these functions we must make use of

approximative methods and also introduce new functions which can not

be reduced to elementary ones. We can not spend more time here on this

question but must simply note that even in elementary mathematics it is

possible to find many examples in which a direct operation can be carried
out on a certain class of numbers, while the inverse operation can not

be carried out on the same class; thus, a square of an arbitrary rational

number is again a rational number, but the square root of a rational

number is by no means always rational. Analogously, differentiation of

elementary functions produces a function that is again elementary, but

integration may lead us outside the class of elementary functions.

Some of the integrals that cannot be expressed in terms of elementary
functions have great importance in mathematics and its applications.
An example is)

J'\"
e- t2

dr,
o)

which plays a very important role in the theory of probability (see Chapter
XI). Other examples are the integrals)

J
\n dO

__ and
o vI - k 2

sin
2 0) t

vI -k 2 sin 2 0 dO(k
2 < I),

o)

which are called elliptic integrals of the first and second kind respectively.
We are led to the calculation of these integrals by a large number of

problems in physics (see Chapter V, \nI, example 3). Detailed tables of
these integrals for various values of the arguments x and cp have been

calculated by approximate methods but with great accuracy.
It must be emphasizedthat the proof of the very fact that a given element-

ary function cannot be integrated in terms of elementary functions is in

each case quite difficult. Such questions occupied the attention of out-

standing mathematicians in the last century and have played an important

role in the development of analysis. Fundamental results were obtained)))
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here by Cebysev, who gave a complete answerto the question of expressing
in terms of elementary functions the integrals of the form)

f
xm(a + bx')P dx,)

where m, s, and p are rational numbers. Up to his time three relations,

obtained by Newton, were known for the exponents m, s, and p, which

implied the integrability of this integral in terms of elementary functions.
Cebysev proved that in all other cases the integral cannot be expressed

in terms of elementary functions.
We introduce here another method of integration, namely integration

by parts. It is based on the formula we already know)

(uv)' = uv' + u'v,)

for the derivative of the product of the functions u and v. This formula

may also be written)

uv' = (uv)' - u'v.)

Let us now integrate the left and right sides, keeping in mind that)

f (uv)' dx = uv + c.)

We now finally obtain the equality)

f
uv' dx = uv -

f u'vdx,)

which is also called theformula ofintegration by parts. We have not written

the constant C since we may consider that it is included in one of the
indefinite integrals occurring in this equation.

Let us introduce some applications of this formula. Suppose we have

to calculate f xe'\" dx. Here we will take u = x and v' =
e\"', and thus

u' = I, v =
e\"', and consequently)

f
xe'\" dx = xe'\" -

fl' e'\" dx = xe'\" - e'\" + c.)

In the integral f In x dx it is convenient to take u = In x, t\" = I, so
that u' = I/x, v = x and)

f
In x dx = x In x -

f
dx = x In x - x + c.)))



142) II. ANALYSIS)

In the following characteristic example it is necessary to integrate
twice by parts and then to find the desired integral from the equations
so obtained:)

J
e'Z sin x dx = e'Z sin x -

J e'Z cos x dx)

= e'Z sin x - e'Z cos x -
J e'Z sin x dx,)

from which)

J
.

d
e'Z

(
.

e'Z slO x x =
2 SIO X - cos x) + c.)

We end this section here; from it the reader will have obtained only a

superficial idea of the theory of integration. We have not given any atten-
tion to many different methods in this theory. In particular we have not

touched here on the very interesting question of the integration of rational

fractions, a theory in which an important contribution was made by the

well-known mathematician and mechanician, Ostrogradskil.)

\n 12. Functions of Several Variables

Up to now we have spoken only of functions of one variable, but in

practice it is often necessary to deal also with functions depending on
two, three, or in general many variables. For example, the area of a

rectangle is a function)

S = xy)

of its base x and its height y. The volume of a rectangularparallelepiped
is a function)

v = xyz)

of its three dimensions. The distance between two points A and B is a

function)

r = v(x} -
X2)2 + (y} -

Y2)2 + (z} -
Z2)2)

of the six coordinates of these points.The well-known formula)

pv = RT)

expresses the dependence of the volume v of a definite amount of gas
on the pressure p and absolute temperature T.)))
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Functions of several variables, like functions of one variable, are in

many cases defined only on a certain region of values of the variables
themselves.For example, the function)

u = In (I - x2 -
y2

-
Z2)) (34))

is defined only for values of x, y and z that satisfy the condition)

X2+y2+Z2<1.) (35))

(For other x, y, z its values are not real numbers.) The set of points of
spacewhose coordinates satisfy the inequality (35) obviously fills up a

sphere of unit radius with its center at the origin of coordinates. The

points on the boundary are not included in this sphere; the surface of the
spherehas been so to speak \"peeled off.\" Such a sphere is saidto beopen.
The function (34) is defined only for such sets of three numbers (x, y, z)
as are coordinatesof points in the open sphere G. It is customary to state
this fact concisely by saying that the function (34) is defined on the

sphere G.

Let us give another example.The temperature of a nonuniformly
heated body V is a function of the coordinates x, y, z of the points of the

body. This function is not defined for all sets of three numbers x, y, z
but only for such sets as are coordinatesof points of the body V.

Finally, as a third example, let us consider the function)

u =
c/>(x) + c/>(y) + c/>(z),)

where c/> is a function of one variable defined on the interval [0, I]. Obvious-
ly the function u is defined only for sets of three numbers (x, y, z) which

are coordinates of points in the cube:)

O\nx\nI, O\ny\nI,O\nz\n1.)

We now give a formal definition ofa function of three variables.Suppose
that we are given a set E of triples of numbers (x, y, z) (points of space).
If to each of these triples of numbers (points) of E there corresponds a

definite number u in accordance with some law, then u is said to be a
function of x, y, z (of the point), defined on the set of triples of numbers

(on the points) E, a fact which is written thus:)

u = F(x, y, z).)

In place of F we may also write other letters: f, C/>, f.)))
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In practice the set E will usually be a set of points, filling out some

geometrical body or surface:sphere,cube,annulus, and so forth, and then

we simply say that the function is definedon this body or surface. Functions
of two, four, and so forth, variables are defined analogously.)

Implicit definition of a function. Let us note that functions of two

variables may serve,under certain circumstances, as a useful means for the
definition of functions of one variable. Given a function F(x, y) of two
variables let us set up the equation)

F(x, y) = O.) (36))

In general, this equation will define a certain set of points (x,y) of the

surface on which our function is equal to zero. Such setsof points usually

represent curves that may be consideredas the graphs of one or several
one-valued functions y

=
c/>(x) or x = fey) of one variable. In such a

case these one-valued functions are said to be defined implicitly by the

equation (36). For example, the equation)

x 2
+y2-r

2 =O)

gives an implicit definition of two functions of one variable)

y = + v r 2 - x 2 and y = - vr 2 - x 2
.)

But it is necessary to keep in mind that an equation of the form (36)

may fail to define any function at all For example, the equation)

x 2
+y2+I=O)

obviously does not define any real function, since no pair of real numbers

satisfies it.)

Geometric representation. Functions of two variables may always

be visualized as surfaces by means of a system of spacecoordinates.Thus

the function)

z = I(x, y)) (37))

is represented in a three-dimensional rectangular coordinate system by a

surface, which is the geometric locus of points M whose coordinates

x, y, z satisfy equation (37) (figure 26).
There is another, extremely useful method, of representing the function

(37), which has found wide application in practice. Let us choose a)))
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sequence of numbers Zl , Z2 , ... , and then draw on one and the same plane
Oxy the curves)

Zl = f(x, y), Z2
= fix, y),)

which are the so-called level lines

of the function fix, y). From a set

of level lines, if they correspond

to values of Z that are sufficiently
close to one another, it is possible
to form a very good opinion of the
variation of the function f(x, y),

just as from the level lines of a
topographical map one may judge
the variation in altitude of the

locality.
Figure 27 shows a map of the

level lines of the function Z = x 2 + y2,

the diagram at the right indicating

how the function is built up from

its level lines. In Chapter III, figure

50, a similar map is drawn for the level lines of the function Z = xy.)

z)

y)

FIG. 26.)

Partial derivatives and differential. Let us make someremarks about

the differentiation of the functions of several variables. As an example

we take the arbitrary function)

x)

Z = fix, y))

y)

FIG. 27.)))
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of two variables. If we fix the value of y, that is if we consider it as not

varying, then our function of two variables becomes a function of the

one variable x. The derivative of this function with respect to x, if it

exists, is called the partial derivative with respect to x and is denoted
thus:)

oz of ,

ox
' or ox ' or fx(x,y).)

The last of these three notations indicatesclearly that the partial deriva-
tive with respect to x is in general a function of x and y. The partial deriva-

tive with respect to y is defined similarly.

Geometrically the function./tx, y) representsa surface in a rectangular
three-dimensional system of
coordinates.The corresponding

function of x for fixed y re-

presents a plane curve (figure

28) obtained from the inter-
section of the surface with a

plane parallel to the plane Oxz

and at a distance y from it.

The partial derivative ozjox is
obviouslyequal to the trigono-
metric tangent of the angle
between the tangent to the
curve at the point (x, y) and

the positive direction of the
x-axis.

More generally, if we con-

sider a function z = f(x 1 , X 2 ,
...

, x n ) of the n variables Xl , X2,
.., , xn ,

the partial derivative ozjoxi is defined as the derivative of this function

with respect to XI , calculated for fixed values of the other variables:)

z)

FIG. 28.)

y)

Xl, X2 , ..., XI-I' XI+l , ..., Xn .)

We may say that the partial derivative of a function with respect to the
variable XI is the rate of change of this function in the direction of the
change in Xi . It would also be possibleto define a derivative in an arbitrary
assigned direction, not necessatily coinciding with any of the coordinate
axis, but we will not take the time to do this.)

Examples.

I z = \n
oz

=!
oz = X

.
Y

,
ox Y

,
oy

-
y2

')))
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I
2. u = _ _ ,

VX2 + y2 + Z2)

ou

ox)

I 2x

x 2 + y2 + Z2 2 V x 2 + y2 + Z2)

x-
(x2 + y2 + Z2)3/2

.)

It is sometimes necessary to form the partial derivatives of these partia

derivatives; that is, the so-called partial derivatives of secondorder.For
functions of two variables there are four of them)

02U 02U 02U 02U

ox 2 '
oxoy

,
oyox

'
oy2

')

However, if these derivatives are continuous, then it is not hard to prove
that the second and third of these four (the so-called mixed derivatives)
coincide:)

02U

ox oy)

02U

oyox
')

For example, in the case of first function considered,)

02Z 02Z 1 02Z 1 02Z 2x
-=0-=-- -=-- -=-
ox

2 '
ox oy y2

'
oy ox y2

'
oy2 y3

')

the two mixed derivatives are seen to coincide.
For functions of several variables, just as was done for functions of

one variable, we may introduce the concept of a differential.
For definitenesslet us consider a function)

z =f(x,y))

of two variables. If it has continuous partial derivatives, we can prove
that its increment)

Liz = fix + Llx, y + Lly) - f(x, y),)

corresponding to the increments Llx and Lly of its arguments, may be
put in the form

Liz = of
Llx +

of
Lly + ex V Llx 2

+ Lly2ox oy
,)

where of/ox and of/oy are the partial derivativesof the function at the

point (x, y) and the magnitude ex depends on Llx and Lly in such a way
that ex -- 0 as Llx -- 0 and Lly -- O.)))
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The sum of the first two components)

of ofdz = -Llx + -Lly
ox oy)

is linearly dependent* on Llx and Lly and is called the differential of the

function. The third summand, because of the presence of the factor ex,

tending to zero with Llx and Lly, is an infinitesimal of higher order than
the magnitude)

p
= V Llx2

+ Lly2,)

describing the change in x and y.
Let us give an application of the concept of differential. The period

of oscillation of a pendulum is calculated from the formula)

T = 217
\n\n

')

where I is its length and g is the acceleration of gravity. Let us suppose
that I and g are known with errors respectively equal to Lli and Llg. Then
the error in the calculation of T will be equal to the increment LI T corre-

sponding to the increments of the arguments Lli and Llg. Replacing LIT
approximately by dT, we will have)

LIT R:; dT = 17
(

LI\n _ vT_Llg ).VIg V g3)

The signs of Lli and Llg are unknown, but we may obviously estimate

LI T by the inequality

(

I Ll/I

\n

T
)ILlTI\nl7 ----=-+ a lLlg1 ,

vlg g)

from which after division by T we get)

\nT l\302\253 \n+\n ) .
T I g)

Thus we may consider in practice that the relative error for T is equal

to the sum of the relative errors for I and g.)

* In general a function Ax + By + C, where A, B, C are constants, is called a
linear function of x and y. If C = 0, it is called a homogeneous linear function. Here
we omit the word \"homogeneous.\)
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For symmetry of notation, the incrementsof the independent variables

Llx and Lly are usually denoted by the symbols dx and dy and are also

called differentials. With this notation the differential of the function

u = fix, y, z) may be written thus:)

du = of dx + of
dy +

of dz.
ox oy oz)

Partial derivatives playa large role wheneverwe have to do with func-
tions of several variables, as happens in many of the applications of

analysis to technology and physics. We shall be dealing in Chapter VI

with the problem of reconstructing a function from the properties of its

partial derivatives.
In the following paragraphs, we give some simple examples of applica-

tions of partial derivatives in analysis.)

Differentiation of implicit functions. Suppose we wish to find the

derivative of y, wherey is a function of x defined implicitly by the relation)

F(x,y)
= 0) (38))

between these variables. If x and y satisfy the relation (38) and we give
x the increment Llx, then y will receive an increment Lly such that x + Llx
and y + Lly again satisfy (38). Consequently*)

of of
F(x + Llx, y + Lly) - F(x,y)

= - Llx + -
Lly + ex V Llx 2 + Lly2 = O.

ox oy)

Thus, provided of/oy =F 0, it follows that)

\"
Lly ,

1m - =
Yx

=
<lX....o Llx)

of

ox-
of

'

oy)

In this way we have obtained a method for finding the derivative of an
implicit function y without first solving the equation (38) for y.)

Maximum and minimum problems. If a function, let us say of two
variables z = fix, y), attains its maximum at the point (xo , Yo), that is if

f(xo , Yo) \n f(x, y) for all points (x, y) closeto (xo , Yo), then this point
must also be the point of maximum altitude for any line formed by the)

* We assume that F(x, y) has continuous derivatives with respect to x and y.)))
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intersection of the surface z = I(x,y) with a plane parallel to Oxz or
Oyz. So at such a point we must have)

I\n(x, y) = O,f\n(x, y) = O.) (39))

The same equations must also hold for a point of local minimum. Con-

sequently, the greatest or least values of the function are to be sought

first of all at points where the conditions (39) are satisfied, but we must

also not forget about points on the boundary of the domain of definition

of the function and points where the function fails to have a derivative,
if such points exist.

To establish whether a point (x, y) satisfying (39) is actually a maximum
or minimum point, use is frequently made of various indirect arguments.
For example, if for any reason it is clear that the function is differentiable
and attains its minimum inside the region and that there is only one point
where the conditions (39)are fulfilled, then obviously the minimum must
be attained at this point.

For example, let it be required to make a rectangular tin box (without

lid) with assigned volume V, using the smallest possible amount of material.

If the sides of the base of this box are denoted by x and y, then its height

h will be equal to V/xy, and consequentlythe surface S will be given by the

function)

S = xy + \n (2x + 2y)
= xy + 2 V

(
! + !

)xy x Y

of x and y. Sincex and y by the terms of the problem must be positive,

the question has been reduced to finding the minimum of the function

Sex, y) for all possible points (x,y) in the first quadrant of the plane
(x, y), which we will denote by the letter G.

If the minimum is attained at some point of the region G, then the partial
derivatives must be equal to zero)

(40))

oS _ 2V _ 0
ox

- y -
X2

-
,)

oS 2V
-=x--=O
oy y2')

that is yx
2 = 2 V, xy2 = 2V, from which we find as the dimensions of the

box:)

\n

-
3- V

X = Y = -{Y2 V and h =
'4

.) (41))

We have solved the problem but have not altogether proved that our)))
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solution is correct. A rigorous mathematician will say to us: \"You have

supposed from the very beginning that under the given conditions the
box with minimum surface actually exists and, proceeding from this

assumption, you have found its dimensions. So you have really obtained
only the following result: If there exists a point (x, y) in G for which the

function S attains its minimum, then the coordinates of this point must

necessarily be determined by the equation (41). But now you must show
that the minimum of S does exist for some point in G and then I will

admit the correctness of your result.\" This remark is a very reasonable

one, since, for example, our
function S, as we shall soon see,
does not possess any maximum

in the region G. But let us show

how it is possible to convince
ourselves that in the given case
the function actually does attain

its minimum at a certain point

(x, y) of the region G.
The fundamental theorem on

which we shall base our argument

is one that is proved in analysis

with complete rigor; it amounts

to the following. If the function

f of one or several variables is

everywhere continuous in a certain
finite region H which is bounded
and includesits boundary, then there always exists in H at least one point
at which the function attains its minimum (maximum). With this theorem

we can easilycompleteour analysis of the problem.
Let us consider an arbitrary point (xo , Yo) of the region G; at this point

let S(x o , Yo)
= N. Let us also choose a number R satisfying the two

inequalities R > N, 2VR > N and construct a square DR with side R2,
as in figure 29, where AB = CD = IjR.

We now give a lower bound for the values of our function S(x, y) at

points of the region G lying outside the square DR' If the point of the

region G has abscissa x < IjR, then)

y)

E)

x)

FIG. 29.)

(

1 1

)

I
S(x, y) =

xy + 2 V - + - > 2V - > 2 V R > N.
x y x)

Analogously, if the point of the region G has its ordinate y < IjR, then
also S > N. Also, if the point of the region G has its abscissax > IjR)))
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and if it lies above the straight line AF or has its ordinate y > IjR and
lies to the right of the straight line CE, then)

1
S(x, y) > xy > Ii R2 = R > N.)

Thus, for all points (x, y) of the region G lying outside the square ilk ,

the inequality S(x, y) > N holds, and since S(x o , Yo) = N, the point
(xo , Yo) must belong to the square and consequently the minimum of our
function on G is equal to its minimum on the square.

But the function S(x, y) is continuous in this square and on its boundary,
so that by the theorem stated earlier there existsin the square a point
(x, y) where our function assumes its minimum for points in the square

and consequently for the entire region G. Thus the existence of a minimum

has been proved.
This argument may serve as an example of the way that it is possible

to discuss the existence of a maximum or a minimum for a function

defined on an unbounded domain.)

The Taylor formula. Like functions of one variable, functions of

several variables may be representedby a Taylor formula. For example,
an expansionof the function)

u = f(x, y)

in the neighborhood of the point (xo ,Yo) has the following form, if we
confine ourselves to the first and second powers of x -

Xo and y
-

Yo:)

f(x, y) = f(x o , Yo) + [f\n(xo, Yo)(x -
xo) + f;(x o , Yo)(y

- Yo)]

+ ;! [.f\n\n(xo , Yo)(x
-

XO)2 + 2f\n\n(xo , yo)(x
-

xo)(y
- Yo)

+ f:;(xo , yo)(y
-

YO)2] + Ra .)

If the function f(x, y) has continuous partial derivatives of the second
order, the remainder term here will approach zero faster than

r 2 = (x -
XO)2 + (y -

YO)2,)

that is, faster than the square of the distance between the points (x, y)
and (xo , Yo), as r -- O. The Taylor formula provides a widely used method

of defining and approximately calculating the valuesof various functions.

Let us note that with the help of this formula we can also answer the
question askedearlier,whether a given function actually has a maximum)))
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or minimum at a point where ai/ox =
ol/oy

= O. In fact, if these condi-
tions are satisfied at the point (xo, Yo), then for points (x, y) close to
(xo , Yo), the value of the function will, by the Taylor formula, differ from

I(x o , Yo) by the amount)

I(x, y)
- I(x o , Yo)

I
=

2! [A(x -
XO)2 + 2B(x -

xo)(y
- Yo) + C(y -

YO)2] + Ra, (42))

where A, B, and C denote respectively the second partial derivatives

I:\n , I:: , I:: at the point (xo , Yo)'

If it turns out that the function)

CP(x, y) = A(x -
XO)2 + 2B(x -

xo)(y
- Yo) + C(y -

YO)2)

is positive for arbitrary values of (x -
xo) and (y

-
Yo) not both equal

to zero, then the right side of equation (42) will also be positive for small
values of (x

- xo) and (y -
Yo), since for sufficiently small (x -

xo)

and (y
-

Yo) the quantity Ra is known to be less in absolute value than

t CP(x, y). Thus it will follow that at the point (xo , Yo) the function I
attains its minimum. On the other hand, if the function CP(x, y) is negative
for arbitrary (x

- xo) and (y -
Yo) the right side of (42) will be negative

for (x -
xo) and (y

-
Yo), so that at the point (xo , Yo) the function will

have a maximum. In more complicated cases it is necessary to consider
the succeeding terms in the Taylor formula.

Problems concerning the maximum or the minimum of functions of
three or more variables may be treated in a completely analogous fashion.
As an exercise the reader may prove that if given masses)

m 1 ,m 2 ,\"',m n)

are arranged in space at given points)

P 1(X 1 , Yl , ZI), P2(X 2 , Y2, Z2), ..., Pn(x n , Yn, zn),)

the moment (of inertia) M of this system of masses about the point
P(x, y, z), defined as the sum of the products of the masses and the

squares of their distances from the point P,)

n

M(x, y, z) = !. m;[(x
- X;)2 + (y -

y;)2 + (z -
Z;)2],

;=1)))
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will be a minimum if the point P is at the so-called center of gravity of

the system, with the coordinates)

x=) \n\n=1 mixi

\nn ,y =
\"'-i=1 mi)

\n\n=1 miYi)
z=,)

\n\n=1 mizi

\nf=1 m i)\nf-l mi)

Maxima and minima with subsidiary conditions. For functions of
several variables we may set up various problems concerning maximum

and minimum. Let us illustrate with a simple example. Suppose that

among all rectangles inscribed in a circle of radius R, we wish to find the

one with greatest area. The area of a rectangle is equal to the product
xy of its sides,where x and yare positive numbers connected in this case

by the relation x2
+ y2 = (2R)2, as is clear from figure 30. Thus we are

required to find the maximum of the function

f(x, y) = xy for all x and y satisfying the relation

x 2 + y2
= 4R2.

Problems of this sort, where it is necessary to
find the maximum (or minimum) of a function

f(x, y) for those values only of x and y that

satisfy a certain relation that cf>(x, y) = 0 are very

common in practice.
Of course, it would be possible to solve the

FIG. 30.
equation cf>(x, y) = 0 for y, to substitute the solu-

tion into the function f(x, y) and in this way to

seek the ordinary maximum for a func\302\243ion of one variable x. But this

method is usually complicated and sometimes impossible.
For the solution of such problems in analysis, a much more convenient

procedure called the method of Lagrange multipliers, has been worked
out. The idea behind it is extremely simple. Let us considerthe function

F(x, y) = f(x, y) + >\"cf>(x, y),

where>.. is an arbitrary positive number. Obviously, for x, y satisfying
the condition cf>(x, y)

= 0, the values of F(x,y) coincide with those off (x, y).
For function F(x, y) let us seek a maximum without conditions of any

kind on x andy. At the maximum point the conditions of/ox =
of/oy

= 0*

must hold; in other words)

of
>..

ocf> = o.
ox + ox '

of + >..
ocf> = o.

oy oy)

(43))

(44))

* We are speaking here, of course, of a maximum attained in the domain of definition

of the function F(x, y). The functionsj(x, y) and q,(x, y) are assumed to be differentiable.)))
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The values of x and Y at the maximum point for F(x, y), beinga solution

of the system (43) and (44),dependon the coefficient A in these equations.
Let us now suppose that we have succeeded in choosing the number A

in such a way that the coordinates of the maximum point satisfy the
condition)

Then this point will be an exact local maximum for the original problem.
In fact, we may consider the problem geometricallyas follows. The

function f(x, y) is defined on a
certain region G (figure 3 I). The
condition cp(x, y) = 0 will ordi-

narily be satisfied by the points of
some curve r. We are required to
find the greatest value of x and y
on points of the line r. If F(x, y)
attains its maximum on the curve

r, then F(x, y) does not increase
for small shifts in an arbitrary
direction from this point, and in

particular for shifts along the

curve r. But for shifts along r,

the values of F(x, y), coincide
with those of f (n,y) which means that for small shifts along the curve the
function f(x, y) does not increase, or in other words it has the local
maximum at the point.

These arguments indicate a simple method of solving the problem. We
solve equations (43), (44), (45) for the unknowns x, y, and A, obtaining
one or more solutions)

cp(x, y) = O.) (45))

y)

o) x)

FIG. 31.)

(Xl' Yl , AI), (x 2 , 12 , A 2 ),
... .) (46))

To the points (Xl' Yl), (x 2 , Y2)'''. so determined we adjoin those
points of the boundary of G where the curve r leaves the region G. Then

from all these points we choose that one at which f(x, y) takes on its
greatest (or smallest) value.

Of course, the arguments here are far from proving the correctness of
the method. In fact, we have not yet even proved that the points of local
maximum for f(x, y) on the curve r can be obtained as maximum points
for the function F(x, y) for some value of A. However, it is possible to
prove, as is done in the textbooks in analysis, that every point (xo , Yo)

where f(x, y) has a local maximum on the curve will be obtained by the)))
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method indicated, provided only that at this point the partial derivatives
cp\n(xo , Yo) and cp\n(xo , Yo) are not both equal to zero.*

Let us use the method of Lagrange to solve the problem at the beginning

of the present section. In this casef(x, y) = xy; cp(x, y) = x2
+ y2

- 4R2.
We set up the equations (43), (44), (45)

y + 2,U= 0,
x + 2.\\y

=
0,)

x
2

+ y2 =
4R2,)

for which, taking into account that x and yare positive, we find the unique
solution)

x = y = R v2
(.\\

=
-\n)

.)

For these values of x and y, which are equal to one another so that the

inscribed rectangle is a square, the area is in fact a maximum.

The method of Lagrange may be extended to deal with functions of

three or more variables.There may be any number of subsidiaryconditions

(smaller than the number of variables) of the type of condition (45), and
we will introduce the corresponding number of auxiliary multipliers.

Let us give some examplesof problemsinvolving maxima or minima

with subsidiary conditions.)

Example 1. For what height h and radius r will an open cylindrical
tank of given volume V require the least amount of sheet metal for its

manufacture; that is, the area of its sides and circular base will be a

minimum?

The problem obviouslyreducesto finding the minimum of the function

of the variables rand h)

f(r, h) = 2TTrh+ TTr
2)

under the condition TTr2h = V, which may be written in the form)

cp(r, h)
= TTr

2h - V = O.)

* In the course in higher mathematics of V. r. Smirnov, the reader will find a simple
example where this particular feature of the situation would lead to the loss of a solution
if we apply the method of Lagrange mechanically and do not consider, in addition to
the points mentioned above, a point where not only (45) holds but also:

'Mxo ,Yo) = 0, \"';(xo , Yo) = O.)))
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Example 2. A moving point is required to pass from A to B (figure 32).
On the path AM it moves with the

velocity of VI , and on M B with the

velocity V 2 . Where should the point
M be placedon the line DD' so that

the entire path from A to B may be
covered as quickly as possible?

Let us take as unknowns the angles

a: and fJ marked in figure 32. The
lengths a and b of the perpendiculars
from the points A and B to the
straight line DD' and the distance c
between them are known. The time
required for covering the entire path is representedas can easily be seen,

by the formula)

f(c:x, fJ) =)
t'l cos a:)

157)

A)

o) 0')

a)

FIG. 32.)

a)

+
b

v 2 cos fJ)

It is required to find the minimum of this expression, taking into account

the fact that a: and fJ are connected by the relation)

a tan a: + b tan fJ
= c.)

The reader may solve these examplesby the Lagrange method. In the
second example he will find that the best position for M is given by the
condition)

sma:
= \n

sin fJ V 2)

This is the well-known law for the refraction of light. Consequently, a ray
of light will be refracted in its passage from one medium to another in

such a way that the time for its passage from a point in one medium
to a point in the other is a minimum. Conclusions of this sort are interesting
not only for computational purposes but also from a general philosophical
point of view; they have inspired researchers in the exact sciences to

penetrate further and further into the profound and general laws of

nature.

Finally let us note that the multipliers '\\, introduced in the solution of
problems by the method of Lagrange, are not merely auxiliary numbers.

In each case they are closely connected with the essential nature of the

particular problem and have a concrete interpretation.)))
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\n 13. Generalizations of the Concept of Integral

In \nIO we defined the definite integral of the functionf(x) on the interval

[a, b] as the limit of the sum)

n

kf(g;) Llx;
;=1)

when the length of the greatest segment Llx; in the subdivision of [a, b]
approaches zero. In spite of the fact that the class of functions f(x) for
which this limit actually exists (the class of integrable functions) is a

very wide one, and in particular includes all continuous and even many

discontinuous functions, this class of functions has a seriousshortcoming.

If we add, subtract, or multiply, or under certain conditions divide the
values of two integrable functions f(x) and cf>(x), we obtain functions

which, as may easily be proved, are again integrable. For f(x)/cf>(x) this

will be true in all cases in which I/cf>(x) remains bounded on [a, b]. But

if a function is obtained as a result of a limiting process from a sequence
of approximating integrable functions fl(X),f2(X),f3(X), ... such that for

all values of x in the interval [a, b])

f(x) = limfn(x),
n.... OO)

then the limit function f(x) is not necessarily integrable.

In many cases this and other circumstances give rise to considerable
complication, since the process of passing to a limit is widely used.

A way out of the difficulty was discovered by making further generaliza-

tions of the concept of an integral. The most important of these is the

integral of Lebesgue, with which the reader will become acquainted in

Chapter XV on the theory of functions of a real variable. But here we
will confine ourselves to generalizations of the integral in other directions,

which are also of the greatest importance in practice.)

Multiple integrals. We have already studied the process of integration

for functions of one variable definedon a one-dimensional region, namely

an interval. But the analogous process may be extended to functions of
two, three, or more variables, defined on corresponding regions.

For example, let us consider a surface)

z = f(x, y))))
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defined in a rectangular system of coordinates,and on the plane Oxy let
there be given a region G bounded

by a closed curve r. It is required to
find the volume bounded by the

surface, by the plane Oxy and by the

cylindrical surface passing through
the curve r with generators parallel

to the Oz axis (figure 33). To solve

this problem we divide the plane

region G into subregions by a net-

work of straight lines parallel to the

axes Ox and Oy and denote by)

G 1 , G 2 , ..., G n)

x)

y)'

\n

'
GI

!
, I

r)

FIG. 33.)

those subregions which consist of

complete rectangles. If the net is sufficiently fine, then practically the
whole of the region G will be covered by the enumerated rectangles. In
each of them we choose at will a point

aI, 1]1),(g2' 1]2),..., an ,1]n)
and, assuming for simplicity that Gi denotes not only the rectangle but
also its area, we set up the sum)

n

Sn = f(gl, 1]1)G1 + fa2, 1]2) G 2 +
... + fan, 1]n) G n =

!J(gi, 1]i)Gi .

i=1
(47)

It is clear that, if the surface is continuous and the net is sufficiently

fine, this sum may be brought as near as we like to the desired volume V.

We will obtain the desired volume exactly if we take the limit of the sum

(47) for finer and finer subdivisions (that is, for subdivisionssuch that

the greatest of the diagonals of our rectangles approaches zero))
n

lim \nfai , 'TJi) G i = V.
max d(G;)....O i=1)

(48))

From the point of view of analysis it is therefore necessary,in order to

determine the volume V, to carry out a certain mathematical operation
on the function f(x, y) and its domain of definition G, an operation
indicated by the left side of equality (48). This operation is called the

integration of the functionf over the region G, and its result is the integral
of f over G. It is customary to denote this result in the following way:

n

ff
f(x, y) dx dy

= lim \nf(gi , 'TJi) G i . (49)

G
max d(G;'....O i=1)))
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Similarly, we may define the integral of a function of three variables

over a three-dimensionalregion G, representing a certain body in space.

Again we divide the region G into parts, this time by planes parallel to
the coordinate planes. Among these parts we choose the ones which

represent complete parallelepipeds and enumerate them)

G 1 , G2 , ..., Gn .)

In each of these we choose an arbitrary point

ai, TJl , {I), a2 , TJ2 , {2)' ..., an , TJn , {n)

and set up the sum)

n

S =
\nfai , TJi , {i) G i ,
i=1)

(50))

where Gi denotes the volume of the parallelepiped G i . Finally we define
the integral of f(x, y, z) over the region G as the limit)

n

lim \nf(gi' TJi, {i) Gi
=

f f f f(x, y, z) dx dy dz, (51)max d{G;)-+O i=1 G)

to which the sum (50) tends when the greatest diagonal d(G i ) approaches

zero.

Let us consider an example. We imagine the region G is filled with a

nonhomogeneous mass whose density at each point in G is given by a

known function p(x, y, z). The density p(x, y, z) of the mass at the point
(x, y, z) is defined as the limit approached by the ratio of the mass of an

arbitrary small region containing the point (x, y, z) to the volume of

this region as its diameter approacheszero.* To determine the mass of
the body G it is natural to proceed as follows. We divide the region G
into parts by planes parallel to the coordinate planes and enumerate

the complete parallelepipeds formed in this way)

G 1 ,G 2 ,\"',G n .)

Assuming that the dividing planes are sufficiently close to one another,
we will make only a small error if we neglectthe irregular regions of the

body and define the mass of each of the regular regionsGi (the complete

parallelepipeds) as the product

P(gi , TJi , {i)G i ,)

* The diameter of a region is defined as the least upper bound of the distance between

two points of the region.)))
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where (gi , TJi , 'i) is an arbitrary point G i . As a result the approximate
value of the mass M will be expressed by the sum)

n

Sn =
\n P(gi , TJi , 'i) G i ,
i=1)

and its exact value will clearly be the limit of this sum as the greatest
diagonal Gi approaches zero; that is)

n

M =
f f f p(x,y, z) dx dy dz = Jim

\n P(gi, TJi, 'i) Gi .

G
max d(G;)-+O i-I)

The integrals (49) and (51) are called double and triple integrals

respectively.
Let us examine a problem which leads to a double integral. We imagine

that water is flowing over a plane surface. Also, on this surface the

underground water is seeping
through (or soaking back into
the ground) with an intensity

f(x, y) which is different at

different points. We consider a
y\n6.y

region G bounded by a closed y
contour (figure 34) and assume
that at every point of G we
know the intensity f(x, y), na-
mely the amount of under-

ground water seeping through

per minute per cm 2
of surface;

we will have f(x, y) > 0 where
the water is seeping through andf(x, y) < 0 where it is soaking into the

ground. How much water will accumulate on the surface G per minute?

If we divide G into small parts, considerthe rate of seepage as approxi-
mately constant in each part and then pass to the limit for finer and

finer subdivisions, we will obtain an expression for the whole amount

of accumulated water in the form of an integral)

y)

o) x)

FIG. 34.)

f f f(x, y) dx dy.
G)

Double (two-fold) integrals were first introduced by Euler. Multiple
integrals form an instrument which is used everyday in calculations and

investigations of the most varied kind.)))
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It would also be possibleto show, though we will not do it here, that

calculation of multiple integrals may be reduced, as a rule, to iterated
calculation of ordinary one-dimensional integrals.)

Contour and surface integrals. Finally, we must mention that still

other generalizations of the integral are possible.For example,the problem

of defining the work done by a variable force applied to a material point,

as the latter moves along a given curve, naturally leads to a so-called
curvilinear integral, and the problem of finding the general charge on a
surfaceon which electricity is continuously distributed with a given surface

density leads to another new concept, an integral over a curved surface.

For example, sup-
pose that a liquid
is flowing through

space (figure 35) and
that the velocity of

a particle of the

liquid at the point
(x, y) is given by a

function P(x, y), not

depending on z. If

we wish to deter-

x mine the amount of
liquid flowing per

minute through the
contour r, * we may

reason in the following way. Let us divide r up into segments Lis;.

The amount of water flowing through one segment Lis; is approximately
equal to the column of liquid shaded in figure 35; this column may be
consideredas the amount of liquid forcing its way per minute through
that segment of the contour. But the area of the shaded parallelogram

is equal to)

y)

r)

G)

o)

FIG. 35.)

P;(x, y)
. Lis; . COS(Xi ,)

where (X; is the angle between the direction .i of the x-axis and the out-
ward normal of the surface bounded by the contour r; this normal is

the perpendicular ii to the tangent, which we may consider as defining

the direction of the segment Lis;. By summing up the areas of such

parallelogramsand passingto the limit for finer and finer subdivisions)

* More precisely, through a cylindrical surface with the contour for its base and

with height equal to unity.)))
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of the contour r, we determine the amount of water flowing per minute

through the contour r; it is denoted thus:)

f r P(x, y) cos(ii,x) ds)

and is called a curvilinear integral. If the flow is not everywhere parallel,
then its velocity at each point (x, y) will have a component P(x, y) along
the x-axis and a component Q(x, y) along the y-axis. In this case we can
show by an analogous argument that the quantity of water flowing through
the contour will be equal to)

f r
[P(x, y) cos (ii, x) + Q(x,y) cos (ii, ji)] ds. *)

When we speak of an integral over a curved surface G for a function

f(M) of its points M(x,y, z), we mean the limit of sums of the form)

n

Jim
\"'ftf(M;) Au; =

f f f(x, y, z) du
.=1 G)

for finer and finer subdivisions of the region G into segments whose areas
are equal to Au; .

General methods exist for transforming multiple, curvilinear, and

surface integrals into other forms and for calculating their values, either
exactly or approximately.)

Formula ofOstrogradskii. Several important and very general formulas

relating an integral over a volume to an integral over its surface (and
also an integral over a surface, curved or plane, to an integral around its

boundary) were discovered in the middle of the past century by

OstrogradskiJ.

We shall not try to give here a proof of the general formula of

OstrogradskiJ, which has very wide application, but will merely illustrate

it by an example of its simplest particular case.

Let us imagine, as we did before, that over a plane surface there is a
horizontal flow of water that is also soaking into the ground or seeping
out again from it. We mark off a region G, bounded by a curve r, and)

*Sincefor small displacements along the curve the differential of the coordinate y

is equal to cos(l!,x) ds and the differential dx is equal to -cos(n, ji) ds, this latter
integral is often written in the form

f r
[P(x,y) dy

- Q(x, y) dx].)))
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assume that for each point of the region we know the components P(x, y)
and Q(x, y) of the velocity of the water in the direction of the x-axis
and of the y-axis respectively.

Let us calculate the rate at which the water is seeping from the ground

at a point with coordinates (x, y). For this purpose we consider a small
rectangle with sides Llx and Lly situated at the point (x, y).

As a result of the velocity P(x, y) through the left vertical edge of this

rectangle, there will flow approximately P(x, y)Lly units of water per
minute into the rectangle, and through the right side in the same time

will flow out approximately P(x + Llx, y)Lly units. In general, the net

amount of water leaving a square unit of surface as a result of the flow

through its left and right vertical sides will be approximately

[P(x + Llx, y)
- P(x, y)] Lly

LlxLly)

If we let Llx approach zero, we obtain in the limit)

oP
ax')

Correspondingly,the net rate of flow of water per unit area in the direction
of the y-axis will be given by)

oQ

ay-'

This means that the intensity of the seepage of ground water at the point
with coordinates (x, y) will be equal to

oP oQ
ax +ay-')

But in general, as we saw earlier, the quantity of water coming out
from the ground will be given by the double integral of the function

expressing the intensity of the seepage of ground water at each point,
namely)

If ( :: + \n; )
dx dy.

G)

(52))

But, since the water is incompressible,this entire quantity must flow out

during the same time through the boundaries of the contour r. The

quantity of water flowing out through the contour r is expressed,as we

saw earlier, by the curvilinear integral over r)

fr [P(x, y) cos (n, x) + Q(x,y) cos(n,y)] ds.) (53))))
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The equality of the magnitudes (52) and (53) expresses the formula of
Ostrogradskil in its simplest two-dimensional case)

f f ( \n\n
+

\n; )
dx dy

=
f r

[P(x, y) cos (ii, x) + Q(x,y) cos(ii, ji)] ds.
G)

We have merely explained the meaning of this formula by a physical
example, but it can be proved mathematically.

In this way the mathematical theorem of Ostrogradskilreflects a

widespread phenomenon in the external world, which in our example we

interpreted in a readily visualized way as preservation of the volume of

an incompressible fluid.

Ostrogradskil established a considerably more generalformula expressing

the connection between an integral over a multidimensional volume and

an integral over its surface.In particular, for a three-dimensional body G,
bounded by the surface r, his formula is)

f If ( \n\n
+

00;
+

\302\260o\n)
dx dy dz

G

=
f f [P cos (ii,x) + Q cos (ii, ji) + R cos (ii, z)] da,

r)

where da is the element of surface.
It is interesting to note that the fundamental formula of the integral

calculus)
b

f
f(x) dx = F(b) - F(a)

(I)
(54))

may be considered as a one-dimensional case of the formula of
Ostrogradskil. The equation (54) connects the integral over an interval

with the \"integral\" over its \"null-dimensional\" boundary, consisting of

t he two end points.
Formula (54) may be illustrated by the following analogy. Let us

imagine that in a straight pipe with constant cross section s = 1 water
is flowing with velocity F(x), which is different for different cross sections

(figure 36). Through the porous walls of the pipe, water is seeping into it)

(\n
-----

I
a)

\\ \n I

-e -e-
I \\

x x +6.x)

(\n .
I)

b)

FIG. 36.)))
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(or out of it) at a rate which is also different for different cross sections.
If we considera segment of the pipe from x to x + Llx, the quantity

of water seeping into it in unit time must be compensatedby the difference

F(x + Llx) - F(x) between the quantity flowing out of this segment

and the quantity flowing into it along the pipe. So the quantity seeping

into the segment is equal to the difference F(x + Llx) - F(x), and

consequently the rate of seepage per unit length of pipe (the ratio of the

seepage over an infinitesimal segment to the length of the segment) will

be equal to)

f(x) = lim F(x + Llx)
- F(x) = F'(x).

.<1\",...,0 Llx)

More generally, the quantity of water seeping into the pipe over the

whole section [a, b] must be equal to the amount lost by flow through

the ends of the pipe. But the amount seeping through the walls is equal
to Jaf(x)dx and the amount lost by flow through the ends is F(b) - F(a).
The equality of these two magnitudes produces formula (54).)

\n14. Series

Concept of a series. A series in mathematics is an expression of the

form)

Uo + u 1 + U 2 + ....)

The n).lmbers Uk are called the terms of the series. There is an infinite

number of them, and they are arranged in a definite order, so that to

each natural number k = 0, I, 2, ...there corresponds a definite value Uk .

The reader must keep in mind that we have not said whether it is

possible to calculate a value for such expressions or, in case it is possible,
how to do it. The presence of a plus sign between the terms Uk in our

expression seems to indicate that in some way all the terms should be
added.But there are infinitely many of them and addition of numbers is
defined only for a finite number of terms.

Let us denote by Sn the sum of the first n terms of the series; we will

call it the nth partial sum. As a result we obtain a sequenceof numbers)

Sl = U o ,

S2 = U o + U1 ,)

Sn = Uo + U 1 + ... + Un-I')

and we may speak of a variable quantity Sn , where n = I, 2, ... .)))
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The series is said to be convergent if, as n - 00, the variable Sn

approaches a definite finite limit

lim Sn = S.
n -+00)

This limit is called the sum of the series, and in this case we write)

S = Uo + U 1 + U2 + ....)

But if, as n - 00, the limit Sn does not exist, then the series is said to be
divergent and in this case there is no sensein speaking of its sum. *

But

if all the Un have the same sign, then it is customary to say that the sum

of the series is equal to infinity with the corresponding sign.
As an example, let us consider the series

I + x + x2
+ \".,)

whose terms form a geometric progression with common ratio x.
The sum of the first n terms is equal to)

1- x n

Sn(x)
= _

1 (x \302\245:1);
-x)

(55))

if I x I < I this sum has a limit

lim Sn(x) = \n ,
n-+oo I - x)

and so for I x I < I we may write)

I-= 1 +X+X2+ ....I-x)
If I x I > I, then obviously)

lim Sn(x) =
00,

n -+00)

and the series diverges. The same situation holds also for x = 1, as may

be seen immediately without use of formula (55), which for x = I has
no meaning. Finally, if x = -I the partial sums take the values + I
and 0 alternately, so that this series also is divergent.)

*Let us note that it is also possible to give generalized definitions of the sum of
a series, by virtue of which it is possible to assign to certain divergent series a more or
less natural concept of \"generalized sum.\" Such series are said to be summab1e.
Operations with generalized sums of divergent series are sometimes useful.)))
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To each series there corresponds a definite sequence of values of its

partial sums Sl' S2 , S3,... such that the convergence of the series
depends on the fact that the sums approach a limit. Conversely, to an

arbitrary sequence of numbers Sl , S2 , S3 , ... correspondsa series)

Sl + (S2 - Sl) + (S3
- S2) + ''',)

the partial sums of which will be the numbers of the sequence. Thus the

theory of variables ranging over a sequencemay be reduced to the theory
of the corresponding series,and conversely. Yet each of these theories
has independent significance. In some cases it is more convenientto study

the variable directly and in others to consider the equivalent series.
Let us note that series have long served as an important method of

representing various entities (above all, functions) and of calculating
their value. Of course, the views of mathematicians concerning series
have changed with the passage of time, corresponding to the changes in

their ideas about infinitesimals. The above clear-cut definition of con-

vergence and divergence of a series was formulated at the beginning

of the last century at the same time as the closely associated concept of
a limit.

If the series converges, then its general term approaches zero with

increasing n, since)

lim Un
= Jim (Sn+l -

Sn)
= S - S = O.

n....oo n-+oo)

From examples given in the following paragraphs, it will be clear that

the converse statement is in general false. But the criterion is still a

useful one, since it provides a necessary condition for the convergence
of a series.For example, the divergence of a geometric progressionwith

common ratio x > I follows immediately from the fact its general term
does not approach zero.

If the series consistsof positive terms, then its partial sum Sn increases
with increasing n and only two cases can exist:Either the variable Sn
becomes and remains greater than any preassigned number A for suffi-

ciently large n, in which case Iim n -+oo Sn
=

CO, so that the series diverges;
or else there exists a number A such that for all n the value of Sn does
not exceed A; but then the variable Sn necessarilyapproachesa definite

finite limit not greater than A and the series is convergent.)

Convergenceof a series. The question whether a given series con-

verges or diverges may often be settled by comparing it with another

series. Here it is customary to make use of the following criterion.)))
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If we are given two series

Uo + U1 + U2 + \"',

l'o + L\\ + l'2 + ...

with positive terms such that for all values of n, beginning with a certain

one, we have the inequality)

Un \n l'n,)

then the convergence of the second series implies the convergence of
the first, and the divergence of the first implies the divergence of the
second.

For example, let us consider the so-called harmonic series)

I I I I I I I
I +

2 +:3
+ 4 +\"5+ 6 +

'7
+

8
+ ....)

Its terms are correspondingly not less than the terms of the series)

II I I I I I I I
I +

2
+ 4 + 4 + 8 + 8 + 8 + 8+

16
+

... + 16 + \"',
---------

8 times)

in which the sum of the underlined terms in each case is equal to t-
It is clear that the sum Sn of the second series approaches infinity

with increasing n, and consequently that the harmonic series diverges.
The series)

I I II +
2'\"

+
3'\"

+
4'\"

+
...

,) (56))

where a: is a positive number less than unity, also obviously diverges,
since for arbitrary n)

I I

-;: > - (0 < a: < I).
n n)

On the other hand, it is possible to prove that series (56) for a: > I is

convergent. We will prove this here only for the case a: ;;;,2; for this

purpose we consider the series)

( I -\n) + I\n - \n
) +

... + (
-\n- - \n

)
+ .,.

2 \\2 3 n - I n)

with positive terms. It converges to unity as its sum, since its partial
sums Sn are equal to

I
Sn = 1- n+I- I (n- 00).)))
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On the other hand, the general term of this series satisfies the inequality)

I I I I---= >-n-l n (n-l)n n 2 ')

from which it follows that the series)

III1 + 22 +
32 + 42 +

...)

converges. All the more then will the series (56) converge with a: > 2.

Let us give here without proof another useful criterion for convergence
and divergence of serieswith positive terms, the so-called criterion of
d'Alembert.

Let us suppose that, as n approaches infinity, the ratio (un + l)ju n

has a limit q. Then for q < 1 the sequence will certainly converge, while
for q > 1 it will diverge. But for q = I the question of its convergence

remains open.
The sum of a finite number of summands does not change if we permute

the summands. But in general this is no longer true for infinite series.

There exist convergentseriesfor which it is possible to permute the terms
in such a way as to change their sum and even to turn them into divergent
series. Series with unstable sums of this sort fail to possess one of the
fundamental properties of ordinary sums, permutability of the summands.
So it is important to distinguish those serieswhich preserve this property.
It turns out that they are the so-called absolutely convergent series.
The series)

Uo + U 1 + U2 + U3 + ...

is said to be absolutely convergent if the series)

I Uo I + I U1 I + I U2 I + I U3 I +
...)

of absolute values of its terms is also convergent. It is possible to prove
that an absolutely convergent series is always convergent; in other words,

that its partial sums Sn approach a finite limit. It is obvious that every

convergent series with terms of one sign is absolutely convergent.

The series)

sin x sin 2x sin 3x
12+\n+\n+'\

is an example of an absolutely convergent series, since the terms of the

series)

I

sin x

I I

sin 2x

I
+

I

sin 3x

I

. . .

J2
+

2 2 32 +)))
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are not greater than the corresponding terms of the convergent series)

I I
I +

22
+

32 + ...
.)

An example of a series which is convergent, but not absolutely con-
vergent, is the following

l-!+!_!+'\"2 3 4)

as the reader may prove for himself.)

Series of functions; uniformly convergent series. In analysis we often

have to do with series whose terms are functions of x. In the preceding

paragraphs we have already had examples of this sort, for instance, the
series I + x + x2 + .x3 + .... For somevalues of x this series converges,
but for others it diverges. Particularly important in applications are

series of functions convergent for all values of x belonging to a certain
interval, which may in particular be the whole of the real axis or the

positive half of it and so forth. Then the necessity arises for differentiating

such series term by term, integrating them, deciding whether their sum
is continuous, and so forth. For the familiar case of the sum of a finite

number of terms, there are simple general rules. We know that the deri-
vative of a sum of differentiable functions is equal to the sum of their

derivatives, the integral of a sum of continuous functions is the sum of
their integrals, and a sum of continuous functions is itself a continuous
function: All this holds for the sum of a finite number of terms.

But for infinite series these simple rules are in general no longer true.
We could give many examples of convergent series of functions for which

the rules of termwise integration and differentiation are false. In the

same way a series of continuous functions may turn out to have a dis-
continuous sum. On the other hand many infinite series behave like

finite sums with respect to these rules.
Profound investigations of this question have shown that these rules

may still be applied if the infinite series in question are not only convergent

at each separate point of the interval of definition (the domain over
which x varies) but if they are uniformly convergent over the whole
interval. In this way there was crystallized in mathematical analysis, in

the middle of the 19th century, the important concept of the uniform

convergence of a series.
Let us considerthe series)

S(x) = uo(x) + u1(x) + ulx) + ...,)))
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whose terms are functions defined on the interval [a, b]. We suppose

that for each separate value of x in the interval this series converges to
a certain sum S(x). The sum of the first n terms of the series

Sn(x) =
uo(x) + u1(x) + ... + un_1(x)

is also a certain function of x, defined on [a, b].
We now introduce a magnitude TJn , which is equal to the least upper

bound of the values* 1 S(x)
- Sn(x) I, as x varies on the interval [a, b].

This magnitude is written as follows t)

TJn
= sup I Sn(x)

- S(x) I.
a\n:J:\nb

In case the quantity S(x) - Sn(x)attains its maximum value, which will

certainly occur for example, when S(x) and Sn(x) are continuous, then

TJn is simply the maximum of I S(x)
- Sn(x)1 on [a, b].

From the assumed convergenceof our series,we have for every individual
value of x in the interval [a, b]

lim I S(x)
- Sn(x) I

= O.
n\n)

But the magnitude TJn may approach zero or it may not. If TJn approaches

zero as n ---+ 00, then the series is said to be uniformly convergent, and

in the opposite case nonuniformly convergent. In the same sense it is

possible to speak of the uniform or nonuniform convergence of a sequence
of functions Sn(x) without necessarily interpreting them as partial sums
of a series.)

Example 1. The series of functions)

1--
x+l)

I

(x + I )(x + 2))

I

(x + 2)(x+ 3))

which we take to be defined only for nonnegative values of x, namely

on the half line [0, 00), may be written in the form)

\n + (
I

_
I

) +
I _ I

)
+

...

x+l x+2 x+I ( x+3 x+2 ')

from which we see that its partial sums are equal to)

I
S,,(x) = -

+x n)

and)
lim Sn(x) = O.
n....x)

* See Chapter XV.

t sup is an abbreviation for the Latin word supremum (highest).)))
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Thus the series is convergent for all nonnegative x and has the sum

S(x) = O. Furthermore,)

7Jn
= sup I Sn(x)

- S(x) I
= sup

o\nz<oo o\nz<oo)

1 1- =
---+-O(n--+- co)x + n n

')

\no that the series is uniformly convergent to zero on the half axis [0, co).
Figure 37 shows the graphs of some of the partial sums Sn(x).)

Example 2. The series

x + x(x - I) + x
2

(x
- I) + .\

may be written in the form

x + (x2 - x) + (.x3
- x 2

) + ...,)
from which)

Sn(x)
=

xn,)

and therefore)

I
.

S( )
_ \\O,ifO\nx<l;1m n X -

I
.
fn....co I, 1 X = l.)

Thus the sum of the series is discontinuous on the interval [0, I] with a

discontinuity at the point x = I. The quantity I Sn(x)
- S(x) I is less

than unity for every x in [0, 1] but for x close to x = I it is arbitrarily

close to unity. So,)

7Jn
= sup I Sn(x)

- S(x) I
= 1

0\";\"''';1)

for all n := 1,2,.... Thus the series is nonuniformly convergent on the

interval [0, I]. Figure 38 shows
some of the graphs of the

function Sn(x). The graph of

the sum of the series consists
of the segment 0 \n x < 1 of

the x-axis omitting the right

end point and ofthe point (I, I).)

y)

I)

y=x
n)

y)

o) x) I x)

FIG. 37.) FIG. 38.)))
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This example shows that the sum of a nonuniformly convergent series

of continuous functions may in fact be a discontinuous function.
On the other hand, if we consider the series on the interval 0 \n x \n q

with q < 1, then)

'YJn
=) sup I Sn(x)

- S(x) I
=

O\n:J:\nq)

max x n = qn --+0,
O\nx\nq n\n)

so that on this interval the series converges uniformly and its sum is
continuous. The fact that the sum of a uniformly convergent series of

continuous functions is itself a continuous function is a general rule, as
was pointed out earlier, which can be rigorously proved.)

Example 3. The sum of the first n terms of the series Sn(x)has the

graph represented by the heavy broken line in figure 39. Obviously, for
all n we have Sn(O) = 0, but if 0 < x \n I, then for all n \n l/x, we will

have Sn(x) = 0, and consequently for arbitrary x in the interval [0, 1].)

S(x) = lim Sn(x)
= O.

n -><0)

On the other hand,)

'YJn
= sup I Sn(x)

- S(x) I
= sup I Sn(x) I

= n 2.
0,;;\"''';1)

So. the quantity 'YJn does not approach zero but even approaches infinity.
We now note that the series corresponding to this sequence Sn(x) cannot

be integrated term by term on the interval [0, I], since)

I

I 1
I I n

o
S(x) dx = 0, ( Sn(x) dx =

2:
n t

n
=

2: ')

so that the series)

1 1

I

I

I SI(X)dx + I [S2(X)
- SI(X)] dx + [Sa(X)

- S2(X)] dx + ...
000)

reduces to the divergent series)

! +
(

\n - !
) +

(

\n - \n

)
+

(
\n - \n

)
+

...
2222222 .)))
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Let us state without proof the fundamental properties of uniformly

convergent series:

I. The sum of a series of
continuous functions which is

uniformly convergent on the
interval [a, b) is a continuous
function on this interval.

2. If the seriesof continuous

functions)

S(x) = uo(x)+ ul(x)+ U 2 (x) + .,.

(57))

y)

o I
1 2n Ii)

I) x)

converges uniformly on the FIG. 39.
interval [a, b), then it may be
integrated term by term on this interval; that is, for all Xl , X2 in [a, b)

we have the equality)

I

\"',

I

\"',

I

\"',

S(t) dt = uo(t) dt + ul(t) dt + ... .
:\302\273:1 :\302\273:1 :\302\273:1)

3. If on the interval [a, b) the series (57) convergesand the functions

Uk(X) have continuous derivatives, then the equality)

S'(x) =
u\n(x) + u\n(x) + u\n(x) +

...
,) (58))

obtained by termwise differentiation of (57) will be valid on the interval

[a, b) if the serieson the right in (58) converges uniformly.

Power series. In \n9, a function f(x) defined on an interval [a, b) was
called analytic, if on this interval it has derivatives of arbitrary order
and if in a sufficiently small neighborhood of any point Xo of the interval

[a, b) it may be expanded in a convergent Taylor series)

f(x)
= f(x o) + 1'(;0) (x -

xo) +
f\"\n\no)

(x
-

XO)2 +
.., . (59))

If we introduce the notation

J<n>(xo)an =-,
n!)

this series may be written in the following form)

f(x) = ao + al(x -
xo) + a2 (x -

XO)2 + .... (60))))
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A series of this sort, wherethe numbers a l , a2 ,
... are constants independent

of x, is called a power series.

As an example let us considerthe power series)

I + x + x2 + .x3 + ...,) (61))

whose terms form a geometric progression.
We know that for all values of x in the interval -I < x < I this

series converges and its sum is equal to)

I
S(x) =-.I-x)

Forother values of x the series diverges.
It is also easy to see that the difference between the sum of the series

and the sum of its first n terms is given by the formula)

x n

S(x)
- Sn(x) = -

,
I-x)

(62))

and if -q \n x \n q, where q is a positive number less than unity, then)

qn
'YJn

= max I S(x)
- Sn(x) I

= - .I-q)
From this it is clear that 'YJn approaches zero with increasing n so that

the series is uniformly convergent on the interval -q \n x \n q, for all

positive values of q < I.
It is easy to verify that the function)

I
S(x) = -I-x)

has a derivative of nth order, which is equal to)

Sln)(x) = __\n_
(I -

x)n+l
')

from which)

SlnJ(O) = n!)

and the sum of the first n terms of the Taylor series for the function S(x)

exactly coincides for Xo
= 0 with the sum of the first n terms of the

series (59). Moreover, we know that the remainder term of the formula,

given by the equality (62), approaches zero with increasing n, for all x)))
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on the interval -I < x < l. Thus we have shown that the series (61)
is the Taylor series of its sum S(x).

Let us note one further fact. From the interval of convergence- I < x < I of our series, let us choose an arbitrary point Xo. It is

easy to see that for all x sufficiently close to Xo , namely for all x satisfying

the inequality)

I x - xol < I,I -
Xo)

we have the equality)

I I
S(x)=-=-I - x I -

Xo

(I)
_ x - xo

)I -
Xo

1

[I
+

x -
Xo

(

X -
XO

)

2

]
- + + ...

I -
Xo I -

Xo I -
Xo

I x -
Xo (x

-
XO)2=-+ + +....1-

Xo (l
-

XO)2 (l
-

XO)3)
(63))

The reader may prove without difficulty that)

Sln)(x o)
n!)

1

(I
-

XO)n+l

.)

Consequently, series (63) is the Taylor seriesof its sum S(x) and converges
to it in a sufficiently small neighborhood of any point Xo belonging to
the interval of convergence of (61). Since the point Xo is arbitrary, this

means that the function S(x) is analytic on the interval.
All these facts that we have observedfor the particular power series (61)

hold for arbitrary power series. *
Namely, for every power seriesof the

form (60) where the constants ak are chosen by any given law, there
existsa certain nonnegative number R (which may also be infinite), called

the radius of convergence of the series (60), with the following properties:
I. For all values of x from the interval Xo

- R < x < Xo + R, which
is called its interval of convergence, the series converges and its sum

S(x) is an analytic function of x in its interval. Here the convergence is

uniform for every interval [a, b] lying completely within the interval of

convergence. The series itself is the Taylor series of its sum.

2. At the end points of the interval of convergence, the series may

converge or diverge, depending on its individual character. But it will

certainly diverge outside the closed interval Xo
- R \n x \n Xo + R.)

* For more detailed information on this point seeChapter IX.)))
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We suggest to the reader that he consider the power series)

X X 2 x 3
I +

T
+ 2! +

3T
+

... ,

I + x + 2!x2
+ 3 !x3

+
...

,)

x 2 x 3

I+x+-+-+'\"2 3)

and convince himself that their radii of convergence are respectively

infinite, zero, and unity.
By the definition given earlier every analytic function may be expanded,

in a sufficiently small neighborhood of an arbitrary point where it is

defined, into a power series which converges to the function. Conversely,
from what has been said it follows that the sum of every power series
whose radius of convergence is not zero is an analytic function in its
interval of convergence.

So we see that power series are organically connected with analytic

functions. We could even say that on their interval of convergence power
series are the natural means of representing analytic functions, and

consequently they are also the natural means of approximating analytic

functions by algebraic polynomials. *

For example, from the fact that the function I/O - x) may be expanded

in the power series)

I- = I + x + x 2
+ .x3 + '\"

,
I-x)

which is convergent on the interval - I < x < I, it follows that the

power series is uniformly convergent on an arbitrary interval -a \n x \n a

with a < 1,and this implies the possibility of approximating the function

on the whole interval [-a, aJ by the partial sums of the series with any

preassigned degree of accuracy.
Let us suppose that we are required to approximate the function

I/O
- x) by polynomials on the interval [- t, tJ with an accuracy ofO.OJ.

We note that for all x in this interval we have the inequality)

I I \n x
- I - x - ...- x

n

I

=
I x n +1 + x n + 2

+
...

I

\n I X IMl + I x 1
M2 +

... \n \n + \n + ... = J..
\n \n

2 n +l 2n + 2 2 n ')

* Approximations going beyond the limits of the interval of convergence of a power
series require other methods. (See Chapter Xli.))))
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and since 26 = 64, and 27 = 128, the desired polynomial, approximating

the function on the whole interval [- t, t] with an accuracy of 0.01,
will have the form)

I
-\n1+x+x2+\"'+x7.
I-x)

Let us note one further extremely valuable property of power series:
They may be differentiated termwise everywhere in the interval of con-

vergence. This property finds extremely wide application in the solution

of various problems in mathematics.

For example, let it be required to find the solution of the differential

equation y' = y under the auxiliary condition y(O) = I. We will seek the

solution in the form of a power series,

y
= a o + a1x + a2x 2

+ ....

Because of the auxiliary condition, we must set ao = I. Assuming that

this series converges, we may differentiate it term wise; as a result we

obtain)

y' = al + 2a\n + 3a 3x
2

+ ....

If we substitute these two series into the differential equation and equate
coefficients for each of the powers of x, we obtain)

1
a = - (k = 1 2 ...

)k
k!

' ,)

and the desi red solution has the form)

X x 2 x 3

Y
= 1 +

1
+ 2! + 3!+ ...

.)

It is well known that this series converges for all values of x and that its

sum is equal to y = e\"'.

In this case we have obtained a serieswhose sum is a well-known

elementary function. But this does not always happen; it may turn out

that a convergent power seriesso obtained has a sum that is not an
elementary function. An example is the series)

[
X2 x 4

]yv(x) = x\"P I -
2(2p + 2)

+ 2 .
4(2p + 2)(2p + 4)

- ...
,)

obtained as a solution of Bessel'sdifferential equation, which is of great
importance in applications. In this way power series may serve to define

functions.)))
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CHAPTER) III)

ANALYTIC GEOMETRY)

\nl. Introduction

In the first half of the 17th century a completely new branch of mathe-

matics arose, the so-called analytic geometry, establishing a connection
between curves in a plane and algebraic equations in two unknowns.

A quite rare event thereby happened in mathematics: In one or two
decades there appeareda great, entirely new branch of mathematics
based on a very simple concept, which until then had not received proper
attention. The appearance of analytic geometry in the first half of the
17th century was not accidental. The transition in Europe to the new

capitalistic methods of manufacture required the advance of a whole
seriesof sciences.A short time before, contemporary mechanics was
being created by Galileo and other scientists, experimental data were

being accumulated in all regions of natural science, the means of observa-
tion were being perfected, and instead of absoletescholastic theories new

ones were being created. In astronomy, among the foremost scientists
the teachings of Copernicushad finally triumphed. The rapid development
of long-range navigation insistently called for knowledge of astronomy

and the elements of mechanics.
The art of warfare also required mechanics. Ellipses and parabolas,

whose geometric properties as conic sections were already well known

in detail to the ancient Greeks almost 2000 years earlier, ceased to be
only part of geometry, as they were to the Greeks. After Kepler had
discovered that the planets revolve around the sun in ellipses, and Galileo

that a stone thrown into the air traces out a parabola, it was necessary

to calculate these ellipsesand to find the parabolas along which bullets
fly from a gun; it was necessary to discover the law by which the at-

183)))
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mospheric pressure, discovered by Pascal, decreases with the height; it

was necessary actually to calculate the volumes of various bodies, and

so forth.
All these questions almost simultaneously called to life three entirely

new mathematical sciences: analytic geometry, differential calculus, and

integral calculus, including the solution of the simplest differential

equations.

These three new fields qualitatively changed the face of the whole of
mathematics. They made it possible to solveproblemsnever even dreamed

of before.
In the first half of the 17th century, i.e., at the beginning of the 1600's,

a group of the most outstanding mathematicians was already close to

the idea of analytic geometry, but there were two of them, in particular,

who understood clearly the possibility of creating a new branch of
mathematics. These were Pierre Fermat, a counsellor of the parliament
of the French city of Toulouse and a world-famous mathematician, and

the famous French philosopher Rene Descartes.Descartes is credited

with being the chief creator of analytic geometry. He was the one who,
as a philosopher,raised the question of its complete generality.Descartes
published the great philosophical treatise \"Discourse on the method of

rightly conducting the reason and seekingthe truth in the sciences, with

applications: dioptrics, meteorology and geometry.\"
The last part of this work, entitled \"Geometry\" and published in 1637,

contains a sufficiently complete, although somewhat confusing, presenta-

tion of the mathematical theory that since then has been called analytic
geometry.)

\n2. Descartes' Two Fundamental Concepts

Descartes wishedto create a method that could equally well be applied
to the solution of all problems of geometry, that is, which would provide
a general method for their solution. Descartes' theory is based on two

concepts: the concept of coordinates and the concept of representing by
the coordinate method any algebraic equation with two unknowns in the

form of a curve in the plane.)

The concept of coordinates. By the coordinates of a point in the plane

Descartes means the abscissa and ordinate of this point, i.e., the numerical
valuesx and y of its distances (with corresponding signs) to two mutually

perpendicular straight lines (coordinate axes) chosen in this plane (see

Chapter II). The point of intersection of the coordinate axes, i.e., the

point having coordinates (0, 0) is called the origin.)))
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With the introduction of coordinates Descartes constructed, so to
speak, an \"arithmetization\" of the plane. Instead of determining any

point geometrically, it is sufficient to give a pair of numbers x, y and
conversely (figure I).)

The notion of comparisonof equations with two unknowns with curves

in the plane. Descartes' secondconceptis the following. Up to the time
of Descartes,where an algebraic equation in two unknowns F(x, y) = 0
was given, it was said that the problem was indeterminate, since from

the equation it was impossible to determine these unknowns; any value

could be assigned to one of them, for example to x, and substituted in

the equation; the result was an equation with only one unknown y, for

which, in general, the equation could be solved. Then this arbitrarily
chosen x together with the so-obtained y would satisfy the given equation.
Consequently, such an \"indeterminate\" equation was not considered
interesting.

Descartes looked at the matter differently. He proposed that in an

equation with two unknowns x be regarded as the abscissa of a point
and the corresponding y as its ordinate. Then if we vary the unknown x,

to every value of x the corresponding y is computed from the equation,
so that we obtain, in general, a set of points which form a curve (figure 2). *)

(-2, tJ)

Y

6
(2,6)

5

4
3
2

I

2 3 4)

(6,4))

-6 -5 -4 -) 6 x)

x)

(- 4,5))

(5,-3))
F( -2,Y-2)=0
F(-I,y_,) =0

F(O,yo) = 0

FfI,y, )=0
F(2,Y2)=0)

(-3,-5))
-5)

-6)

FIG. 1.) FIG. 2.)

*
Sometimes, the equation is not satisfied by any point (x, y) with real coordinates,

sometimesby one or a few such points. In this case we say that the curve is imaginary or

reduces to points (see97).)))
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Thus, to each algebraic equation with two variables, F(x, y) = 0,
correspondsa completely determined curve of the plane, namely a curve

representing the totality of all those points of the planewhosecoordinates
satisfy the equation F(x, y) = O.

This observation of Descartes opened up an entire new science.)

The basic problems solved by analytic geometry and the definition of

analytic geometry. Analytic geometry provides the possibility: (I) of
solving construction problems by computation (see for example, the

division of a segment in a given ratio, see \n3); (2) of finding the

equation of curves defined by a geometric property (for example,of
an ellipse defined by the condition that the sum of distances to two

given points is constant, see \n7); (3) of proving new geometric theorems
algebraically (see, for example, the derivation of Newton's theory of

diameters, \n6); (4) conversely, of representing an algebraic equation

geometrically, to clarify its algebraic properties(see,for example, the

solution of third- and fourth-degreeequations from the intersection of a

parabola with a circle, \n5).

Thus, analytic geometry is that part of mathematics which, applying

the coordinate method, investigates geometric objects by algebraic means.)

\n3. Elementary Problems

The coordinates of a point that divide a segment in a given ratio. Given
the coordinates (Xl' YI) and (X 2 , Y2) of two points MI and M2 , let us

find the coordinates (x, y) of the point M dividing the segment MIM2 in

the ratio m to n (figure 3). From the similarity of the shaded triangles

we obtain:)

Y)

x-x m\n = - , from which
X2

- x n)

nX I + mX2x=
m +n)

Y
-

YI =
m

, from which
Y2 Y2

-
Y n)

}Y')

Y) nYI + mY2
Y= m+n

.)

x,)

\n) \n) x)
Distance between two points.

Let us find the distance between

the points MI and M2' whose

coordinates are (Xl' YI) and)

o \n) x)

X2)

FIG. 3.)))
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(x2 , Y2) respectively. From the shaded right triangle (figure 4), we obtain
by the theorem of Pythagoras)

d =
V(X2

- X)2 + (Y2
- y)2.)

The area of a triangle. Let us find the area S of the triangle
M)M 2 M a (figure 5) if the coordinates of its vertices are respectively

(x) , Y) (x 2 , Y2), (xa , Ya)' Considering the area of the triangle as the sum

of the areas of trapezoids with bases Y) , Ya and Ya , Y2 minus the area of the

trapezoid with bases Yl , Y2 and writing the product -
(Yl + Y2)(X2

- x)
in the form (y) + Y2)(x)- x2 ), we obtain

S = t [(y) + Y2)(X1 - x2 ) + (Y2 + Ya)(x2
- xa) + (Ya + y)(x a

- x)].)

Y

Y
M2 (X2,Y2)

j

M,(x\"y,)
Y3YrY,

J2 Y2

y,

X,.

0 x 0 X 3
X

,
X2 x2

FIG. 4. FIG. 5.)

In these problems it only remains to verify that the derived formulas
remain valid without any change in those cases when one or more coor-
dinates or their differences are negative. Such verification easily follows.)

Determination of the points of intersectionof two curves. Relying on
the second fundamental idea that the equation F(x, y) = 0 representsa
curve, it is particularly simple to find the points of intersection of two
curves. In order to find the coordinates of the points of intersection of

two curves, it is obviously necessaryto solve simultaneously the equations
that represent them. The pait of numbers x, Y obtained from the ordinary
solution of these two equations will determine the point whose coordinates
satisfy both of the equations, i.e., the point that lies on the first as well
as on the second curve, and this is the point of their intersection.)))
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The solution of geometric problems by the tools of analytic geometry,

as we see, is very convenient for practical purposes,especially because

every solution is at once obtained in the convenient form of numbers.
Sucha geometry, such a science, was exactly what was lacking at that time.)

\n4. Discnssion of Curves Represented by First- and Second-Degree

Equations

First degree equation. Making use of his second idea, Descartesfirst

of all examined what curves correspond to an equation of the first-degree,)

Ax + By + C =
0,) (I))

i.e., to an equation where A, B, C are numerical coefficients with A and B

not both zero. It turned out that in the plane a straight line always

corresponds to such an equation.
We shall prove that equation (1) always representsa straight line, and

conversely, that to everyline in the plane there corresponds a completely
determined equation of the form (I). In fact, \net

us suppose, for example,
that B =I: 0: then equation (I) can be solved for y

y = kx + I,)

A C
where k = -

B ; I = - B .
We examine first the equation y = kx. It obviously represents a

straight line passing through the origin and making an angle c/> with the

x-axis whose tangent tan c/> is k (figure 6). Indeed, the equation can be)

x)

x)

y)

'\nX,y))

y)

FIG. 6.) FIG. 7)))
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written as yJx = k, so that the coordinates of every point (x, y) on the

straight line satisfy the equation, and the coordinates of no point (x, y)
not lying on the straight line satisfy the equation, sincefor such a point

yJx will be either greater than or smaller than k. In addition, if tan c/> > 0,
then for this line either both x and yare positive or both negative, and
if tan c/> < 0 their signs are opposite.

Thus, the equation y = kx represents a straight line passing through
the origin 0, and consequently the equation y = kx + I alsorepresents

a line, namely the one which is obtained from the previous line by the

parallel translation such that the ordinate of each of its points is increased
by I (figure 7).

The earlier derived formulas of the coordinates of a point dividing a

segment in a given ratio, the distance between two given points, and the
area of a triangle as well as the information about the equation of a

straight line already enable us to solve a large number of problems.)

The equation of a straight line passing through one or two given points.
Let MI be the point with coordinates Xl , Y1 and let k be a given number.

The equation y = kx + 1 representsa straight line making with the
Ox-axis an anglewhose tangent is equal to k and intersectingthe Oy-axis

at a distance I from O. Let us choose1such that this line goes through

the point (Xl' YI)' For this, the coordinates of the point M I must satisfy
the equation, i.e., we must have YI = kXI + I, from which 1 = YI - kxl.)

o) x)

FIG. 8.) FIG. 9.)

Substituting this value for I, we obtain the equation of the line that

passes through the given point (Xl' YI) and makes with the Ox-axis
an angle whose tangent is equal to k (figure 8). This equation is

Y = kx + YI
- kX I or)

Y -
Y1

= k(x -
Xl)')))
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Example. Let the angle between the line and the Ox-axis be equal

to 45\302\260,and let the point M have coordinates (3, 7); then the equation of

the corresponding line (since tan 45\302\260= I) will be: Y
- 7 = I . (x-

3)

or x -
Y + 4 = O.

If we require that the line passing through the point (Xl' YI) also

go through the point (x2 , Y2), it follows that the condition Y2 -
YI

=

k(x 2
-

Xl) must be imposed on k. Finding k from this and substituting

it in the previous equation, we obtain the equation of the line passing
through two given points (figure 9):)

X -
Xl

X 2
-

Xl)

Y
-

YI

Y2
-

Y1)

Descartes' result concerning second-degree equations. Descartes also
investigated the question as to what kinds of curves in the plane are
representedby the second-degree equation with two variables whose
general form is)

Ax2 + Bxy + Cy2 + Dx + Ey + F =
0,)

and showed that such an equation, generally speaking, represents an

ellipse, a hyperbola, or a parabola;i.e.,curves very well known to the
mathematicians of antiquity.

These are Descartes' most important achievements.However, his book

was far from being restricted to these topics; he also investigated the

equations of a number of interesting geometric loci, examined certain
theorems on transformation of algebraic equations, mentioned without

proof his famous law of signs for the number of positive roots of an

equation whose roots are all real (see Chapter IV, \n4) and, finally,

presented a remarkable method for determining the real roots of third-

and forth-degree equations from the intersection of the parabola Y = X2

with circles.)

\n5. Descartes' Method of Solving Third- and Fourth-Degree

Algebraic Equations)

Transformation of third- and fourth-degree equations to an equation of
the fourth-degreenot involving the x 3-term. We will show that the

solution of an arbitrary third- or fourth-degree equation can be reduced
to the solution of an equation of the form)

.x4 + px
2 + qx + r = O.) (2))))
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Let the given third-degree equation be Z3 + az 2 + bz + c = O. Sub-

stituting z = x - aj3,we obtain)

(x -
aj3)3 + a(x -

aj3)2 + b(x - aj3) + c = O.)

The x 2 -terms in the expansion of the parentheses will cancel out, so that
we get an equation of the form XI + px + q = O. Multiplying this

equation by x, we bring it to the form (2) with r = 0, which also admits
a root X 4

= O.

An equation of the fourth-degree Z4 + az3 + bz2
+ cz + d = 0 can

be reduced to the form (2) by the substitution z = x - aj4.Hence,the

solution of all third- and fourth-degreeequations can be reduced to the

solution of an equation of the form (2).)

The solution of third- and fourth-degree equations by the intersection
of a circle with the parabola y = x2. Let us first derive the equation of
a circlewith center (a, b) and radius R. If (x,y) is any of its points, then the

square of its distance to the point (a, b) is equal to (x -
a)2 + (y -

b)2

(see g3). Thus, the equation of the circle in question is

(x -
a)2 + (y -

b)2
= R2.)

Now we try to find the points of intersection of this circle with the

parabola y = x2 . In order to do this, by virtue of what was said in g3,

it is necessary to solve simultaneously the equation of this circle

x2
+ y2 - 2ax-

2by + a 2 + b2 - R2 = 0

and the equation of the parabola

y = x 2
.

Substituting y from the second equation into the first, we obtain a
fourth-degreeequation in x:

x 2 + x4 - 2ax - 2bx
2

+ a 2 + b2 - R2 = 0)

or)

x\" + (I -
2b) x 2 - 2ax + a2 + b 2 - R2 = O.

If we choose a, band R2 such that

I - 2b = p, - 2a = q, a 2
+ b 2 - R2 =

r,)

then exactly equation (2) is obtained. For this purpose we have to take)

q I - P 2 q2 (I _ p)2a = -
1.'b =

\n'
R =

4\"
+ 4

- r. (3))))
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In the last formula (3), generally speaking, R2 may turn out to be negative.
However, in the case when equation (2) has even one real root Xl' the

following equality holds)

\n + (1 - 2b) x\n
- 2ax i + a2

+ b 2 - R2 = O.) (4))

Denoting x\n by Yl , equation (4) can be rewritten as

x\n + Y\n
- 2ax i

-
2bY l + a 2 + b2 - R2 = 0)

or as)

(Xl -
a)2 + (YI -

b)2
= R2.

Hence, in the case when equation (2) has a real root, the number

R2 = [(I -
p)2 + q2]/4 - r is positive, the equation

(x -
a)2 + (y -

b)2
= R2

is the equation of a circle,and all real roots of equation (2) are the

abscissas of points of intersection of the parabola y = X2 with this circle.

(In case r = 0, R2 = a 2 + b2
, this circle passes through the origin.)

Thus, if the coefficients p, q, r of equation (2) are given, and it is

necessary to find a, band R2 by formulas (3), then if R2 < 0, equation (2)
is known to have no real roots. But, if R2 \n 0 then the abscissas of the

points of intersection of the circle with center (a, b) and radius R with

the parabola y = X2 (drawn once and for all) give all the real roots of

equation (2); and also in case

R2 < 0, the resulting circle cannot
Y intersect the parabola and equa-

tion (2) does not have real roots.)

FIG. 10.)

Example. Let the given fourth-

degree equation be:

5
X4 - 4X2 + X +

2
= O.

Then we have

I 5 1
a=- 2,b=2=

2 2 ,

R =
\n \n

+
\n

-
\n

= 2.

x Figure 10showsthe corresponding

circle and the roots Xl , Xa , Xl , X 4

of the given equation.)))
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The 1st,2nd, 3rd and 4th sections above contain, in an abbreviated and

somewhat more modern form, the essential content of Descartes' book.)

From Descartes' time up to the present, analytic geometry has under-
gone an immense development that has been very fruitful for many
different parts of mathematics. We will attempt in the following sections
of this chapter to trace the most important stages of this development.

First of all, it is necessary to say that the inventors of the infinitesimal

analysis were already in possession of Descartes' method. Whether it was

a question of tangents or normals (perpendiculars to the tangents at the

point of tangency) to curves, or of maxima or minima of functions

considered geometrically, or of the radius of curvature of a curve at a
given point, etc., the equation of the curve was consideredfirst, by the

method of Descartes, and then the equations of the normal, the tangent,
and so forth, were found. Thus infinitesimal analysis, namely the dif-

ferential and integral calculus, would have been inconceivable without

the preliminary development of analytic geometry.)

\n6. Newton's General Theory of Diameters

The first mathematician to take a further great step forward in analytic
geometry itself was Newton. In 1704 he examined the theory of third-
order curves, i.e., curves which are represented by third-degree algebraic

equations in two unknowns. At the same time he found, among other

things, an elegant general theorem about \"diameters,\" which correspond

to secants in a given direction. He proved the following.
Let an nth-order

curve be given, i.e., a
curve which is repre-
sented by an nth-de-

gree algebraic equation
in two unknowns; then

an arbitrary straight

line intersecting it has
in general n common

points with it. Let M

be the point of the se-
cant that is the \"center
of gravity\" of these FIG. II.

points of its intersec-
tion with the given nth-order curve, i.e., the center of gravity of a set
of n equal point masses situated at these points.It turns out that if we)

y

I
1 -

\n ,. ./'- I ../'- ../
\"\"'-l \n
1
I

0 I x)))
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take all possiblesets of mutually parallel secants and for each of them

consider these centers of mass M, then for any given set of parallel
secantsall the points M lie on a straight line. Newton called this line
the \"diameter\" of the nth-order curve corresponding to the given direction
of the secants. Since the proof of this theorem is quite easy with the

help of analytic geometry, we will give it here.

Let an nth-order curve be given and some set of mutually parallel

secants of the curve. Choose the coordinate axes so that these secants
are parallel to the Ox-axis (figure II). Then their equations will have

the form y = I, where the constant 1 will be different for different secants.

Let F(x, y) = 0 be the equation that represents the nth-order curve with

respect to these coordinate axes. It is easy to show that under a trans-
formation from one rectangular coordinate system to another, although

the equation of the curve changes,its orderdoes not change (this will be
shown in \n8). Therefore F(x, y) will also be an nth-degree polynomial.
To determine the abscissas of the points of intersection of the curve with

the secant y = I, it is necessary to solve the simultaneous equations
F(x,y)

= 0 and y = I; as a result, in general, an nth-degree equation
in x is obtained)

F(x, I) =
0,) (5))

from which we find the abscissas Xl , x 2 , \"', Xn . The abscissa Xc of the

center of gravity of the n points of intersection is equal, by the very
definition of center of gravity, to)

Xl + X 2 +
... + X n

Xc =
n

.)

But, as is known from the theory of algebraic equations, the sum

Xl + X 2 + '\" + X n of the roots of an equation is equal to the coefficient

of the (n - l)th power of the unknown x, taken with the opposite sign,
divided by the coefficient of the nth power of x. But because the sum

of the exponents of X and y in every term of F(x,y) is equal to or less
than n, the term in x n does not contain y at all but has the form Ax n

,

where A is a constant; and if the terms in x n - l contain y, they do so to

no higher than the first power; i.e., they have the form xn-I(By + C).
Consequently, the coefficient of x n is A and that of xn - l is BI + C, and

we have for any given 1)

xe =) BI+ C
nA)

But the secant is parallel to the Ox-axisso that for all of its points y = I,
and hence the ordinate y of the center of gravity of the points of its)))



\n7. ELLIPSE, HYPERBOLA, AND PARABOLA) 195)

intersectionwith the given nth-order curve is also equal to I; thus finally

we obtain nAx c + BYe + C = 0, i.e., the coordinates xc, Yc of the
centers of gravity for all these secants satisfy a first-degreeequation,
and consequently lie on a straight line.)

y)

x)

FIG. 12.) FIG. 13.)

The case when F(x, y) does not contain x n can be investigated anal-
ogously.

In case the curve is of the 2nd order (n
= 2) the center of gravity of

two points is simply the midpoint between them, so that the locus of
midpoints of parallel chords of a second-order curve is a straight line

(figure 12), a result that for the ellipse, as well as for the hyperbola and

the parabola, was already well known to the ancients. But this was

proved by them, even though only for these partial cases, with quite

difficult geometric arguments, and here a new general theorem, unknown

to the ancients, is proved in an entirely simple way.
Such examples reveal the power of analytic geometry.)

\n7. Ellipse, Hyperbola, and Parabola

In this and the following sections, we considersecond-ordercurves.

Before investigating the general second-degree equation, it is useful to

examine some of its simplest forms.)

The equation of a circle with center at the origin. First of all, we
considerthe equation)

x2 + y2 = a2.

It evidently represents a circle with center at the origin and radius a,
as follows from the theorem of Pythagoras applied to the shaded right

triangle (figure 13), since whatever point (x, y) of this circle is taken,

its x and y coordinates satisfy this equation, and conversely, if the)))
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coordinates x, y of a point satisfy the equation, then the point belongs
to the circle; i.e., the circle is the set of all those points of the plane that

satisfy the equation.)

The equation of an ellipse and its focal property. Let two points F 1

and F 2 be given, the distance between which is equal to 2e. We will find

the equation of the locus of all points M of the plane; the sum of whose

distances to the points F1 and F2 is equal to a constant 2a (where, of

course, a is greater than c). Such a curve is called an ellipseand the

points F 1 and F 2 are its foci.
Let us choose a rectangular coordinate system such that the points F1

and F2 lie on the Ox-axis and the origin is halfway between them. Then
the coordinates of the points F 1 and F 2 will be (e, 0) and (- e,O).Let us

take an arbitrary point M with coordinates (x, y), belonging to the locus
in question, and let us write that the sum of its distances to the points
F1and F2 is equal to 2a,)

vex -
e)2 + (y -

0)2 + vex + e)2 + (y -
0)2

= 2a. (6))

This equation is satisfied by the coordinates (x, y) of any point of the

locus under consideration. Obviously the converse is also true, namely
that any point whose coordinates satisfy equation (6) belongs to this

locus. Equation (6) is therefore the equation of the locus. It remains to

simplify it.
Raising both sides to the second power, we obtain)

x 2 - 2ex + e2
+ y2 + 2 v (x2 - 2ex + e2

+ y2)(X
2 + 2ex + e2

+ y2)

+ x 2
+ 2ex + e2

+ y2 = 4a2
,)

or after simplification

x 2
+ y2 + e2 _ 2a2 = _ v (x2 + y2 + e2)2 - 4e2x2.

Squaring again both sides, we obtain

(x2 + y2 + e2)2 _ 4a2(x2 + y2 + e2) + 4a4 =
(x2 + y2 + e2

)2
- 4e2x2

or after simplification

(a
2 _ e 2)x 2

+ a 2
y2 = (a2 _ e 2)a 2

.

Let us set a2 - e2 = b 2
(as may be done since a > c); then we obtain

b 2x 2 + a 2
y2 = a2b 2

, and dividing by a 2b 2 we have)

x2 y2

a 2 +
b 2

= I.) (7))))
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The coordinates (x, y) of any point M of the locus thus satisfy equa-
tion (7).

It can be shown on the other hand that if the coordinates of a point
satisfy equation (7) then they also satisfy equation (6). Consequently,

equation (7) is the equation of this locus, i.e., the equation of the ellipse
(figure 14).)

y)

B)

FIG. 14.) FIG. 15.)

This argument is a classical exampleof finding the equation of a curve
given by some of its geometrical properties.

The well-known method of tracing an ellipse by means of a thread

(figure 15) is basedon the property of the ellipse that the sum of the
distances of any of its points to two given points is a constant.)

Remark. In order to determine an ellipse, we could have taken,

instead of the focal property consideredhere, any other geometric

property characteristic of it, for example, that the ellipse is the result of
a \"uniform contraction\" of a circle toward one of its diameters or
any other property.

Substituting y = 0 in equation (7) of the ellipse, we obtain x = :!::a,

i.e., a is the length of the segment OA (see figure 14), which is called
the major semiaxisof the ellipse. Analogously, substituting x = 0, we

obtain y = :!::b, i.e., b is the length of the segment OB, which is called

the minor semiaxis of the eilipse.

The number E = cia is called the eccentricityof the ellipse, so that,
since c = Va2 - b2 < a, the eccentricity of an ellipse is less than I.
In the case if a circle, c = 0 and consequently E = 0; both foci are at

one point, the center of the circle(sinceOF1= OF2
= 0), but the previous

method of drawing the curve with a thread is still valid.)))
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Laws of planetary motion. In studying Tycho Brahe's long-continued
observations on the motion of the planet Mars, Kepler discovered that

the planets revolve around the Sun in ellipses such that the Sun occupies
one focus of the ellipse (the other focus
remains unoccupied and plays no part in

the motion of a planet around the Sun)

(figure 16). Kepler also observed that the

focal radius p in equal times sweeps out
sectors of equal areas,* and Newton

showed that the necessity of such a motion

follows mathematically from the law of
inertia (proportionality of acceleration to

force) and the law of universal gravitation.)
FIG. 16.)

The ellipse of inertia. As an example
of the application of the ellipse in a technical problem, we consider the
so-calledellipseof inertia of a plate.

Let the plate be of uniform thickness and homogeneous material, for
example a zinc plate of arbitrary shape. We rotate it around an axis in

its plane. A body in rectilinear motion has, as is well known, an inertia

with respect to this rectilinear motion that is proportional to its mass
(independently of the shape of the body and the distribution of the mass).
Similarly, a body rotating around an axis, for instance a flywheel, has

inertia with respect to this rotation. But in the case of rotation, the

inertia is not only proportional to the mass of the rotating body but)

l..-I)

FIG. 17a.)

\n)

FIG. 17b.)

* The eccentricities of planetary orbits are not very large, so that the orbits of
planets are almost circles.)))
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also dependson the distribution of the mass of the body with respect
to the axis of rotation, since the inertia with respect to rotation is greater
if the mass is farther from the axis. For example, it is very easy to bring

a stick at once into fast rotation around its longitudinal axis (figure 17a).
But if we try to bring it at once to fast rotation around an axis perpen-
dicular to its length, even if the axis passes through its midpoint, we will

find that unless this stick is very light, we must exert considerable effort
(figure 17b).

It is possible to show that the inertia of a body with respect to

rotation about an axis, the so-called moment of inertia of the body
relative to the axis, is equal to 1: r;mi (where by 1:r;mi we mean the

sum r\nml + r:m 2 + ... + r\nmn and think of the body as decomposed
into very small elements, with mi as the mass of the ith element and 'i
the distance of the ith element from the axis of rotation, the summation

being taken over all elementsof the body).

Let us return to our plate. Let 0 (figure 18) be a point of this plate.

We consider the moments of inertia J u of the plate relative to an axis)

x)

Xi ton cp Yi)

Y)

X)

FIG. 18.) FIG. 19.)

of rotation u passing through 0 and lying in the plane of the plate. For
this purpose we take the point 0 as the origin of a Cartesian coordinate
system and choose arbitrary axes Ox and Oy in the plane of the plate;
then we will characterize the axis of rotation u by the angle cp which it

makes with the Ox-axis. It is easy to see (figure 19) that)

r i
= I(x i tan cp

-
Yi) cos cp I

= IXi sin cp
-

Yi COS cp I.)))
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1: r\nmi
= 1: (x\n sin 2

cp
-

2XiYi sin cp cos cp + Y\n cos 2
cp) mi

= sin 2
cp 1: x;m i - 2 sin cp cos cp 1: XiYimi + cos 2

cp 1: lmi .)

The quantities sin 2
cp, 2 sin cp cos cp, and cos 2

cp are taken outside the sum-
mation sign, since they are constant for a given axis u. We now write

1: x;mi =
A,

- 1: XiYimi
= B, 1: y\nmi

= C.)

The quantities A, B, and C do not depend on the choice of the axis u,

but only on the shape of the plate, the distribution of its mass, and the
fixed choiceof the coordinate axes Ox and Oy. Consequently,

Ju
= A sin 2

cp + 2B sin cp cos cp + C cos 2
cpo

We consider all possible axes u in the plane of the plate passing through

the point 0 and layoff on each of theseaxesfrom the point 0 a length

equal to p, the inverse of the square root of the moment of inertia J u of

the plate relative to that axis, i.e., p = 1/v'J;.. Then we obtain)

But)

\n
= A sin 2

cp + 2B sin cp cos cp + C cos 2
cpo

P)

x = p cos cp, Y
= P sin cp,

so that the equation of this locus has the following form:

Cx2
+ 2Bxy + Ay

2 = I.)

A second-order curve is obtained that is evidently finite and closed;
i.e., it is an ellipse (figure 20), since all other second-order curves, as we
will later show, are either infinite or reduce to one point.

The following remarkable result is

obtained: Whatever may be the form

and size of a plate and the distribution

of its mass, the magnitude of its moment

of inertia (more precisely, of the
quantity p inversely proportional to the

square root of the moment of inertia)

with respect to the various axes lying

in the plane of the plate and passing
through the given point 0, is charac-
terized by a certain ellipse. This ellipse
is called the ellipse of inertia of the

plate relative to the point O. If the)

y)

FIG. 20.)

x)))
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point 0 is the center of gravity of the plate, then the ellipse is called
its central ellipseof inertia.

The ellipse of inertia plays a great role in mechanics; in particular, it

has an important application in the strength of materials. In the theory
of strength of materials, it is proved that the resistance to bending of a
beam with given cross section is proportional to the moment of inertia

of its cross section relative to the axis through the center of gravity of

the cross section and perpendicularto the direction of the bending force.
Let us clarify this by an example. We assume that a bridge across a
stream consists of a board that sags under the weight of a pedestrian

passing over it. If the same board (no thicker than before) is placed
\"on its edge,\" it scarcely bends at all, i.e., a board placed on its edge is,
so to speak,stronger.This follows from the fact that the moment of

inertia of the cross sectionof the board (it has the shape of an elongated

rectangle that we may think of as evenly covered with mass) is greater
relative to the axis perpendicularto its long sidethan relative to the axis

parallel to its long side. If we set the board not exactly flat nor on edge
but obliquely, or even if we do not take a board at all but a rod of
arbitrary cross section, for example a rail, the resistance to bending will

still be proportional to the moment of inertia of its cross section relative
to the corresponding axis. The resistance of a beam to bendingis therefore

characterized by the ellipse of inertia of its crosssection.
Foran ordinary rectangular beam this ellipse will have the form shown

in figure 21. The rigidity of such a beam under a load in the direction

of the Oz-axis is proportional to bh
3 .

Steel beams often have a J -shaped cross section; for such beams the
cross section and the ellipse of inertia are represented in figure 22. The)

y)

t\"!

!

I
\n)

y)

FIG. 21.) FIG. 22.)))
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greatest resistance to bending is in the z direction. When they are used,

for example as roof rafters under a load of snow and their own weights,

they work directly against bending in a direction close to this most

advantageous direction.)

The hyperbola and its focal property. Now we consider the equation)

x2 y2

a2

-
b 2

=
1,)

representing a curve which is calleda hyperbola. If we denote by c a number

such that c 2 = a 2 + b 2
, then it is possible to show that a hyperbola is

the locus of all points the difference of whose distances to the points FI
and F2 on the Ox-axis with abscissas c and -c is a constant: P2

-
PI

= 2a

(figure 23). The points FI and F2 are called the foci.

y
y p

'2 ---3-.M)

x) x)

FIG. 23.) FIG. 24.)

The parabola and its directrix. Finally, we consider the equation

y2
= 2px

and call the corresponding curve a parabola. The point F lying on the

Ox-axis with abscissa p/2 is called the focus of the parabola, and the

straight line y = -p/2, parallel to the Oy-axis, is its directrix. Let M be
any point of the parabola (figure 24), P the length of its focal radius MF,
and d the length of the perpendicular dropped from it to the directrix.

Let us compute P and d for the point M. From the shaded triangle we
obtain p2

= (x -
p/2)2 + y2. As long as the point M lies on the parabola,

we have y2
= 2px, hence)

2 2

p2
=

(x -\n)
+ 2px = (x +\n)

.)))
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But directly from the figure it is clear

p2
= d 2, i.e., p = d. The inverse

argument shows that if for a given

point we have p = d, then the point

lies on the parabola. Thus a parabola
is the locus of points equidistant
from a given point F (caned the
focus) and a given straight line d

(called the directrix).)

203)

that d = x + p12. Therefore

y)

x)

The property of the tangent to a

parabola. Let us examine an im-
portant property of the tangent to a

parabola and its application in optics.

Since for a parabola y2
= 2px we have 2y dy = 2p dx, it follows that the

derivative, or the slope of the tangent, is equal to dyldx = tan 1>
= ply

(figure 25).
On the other hand, it follows directly from the figure that)

FIG. 25.)

y
tan y =

12
.x -p)

But)

tan 21> =
2 ply

I - p2
1y

2)

2py

y2_p2)

2py

2px -
p2)

y

x - pl2
')

i.e., y = 2cP, and since y =
1> + If, therefore If = 1>. Consequently, by

virtue of the. law (angle of incidence is equal to angle of reflection) a
beam of light, starting from the focus F and reflected by an element of
the parabola (whosedirection coincides with the direction of the tangent)
is reflectedparallel to the Ox-axis, i.e., parallel to the axis of symmetry

of the parabola.
On this property of the parabola is based the construction of reflecting

telescopes, as invented by Newton. If we manufacture a concave mirror

whose surface is a so-calledparaboloid of revolution, Le., a surface
obtained by the rotation of a parabola around its axisof symmetry, then

all the light rays originating from any point of a heavenly body lying

strictly in the direction of the \"axis\" of the mirror are collected by the

mirror (figure 26) at one point, namely its focus. The rays originating

from some other point of the heavenly body, being not exactly parallel

to the axis of the mirror, are collected almost at one point in the neigh-

borhood of the focus. Thus, in the so-called focal plane through the

focus of the mirror and perpendicular to its axis, the inverse image of)))



204) III. ANALYTIC GEOMETRY)

the star is obtained;the farther away this image is from the focus, the
more diffuse it will be, since it is only the rays exactly parallel to the

axis of the mirror that are collected by the mirror at one point. The

image so obtained can be viewed in a special microscope, the so-called)

FIG. 26.)
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eye piece of the telescope, either directly or, in order not to cut off the
light from the star with one's own head, after reflection in a small plane
mirror, attached to the telescope near the focus (somewhat nearer than

the focus to the concave mirror) at an angle of 45\302\260.

The searchlight (figure 27) is basedon the same property of the parabola.
In it, conversely, a strong source of light is placed at the focus of a
paraboloidalmirror, so that its rays are reflected from the mirror in a
beam parallel to its axis.Automobile headlights are similarly constructed

(figure 28).)

FIG. 28.)
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In the case of an ellipse, as it is easy to show, the rays issuing from
one of its foci Fl and reflected by the ellipse are collected at the other
focus F2 (figure 29), and in the hyperbola the rays originating from one

of its foci Fl are reflected by it as if they originated from the other focus

F 2 (figure 30).)
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The directrices of the ellipse and the hyperbola. Like the parabola,
the ellipse and the hyperbola have directrices, in this case two apiece.
If we consider a focus and the directrix \"on the same side with it,\" then

for all points M of the ellipse we have p/d =
E, where the constant E is

the eccentricity, which for an ellipse is always smaller than I; and for

all points of the corresponding branch of the hyperbola, we also have

p/d =
E, where E is again the eccentricity, which for a hyperbola is always

greater than I.

Thus the ellipse, the parabola and one branch of the hyperbola are
the loci of all those points in the plane for which the ratio of their distance

p from the focus to their distance dfrom the directrix is constant (figures 31
and 32).For the ellipse this constant is smaller than unity, for the parabola
it is equal to unity, and for the hyperbola it is greater than unity. In)

FIG. 31.) FIG. 32.)))
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this sense the parabola is the \"limiting\" or \"transition\" case from the

ellipse to the hyperbola.)

Conic sections. The ancient

Greeks had already investigated
in detail the curves obtained by

intersecting a straight circular
cone by a plane. If the intersecting
plane makes with the axis of the
cone an angle c/> of 90\302\260,i.e., is

perpendicular to it, then the sec-

tion obtained is a circle.It is easy
to show that if the angle c/> is

smaller than 90\302\260,but greater than

the angle 0: which the generators

of the cone make with its axis,

then an ellipse is obtained. If c/> is

FIG. 33. equal to 0:,a parabola results and

if c/> is smaller than 0:, then we

obtain a hyperbola as the section (figure 33).)

The parabola as the graph of quadratic proportion and the hyperbola
as the graph of inverse proportion. We recall that the graph of quadratic
proportion)

y = kx2
y

is a parabola (figure 34) and that the graph of

inverse proportion)

is a hyperbola (figure 35), as we will easily

prove later. A hyperbola was defined earlier as

the curve represented by the equation

X2
_ y

2

a 2 b 2)

k
y = - or xy = k.

x)

x)

FiG. 34.)

1.)

In the special case a = b the so-called rectangular hyperbola plays the

same role among hyperbolas as the circle plays among ellipses. In this

case, if we rotate the coordinate axes by 45\302\260(figure 36) the equation in

the new coordinates (x', y') will have the form)

x'y' = k.)))
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We have now considered three important second-order curves: the

ellipse, the hyperbola, and the parabola, and for their definitions we have
taken the so-calledcanonical equations)

x2 y2 x2 y2

a2
+

b2

= I, a 2
-

b2)
and y2 = 2px,)

by which they are represented.)

y)

x)

y')

x)

FIG. 35.) FIG. 36.)

We now pass to the study of the general second-degree equation in two

unknowns, namely to the question what kinds of curves are represented
by this equation.)

\n8. The Reduction of the General Second-Degree Equation to
Canonical Form)

The first consistent presentation of analytic geometry by Euler. A

significant step in the development of analytic geometry was the appearence

in 1748 of the book \"Introduction to analysis\" in the second volume
of which, among other things related to the theory of functions and

other branches of analysis, for the first time a presentation was given
of analytic geometry in the plane with a detailed investigation of second-

order curves, very close to the one given in contemporary textbooks of
analytic geometry, and also with an investigation of higher order curves.

This was the first exposition of analytic geometry in the contemporary

sense of the word.)))
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The notion of reducing an equation to canonical form. A second-degree

equation
*)

Ax2 + 2Bxy + Cy2 + 2Dx+ 2Ey + F = 0)

contains six terms, not three or only two as in the above canonical
equations of the ellipse, hyperbola, and parabola. This is not because

such an equation represents a more complicated curve but because the

system of coordinates is possibly not suited to it. It turns out that if we
select a suitable Cartesian coordinate system, then a second-degree

equation with two variables always can be reduced to one of the following
canonical forms:)

x2 y2 \nI. a2 +
b 2

- 1 = O. '----\" Ellipse)

x2 y22.
a 2 +

b 2 + 1 = O.
(:\n\n\n-_\n)

Imaginary ellipse)

x 2 v2
3.

a2 +
'b 2

= O.)

x2 y2
4.

a 2
-

b 2
- 1 = O.)

x2 y2
5.

a 2
-

b2
= O.

6. y2 - 2px= O.)

7. x 2 - a 2 = O.)

8. x 2
+ a 2 = O.)

9. x 2 = O.)

) (

><

C
I I)

. .

. I. .
I I)

I)

Point (a pair of imaginary lines
intersecting in a real point))

Hyperbola)

A pair of intersecting lines)

Parabola)

A pair of parallel lines)

A pair of imaginary parallel lines)

A pair of coincident straight lines)

where a, b, p, are not equal to zero.

Equations 1, 4, and 6 of the enumerated canonical forms are already

well known to us; these are the canonical equations of the ellipse, hyper-
bola, and parabola.Two of them are not satisfied by any points, namely

equations 2 and 8. Indeed,the square of a real number is always positive
or zero,so that on the left-hand side of equation 2 the sum of the terms

x2
ja

2
+ y2jb

2 is never negative,and since the term + I also appears, the)

* The coefficients of xy, x, y will be denoted not by B, D, E but by 2B, 2D, 2E for

simplicity of subsequent formulas.)))
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left-hand side cannot be equal to zero; analogously in equation 8, the

number x2 is not negative, and a 2 is positive. From these considerations,
it follows that only (x = 0, y = 0) satisfies equation 3, i.e., one point,
the origin. Equation 5 can be written as (xja -

y/b)(x/a + y/b) = 0,
from which we see that it is satisfied by those points and only those

points for which one of the first-degree expressions x/a -
yjb or x/a + y/b

is equal to zero;so the curve it represents is this pair of intersecting lines.

Equation 7 analogously gives (x - a)(x + a)
= 0; i.e., the corresponding

curve is a pair of parallel lines x = a and x = -a. Finally, curve 9 is

a special limiting case of curve 7, when a = 0; i.e., it is a pair of coincident
lines.)

Formulas of coordinate transformations. In order to obtain the in-
dicated important result about the possible types of second-ordercurves,

it is necessary first to deduce the formulas by which the rectangular
coordinatesof points vary under a change of the coordinate system.

Let x, y be the coordinates of a point M relative to the axes Oxy.
Let us translate these axes parallel to themselves to the position 0' x'y'
and let the coordinates of the new origin 0' relative to the old axes)

y
I

Y X
I

Y
I

\n
I Y X

I

I

171
I

0 x

FIG. 37. FIG. 38.)

be \n and 'Y}. It is evident (figure 37) that the new coordinates x', y' of
the point M are connected with its old coordinates x, y by the formulas)

x = x' + \n,)

y
= y' + 'Y},)

which are the formulas of the so-called parallel translation of axes. If

we rotate the original axes Oxy about the origin counterclockwise by an

angle c/> then, as is easy to see (figure 38), if we project the polygonal)))
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line OA'M composed of the new coordinate segments x', y' on the

Ox-axis and the Oy-axis, respectively, we obtain

x = x'cose/>
- y' sin e/>,

y
= x' sine/> + y' cose/>,

which are the formulas for transformation of coordinatesunder rotation

of a rectangular coordinate system.
If we are given an equation F(x, y) = 0 of a curve relative to the

axes Oxy and we wish to write the transformed equation of the same

curve, i.e., relative to the new axes O'x'y', then we must replace x and y

in the equation F(x, y) = 0 by their expressions in terms of x' and y',

given by the formulas of the transformation. For example, under parallel
translation of the axes, we obtain the transformed equation)

F(x' + \n,y' + 1])= 0,)

and under rotation of the axes the equation

F(x'cose/>
- y' sin e/>, x' sin e/> + y' cos e/\302\273

= o.

We note that under a transformation to new axes the degree of an

equation does not change. Indeed, the degree cannot increase, since the
transformation formulas are of the first-degree. But the degree cannot
decrease either, since then the inverse coordinate transformation would

increase it (and it is also of the first degree).)

The rednction of a general second-degree equation to one of the 9 cano-

nical forms. We now show that given any second-degree equation in

two unknowns we can always first rotate the axes and then translate

them parallel to themselves in such a way that the transformed equation
for the final axes will have one of the forms 1,2, \"',9.

Indeed,let the given second-degree equation have the form)

Ax2 + 2Bxy + Cy2 + 2Dx+ 2Ey + F = O.) (8))

Let us rotate the axes through some angle e/>, which we select in the

following way. Replacing x and y in equation (8) by their expressions

in terms of the new coordinates (accordingto the formulas for rotation),
we find, after collecting similar terms, that the coefficient 2B' in the
transformed equation

A'x'2 + 2B'x'y'+ C'y'2 + 2D'x' + 2E'y' + F' = 0
is equal to

2B' = -2A sine/>cose/> + 2B(cos
2

e/>-sin
2

e/\302\273+ 2C sine/> cose/>

= 2B cos 2e/>
- (A - C) sin 2e/>.)))



\n8. REDUCTION OF SECOND-DEGREE EQUATIONS) 211)

Setting it equal to zero, we obtain 2Bcos2cp
= (A - C)sin 2cp, from

which)

A-C
cot2cp=\n.)

Since the cotangent varies from -00 to + 00, we can always find an

angle cp for which this equality is satisfied. By rotating the axes through
this angle, we find that for the rotated axes Ox'y' the equation of our

curve, represented for the initial axes by equation (8), has the form)

A'x'2 + C'y'2 + 2D'x' + 2E'y' + F = 0,) (9))

i.e., that it does not contain the term with the product of the coordinates

(F remains unchanged, since the formulas of rotation do not contain

constant terms).
Now we translate the already rotated axes Ox'y' parallel to themselves

to the position O\"x\"y\", and let the coordinates of the new origin 0\"
relative to the axes Ox'y' be f, r/. The equation of our curve for these
final axes will be)

A'(x\" + 0 2
+ C'(y\" + T}')2+ 2D'(x\"+ 0 + 2E'(y\" + T}') + F = O.

(10))

We now show that we can alwaysselectf and T}' (i.e., we can translate
the axesOx'y'parallel to themselves) in such a way that the final equation
for the axes O\"x\"y\" has one of the canonical forms I, 2, ... , 9.

Removing all parentheses in equation (10) and collecting similar

terms, we obtain)

A'x\"2 + C'y\"2 + 2(A'f + D')x\" + 2(C'T}'+ E')y\" + F' = 0,

(10'))

where we have denoted by F' the sum of all constant terms; its value
does not interest us at the moment.

We consider three possible cases.

I. A' and C' both not equal to zero. In this case, takingf = - D'jA',
T}'

= - E'jC', we annihilate the terms with the first powers of x\" and y\"

and obtain an equation of the form

A'x\"2 + C'y\"2 + F' = O. (I)

II. A' * 0, C' = 0, but E' * O. Letting f = -
D'jA', T}'

= 0, i.e.,
y\"

= y', we obtain the equation

A'x\"2 + 2E'y' + F' =
0,)))
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or)

A'x\"2 + 2E' (y' + :;.., ) = O.)

Then making a parallel translation along the Oy'-axis by an amount

rt = -F'12E', we find that y' =
y\"

- F'12E', i.e., y' + F'12E'= y\" so

that we obtain the equation

A'x\"2 + 2E'y\" = O. (II)

If we have A' = 0, C' * 0, D' * 0, we can simply interchange the
roles of x and y and obtain the same result.

Ill. A' * 0, C' = 0, E' = O. Taking again f = - D'IA',r/ = 0,we

obtain the equation)
A'x\"2 + F' = O.) (III))

If we have A' = 0, C' * 0, D' = 0,we can again interchange the roles
of x and y.

We have now considered all the possibilities,in view of the fact that

A' and C' cannot simultaneously be zero, since then the degree of the

equation would be reduced,and we have seen that under our coordinate
transformations this degree does not change.

Thus, with the appropriate choice of rectangular coordinates every

second-degree equation can be brought to one of the three so-called
\"reduced\"equations (I), (II),(III).

Let the equation have the form (I) (in this case A' and C' are not

equal to zero). If F' * 0, then writing equation (I) as)

X\"2 y\"2 _ I = 0
-F'IA'

+
-F'IC'

')

we arrive, depending on the signs of A', C', F', at one of the equations
I, 2, or 4. If the denominator of X\"2 is negative and that of y\"2 is positive,

then we must also interchange the axes 0\" x\" and 0\"y\".

If F' = 0, then equation (I) can be written in the form)

X\"2 y\"2

IIA'
+

I/C'
=

0,)

and we arrive at equations 3 or 5.
If the equation has the form (II) (in this case A' and E' are not both

zero), then we can write it as

\"2
+

2E' \"- 0x 7 Y
-

,)))
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and denoting -
E'IA' by p and interchanging the names of the axes

O\"x\" and O\"y\" we obtain equation 6.

Finally, if we have an equation of form (III) (where A' * 0), it can be

rewritten as X\"2 -I- F'IA' = 0 and one of the equations 7, 8, or 9 is
obtained.

This important theorem on the possibility of reducing every 2nd-

degree equation to one of the 9 canonical forms was already examined
in detail by Euler. The arguments in Euler's book differ only in form

from the ones just given.)

\n9. The Representation of Forces, Velocities,and Accelerations by

Triples of Numbers; Theory of Vectors

Following Euler an important step was taken by Lagrange. In his

\"Analytic mechanics,\" published in 1788, Lagrange arithmetized forces,
velocities and accelerations in the same way as Descartes arithmetized

points. This idea that Lagrange developed in his book subsequently
took the form of the so-called theory of vectors and proved to be an

important help in physics, mechanics, and technology.)

Rectangular coordinates in space. We remark, first of all, that

neither Descartes nor Newton developed analytic geometry in space.

This was done later on, in the first half of the 18th century, by Laguerre

and Clairaut. In order to specifya point M in space they selected three
mutually perpendicular axes Ox, Oy, and Oz and considered(figure 39)

the numerical values of the distances of the point M from the planes
Oyz, Oxz, and Oxy, taken with the corresponding signs, the so-called
abscissax, ordinate y, and altitude z of the point M.)

z)

X?f)
z)

....--y)

x)

FIG. 39.)

z)

x)

FIG. 40.)))
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Arithmetization of forces, velocities, and accelerations, introduced by

Lagrange. We consider (figure 40) a forceI which can be represented
in conventional units by a segment with an arrow, having a specific

length and direction. Lagrange points out that this force I can be de-
composed into three components Ix , 111' and Iz in the direction of the

corresponding axes Ox, Oy, and Oz; these components, as directed
segmentson the axes, can be given simply by numbers, positive or negative
depending on whether the component is directed in the positive or the

opposite direction of the axis. Thus, we can consider, for example, the

force (2, 3, 4) or the force (I, -2,5), etc.In the composition of forces

according to the parallelogram law, as can easily be shown (it will be

shown later), their corresponding components have to be added. For

example, the sum of the given forces is the force)

(2 + I, 3 - 2, 4 + 5) =
(3, I, 9).)

The same can be done for velocities and accelerations. In every problem
of mechanics,all the equations connecting forces, velocities, and accelera-
tions can also be written as equations connecting their components, i.e.,

connecting simply numbers; then the mechanical equation will necessarily

be written in the form of three equations: first for the x's, the second
for the y's, and the third for the z's.

But it was only after a hundred years from the time of Lagrange that

mathematicians and physicists, particularly under the influence of the

developing theory of electricity, began on a wide scale to consider the

general theory of such segments, having a definite length and direction.
Such segmentswerecalledvectors.

The theory of vectors has a great significance in mechanics, physics,
and technology, and its algebraic side, the so-called algebra of vectors

(in contrast to vector analysis) appears at once as an essentialconstituent

part of analytic geometry.)

Algebra of vectors. Any directed segment (whether it represents a
force, a velocity, an acceleration, or some other entity) i.e., a segment

having a given length and a definite direction, is called a vector. Two

vectors are said to be equal, if they have the same length and the same

direction; i.e., in the very concept of \"vector\" only its length and its
direction are taken into account. Vectors can be added. Let the vectors

a, b, ... , d be given. We layout the vector a from some point, then from
its end point we draw the vector b, etc. We obtain a so-calledvector

polygon ab'\" d (figure 41). The vector m whose initial point coincides
with the initial point of the first vector a of this polygon, and whose)))
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end point coincides with the end point of the last vector d, is called the
sum of these vectors)

m = a + b + ... + d.) (II))

It is easy to show that the vector m does not depend on the order in

which the summands a, b, ... , d are taken.)

d)

b)
7

y
/'

\no)
/

\n20)

m)

FIG. 41.) FIG. 42.)

The vector equal in length to the vector a but opposite in direction

is called its inverse vector and is denoted by -a.
Subtractionof the vector a is defined as addition of its inverse vector.

In vector calculus ordinary real numbers are customarily called scalars.

Let a vector a (figure 42) and a scalar A be given, then by the product
of the vector a with the scalar (number) A, i.e., Aa, is meant the vector
whose length is equal to the product of the length lal of the vector a)

z)

x)

M)

z)

I..--) x)

FIG. 43.) FIG. 44.)))
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and the absolute value I A I of the number A, and whose direction is the

same as that of a if A > 0 and the opposite if A < O.

Let us consider a system of rectangular Cartesian coordinates Oxyz
and the vectors e 1 , e 2 , e3 having length equal to unity and directions

coinciding with the positive directionsof the axes Ox, Oy, Oz, respectively.
It is obvious that any given point M (figure 43) of space can be reached
from the origin 0 by traversing a certain number of \"times\" (an integral,
fractional or irrational, positive or negative \"number of times\") the

vector e 1 , (hen so many \"times\" the vector e2, and finally so many

\"times\" the vector e3' It is clear that the numbers x, y, z showing how

many \"times\" it is necessary to traverse the vectors el , e2 , e 3 , are simply

the Cartesian coordinates of the point M.
Let a vector a be given; if we cause a point to move from the initial

point of a to its end point and decomposethis motion into motions

parallel to the axes Ox, Oy, and Oz, and if it is hereby necessaryto shift

the point through a distance xe1 parallel to the Ox-axis, through ye2

parallel to the Oy-axis and through ze 3 parallel to the Oz-axis, then)

a = xel + ye2 + ze 3 .) (12))

The numbers x, y, z are called the

coordinates of the vector a. Theseare
obviously just the coordinates of the

end point M of this vector, if its

initial point lies at the origin 0 of

the coordinate system (figure 44).

From this it follows at once that in

adding vectors their corresponding
coordinates are to be added, and in

subtraction they are to be subtracted.
If the first vector \"carries\" us along
the Ox-axis by a distance xe 1 , and
the second by x' e 1 , then clearly their

sum \"carries\" us along the Ox-axis by

a distance (x + x')el , etc. (figure 45).

It also follows at once that in mul-

tiplication of a vector by a number,

its coordinates are multiplied by the number.)

z)

FIG. 45.)

x)

Scalar product and its properties. If we are given two vectors a and

b, then the number equal to the product of their lengths by the cosine

of the angle between them I a I I b I cos cp is called their scalar product and
is denoted by ab or (ab). Let x, y, z be the coordinates of the vector a)))
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and x, y, z the coordinates of the vector b; then the scalar product is

equal to)

ab = xx + yy + zz,) (13))

i.e., to the sum of the products of their corresponding coordinates.
This important result can be proved as follows. First we make the

following remarks:

(I) If we multiply one of the vectors of a scalar product,for example a,

by a number .:\\, this is obviously the same as multiplying their scalar

product by the same number, i.e.,)

(.:\\a)b
=

.:\\(ab).)

(2) The scalar product is distributive, i.e., if
a = a1+ a2,then ab = a 1b + a2 b.

In fact, the left-hand side of this equality is

equal to the product of the length of the vector b

by the numerical value of the projection of the

vector a on the axis of the vector b (figure 46),
and the right-hand side is equal to the product of FIG. 46.

the length of b by the sum of the numerical values
of the projections of the vectors a1 and a2 on the axis of b. But

proj a = proj al + proj a2 , which proves the equality.
Now we considertwo vectors a and b whose decompositionsin terms of

the vectors e1, e2 , e a are a = xe 1 + ye2 + zea , b = xel + ye2 + zea ,

so that)

ab = (xe1 + ye2 + ze a )(xe 1 + ye2 + zea ).

By the distributivity (2) of the scalar product, the sums of vectors in

parentheses can be multiplied as polynomials, and by (1) the scalar

factors in each of the terms can be taken outside the parentheses, so that)

ab = xxe 1e1 + xye1e2 + xze 1e a + yxe 2e1 + yye2e2+ yze2e a

+ zxeael + zyeae2+ zzeae a .)

But)

I e 1 I
=

I e2 I
= I e a I = I, cos 0 = I and cos90\302\260= O.

Consequently,)

e1e1 = I, e1e2
= 0, e1ea

= 0,
e2e 1

= 0, e 2e 2
= I, e2e a

= 0,
ea e 1

= 0, ea e2
= 0, eaea

= I.)

Thus,)

ab = xx + yy + zz.) (14))))
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We remark, in particular, that if the vectors a and b are mutually

perpendicular, then cp
= 90\302\260and cos cp

= O. Therefore the equality)

xx + yy + zz = 0) (15))

serves as an easily verifiable condition of perpendicularity of the vectors

a and b.)

Angle between two directions. Let us consider a direction charac-

terized by its angles ex, f3, y with the coordinate axes. We draw the line)

x)

FIG. 47.)

z) 8)

x)

FIG. 48.)

in this direction through the origin of the coordinate system and mark

off on it from the origin a segment OA of unit length (figure 47). In this

case the coordinatesof the point A, i.e., the coordinates of the vector OA

are exactly cos ex, cos f3, and cos y. If we have a second direction given---->-
by the angles Ii, p, y, then the analogous vector OB for this second direc-

tion has coordinates cos Ii, cos p, cos y (figure 48). Let cp be the angle
between these vectors; then their scalar product is equal to 1'1coscp

from which we find

cos cp
= cos ex cos Ii + cos f3 cos P + cos y cos y. (I6)

This is the very important formula for the cosine of the angle between

two directions.)

\n10. Analytic Geometry in Space; Equations of a Surface in Space and

Equations of a Curve

If an equation z = f(x, y) is given and if x and yare regarded as the

abscissa and ordinate and z the altitude of a point, then this equation)))
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itself represents some surface P, which can be obtained by erecting
perpendiculars of length z at the points (x, y) of the Oxy-plane. The

locus of the end points of these perpendicularsgives the surface P re-

presented by this equation. If the equation connectingx, y, and z is not

already solved with respect to z, then it can be solved for z and after
that we can construct the surface P. In general, in analytic geometry the

totality of all those points of space whose coordinatesx, y, z satisfy a

given equation (figure 49) in three variables x, y, z is said to be the surface

represented by the equation.)

z)

x)

FIG. 49.)
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A function of two variables f(x, y), as was pointed out already in

Chapter 11, can represent not only a surface P, but also its system of
level curves, i.e., curves in the Oxy-plane on each of which the function

f(x, y) has a constant value. This system of curves is clearly nothing

else than the topographical map of the surface P on the Oxy-plane.)

Example. The equation xy = z gives, for instance, the level curves:

..., xy = -3, xy = -2, xy
= -I, xy = 0, xy = I; xy

= 2, xy = 3, ....
All of them are hyperbolas (figure 50) except xy = 0, which represents

the two coordinate axes. What is obtained is clearly a saddlelike surface

(figure 51) (the so-called hyperbolic paraboloid).
In order to define a curve in space, we can give the equations of any

two surfaces P and Q which intersect along the curve. For example, the

system)

xy = z,
x2+y2=1

gives a space curve (figure 52). The equation xy = z determines the)))
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earlier hyperbolicparaboloid,and the equation x 2 + y2
= I determines

a circular cylinder of unit radius, whose axis is the Oz-axis. The system

of equations consequently defines the curve of intersection of the para-
boloid with the cylinder, which is represented in figure 52.)

z)

z)

,
,
,

\n-\n-----\n-------\n

I
I)

Q.

,'-: :\n::=:::::\n::::::::::::..... ........... x
1

I
.)

FIG. 51.) FIG. 52.)

If in this system one of the unknowns, say x, is chosenarbitrarily,

and then the system is solved with respect to Y and z, we will obtain

the coordinates x, y, z of the various points of the curve.)

Equation of a plane and equationsof a straight line. It can be shown

that every equation of the first degree with three variables

Ax + By + Cz + D = 0

represents a plane, and conversely. By what has already been said, it is

clear that a line can be given by a system of two such equations:

A1x + B1y + C1z + DI = 0,
A 2x + B2Y + C2z + D 2 = 0,

i.e., as the curve of intersection of two planes.)

The general second-degree equation in three variables and its 17 canonical

forms. A second-degree equation in three variables

A 1x 2 + A2Y
2 + Aaz2 + 2B 1yz + 2B2xz +- 2Baxy

+ 2C1x + 2C2y + 2C a z + D = 0, (17))))
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contains 10 terms. Analogously to what was done earlier for an equation
with two variables, it can be shown that by a suitable rotation of the
given coordinate system about the origin, equation (17) can be reduced
to the form)

A\nx'2 + A\n'2 + A\nz'2 + 2C{x' + 2C\ny' + 2C\nz' + D = 0, (18))

i.e., so as to eliminate the terms with products of the variables. However,
the proof here of the possibility of such a simplification of the equation

is considerably more difficult than in the case of the plane. The difficulty

of the proof arises from the fact that in the plane a rotation about a
point is given by one angle cf>, which we selected suitably, while in space

the rotation of a body about a fixed point is given by three independent

angles (Euler angles) cf>, e, \302\253Pand in a quite complicated way. So the

equation must be cleared of the terms with products of variables in a
roundabout way (see Chapter XVI on the theory of reductionby orthogon-

al transformations of a quadratic form to a sum of squares). Then, as
in the case of the plane, a parallel translation of the axes is made and
the equation is simplified, after which equation (18) finally assumes one
of the following canonical forms:)

x 2
y2 Z2

1. -+-+--1 =0
a2 b 2 c 2) o Ellipsoid)

x2
y2 Z2

2. 2 + b2
+ 2 + I = 0

a c)
,'--\"'\":0-
......\n.)

Imaginary ellipsoid)

x 2
y2 Z2

3. - + - - - - I = 0
a 2 b 2 c 2) rJ)

Hyperboloid of one sheet)

x2 y2 Z2
4. - + - - -

+ I = 0
a 2 b

2 c 2)

\n

\n)
Hyperboloid of two sheets)

x2
v

2 Z2
5. - + \"-- - - = 0a2 b 2 c 2)

x)
Second-order cone)

x2
y2 Z2

6. 2 + b2 + 2
= 0

a c)

.,--
t Imaginar y second-order cone

':\n)

x2 y27 - + - - 2cz = 0.
a2 b 2)

f;j Elliptic paraboloid)))
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X2 y2
8. - - - - 2cz = 0

a 2 b 2)
\n)

Hyperbolic paraboloid)

X2 y2
9.

a 2 +
b2

- I = 0)
(j) Elliptic cylinder)

X2 y2
I I.

a 2
+

b 2
= 0)

r=j Imaginary elliptic cylinder'-

Jm A pair of intersectingI I,.-

imaginary planes

a\n Hyperbolic cylinder

1& A pair of intersecting planes

() Parabolic cylinder

\n A pair of parallel planes

\nr\" A pair of imaginary parallel.t.:.P
planes

\n A pair of coincident planes.)

X2 y2
10 _ + - + 1=0.

a
2 b 2)

X2 y212.
a 2

-
b2

- I = 0)

X2 y213.
a 2

-
b2

= 0)

14. y2
- 2px = 0)

15. X2 - a2 = 0)

16. X2 + a 2 = 0)

17.x 2
=0)

The last nine canonical equations 9-17do not contain terms in z and

represent exactly the canonical equations of second-order curves in the

Oxy-plane. In space these equations representcylinders,whosedirectrices
are the corresponding second-order curves in the Oxy-plane and whose
generators are parallel to the Oz-axis. Indeed, if one of these equations

is satisfied by a point with coordinates (Xl' Yl ,0), then it will also be
satisfied by any point with coordinates (Xl' Yl , z) whatever z may be,
since there are in any case no terms with z in the equation.

Among the equations 1-8as can easily be seen, equation 2 is not

satisfied by any point with real X, y, z and equation 6 is satisfied only

by one such point (0, 0, 0),Le.,the origin. It remains, therefore, to study

only the six equations I, 3, 4, 5, 7, 8.)

Ellipsoid. Let us compare the surfaces represented by the equations

x2ja
2 + y2jb

2 + z2jc
2 - I = 0 and X2 + y2 + Z2 - I = O. The second

of these is obviously the equation of a sphere C with center at the origin)))



*10. ANALYTIC GEOMETRY IN SPACE)

and with unit radius, since x 2
+ y2 + Z2 is the square of the distance

from the point (x, y, z) to the
origin O. If (x, y, z) is a point

lying on the sphere, i.e., satisfy-
ing the second equation, then

(ax, by, cz) is a point whose
coordinates satisfy the first

equation. The surface repres-
ented by the first equation is
thus obtained from the sphere
C if all abscissasx of points of

the sphere are replaced by ax,

y by by, and z by cz, i.e., if the

sphere C is uniformly stretched from the Oyz-, Oxz-, and Oxy-planeswith

coefficients of expansion a, band c, respectively. This surface is called
an ellipsoid (figure 53).)

223)

x)

FIG. 53.)

HyperboIoids and the second-order cone. Let us consider equations

3, 4, and 5, i.e., the equation of the form)

x 2
y2 Z2

-+---=8
a 2 b

2 c 2 ') (19))

where 8 = I, -lor O. Let us compare it with the equation)

x2 y2 Z2
-+---=8
a2 a 2 c 2 ') (20))

in which the denominator of y2 is also a 2 and not b2
, as in equation (19).

As before, we observe that surface (19) is obtained from surface (20) by

expansion from the Oxz-plane with coefficient bfa.

Let us now see what surface is represented by (20). We take a plane
z = h perpendicular to the Oz-axis and examineits intersection with the

surface (20). Substituting z = h in equation (20), we obtain)

h 2

x 2
+ y2 = a2

(8
+

C2)
.)

If 8 + h 2fc 2 is positive, then this equation together with z = h gives
a circle, lying in the plane z = h with center on the Oz-axis. If 8 + h

2
fc

2

is negative, which can be the case only with 8 = -I and h 2
small, then

the plane z = h does not intersect surface (20) at all, since the sum of

squares x 2
+ y2 cannot be a negative number.)))
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The whole surface (20) thus consists of circles lying in planes perpen-
dicular to the Oz-axisand having their centers on the Oz-axis. But in

this case the surface (20) is a surface of revolution about the Oz-axis.)

.II I)
z)

FIG. 54.) FIG. 55.)

If we intersect it with a plane passing through the Oz-axis, we obtain
its \"meridian,\" i.e., a curve, lying in a plane passing through the axis,

by the revolution of which the surface is generated.
If we intersect the surface (20) with the coordinate plane Oxz, i.e.,

the plane y = 0 (figure 54), by substituting y = 0 in equation (20), we

obtain the equation of the meridian x 2
/a

2 -
Z2/C

2 = S. In case S = 1)

z)
z)

FIG. 56.) FIG. 57.)))
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this is the hyperbola I, for S = -I, it is the hyperbola II, and for S = 0,
the pair of intersecting lines Ill. By revolution around the z-axis these
produce, respectively, a so-called hyperboloid of revolution of one sheet
(figure 55), a hyperboloid of revolution of two sheets (figure 56) and a
straight circular cone (figure 57).

The general hyperboloid of one sheet, hyperboloid of two sheets, and
second-ordercone3,4,and 5 are obtained from these surfacesof revolution

by an expansion from the Oxz-plane with coefficient bfa.)

Paraboloids. Only equation., 7 and 8 remain. Let us compare the
first of these x 2

fa
2 + y2fb

2 = 2cz with the equation)

x2 y2

2 + 2 = 2cz,a a)

which we investigate in the same way as before. H represents a surface
obtained by revolving the parabola x2 = 2a 2cz about the Oz-axis,)

z)

FIG. 58.)

x)

FIG. 59.)

namely the so-called paraboloid of revolution (figure 58) discussed earlier
in connection with parabolic mirrors. The general elliptic paraboloid7
is obtained from the paraboloid of revolution by an expansion from the

Oxz-plane.
The surface 8 has to be studied in a different way, namely by examining

its intersections with planes z = h, which are hyperbolas. The contour map
of the surface 8 is represented in figure 50; in a different position of

the coordinate axes we considered this surface in figure 51. It is saddle-

shaped, as illustrated in figure 59 and is called a hyperbolic paraboloid.

Its intersections with planes parallel to the Oxz-plane turn out to be

identical parabolas. The same result is obtained by intersections with

planes parallel to the Oyz-plane.)))
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Rectilinear generators of a hyperboloid of one sheet. It is a very
curious and not at all obvious fact that the hyperboloid of one sheet
and the hyperbolic paraboloid can be obtained, just like the cone and

the cylinder, by the motion of a straight line. In case of the hyperboloid,
it is sufficient to prove this fact for a hyperboloid of revolution of one
sheet x2

/a
2

+ y2/b
2 -

Z2/C
2 = I, since the general hyperboloid of one

sheet is obtained by a uniform expansion from the Oxz-plane and under

such an expansion any straight line will go into a straight line. Let us)

<---) C--)

,,-------------,-)

FIG. 60.) FIG. 61.) FIG. 62.)

intersect the hyperboloid of revolution with the plane y = a parallel to

the Oxz-plane. Substituting y = a we obtain)

x 2 a 2 Z2
-+---=1a 2 a 2 c 2)

x 2 Z2
or - - - = O.

a 2 c 2)

But this equation together with y = a gives in the plane y = a a pair
of intersecting lines: x/a - z/c = 0 and x/a + z/c = O.

Thus we have already discovered that there is a pair of intersecting

lines lying on the hyperboloid. If now we revolve the hyperboloid about

the Oz-axis, then each of these lines obviously traces out the entire

hyperboloid (figure 60).
It is easy to show that: (1) two arbitrary straight lines of one and the

same family of lines so obtained do not lie in the same plane (i.e., they

are skew lines), (2) any line of one of these families intersects all the

lines of the other family (except its opposite, which is parallel to it),
and (3) three lines of one and the same family are not parallel to any

one and the same plane.)))
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With two matches and a needle it is easy to obtain a representation of
the hyperboloid of revolution of one sheet. Let us puncture one of the

matches through its middle by the needle, and on the sharp end point
of the needle we pin the other match parallel to the first match. If we

then revolve the whole apparatus about the first match as an axis, the
second match will trace the surface of a cylinder (figure 61). But if the
second match is not parallel to the first match, then during a revolution

it will trace the surface of a hyperboloid of revolution of one sheet, as
can easily be visualized if the rotation is rapid (figure 62).)

Snmmary of the investigation of the second-degree equation. Although

the general second-degree equation with three variables can represent
essentially 17 different surfaces, it is not difficult to remember them.

The last nine are cylinders over the nine possible second-order curves,
while the first eight are divided into four pairs: two ellipsoids (real and

imaginary), two hyperboloids (of one sheet and two sheets), two second-

order cones (realand imaginary), and two paraboloids (elliptic and hyper-
bolic).All these surfaces play an essential role in mechanics, physics,

and technology (ellipsoid of inertia, ellipsoid of elasticity, hyperboloid
in the Lorentz transformation in physics, paraboloid of revolution for

parabolic mirrors, etc.).)

\n11. Affine and Orthogonal Transformations

The next important step in the development of analytic geometry was

the introduction into it, and into geometry in general, of the theory of
transformations.Here it will be necessary to explain the matter in some

detail.)

\"Contraction\" of the plane toward a line.

simplest transformations of the plane,
namely uniform \"contraction\" toward a
line with coefficient k. In the plane let
there be given a line a and a positive
coefficient k, for example, k = 2/3. All

points of the line a are fixed, and every

point M not lying on this line is sent into

the point M' such that M' lies on the same
sideof the line as M on the perpendicular
from M to a at a distance from a equal

to 2/3 of the distance from Nt to a. If the
coefficient k, as here, is smaller than unity,

then we have a propercontraction of the)

Let us consider one of the)

M

\n
M')

a)

N')

t
N)

FIG. 63.)))
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plane to the line; but if k is greater than unity, we have an expansion
of the plane from the line, but for convenience we will in this and

other cases talk about \"contraction,\" except that the word \"contraction\"

will be put in quotation marks.
The point or figure to be transformed is called the preimage and the

one into which it is sent is its image. The point M', for example, is the

image of the point M (figure 63).

We show that under a uniform \"contraction\" of a plane to a line,
any line of the plane is transformed into a line. For let the plane be

\"contracted\" to a line a lying in it with coefficient of \"contraction\" k.

Let b be any line of the plane, 0 the point in which it intersects the line a,

B another arbitrary point of b, and BA the perpendicular to the line a
from the point B (figure 64). In the \"contraction\" the point B goes to

b)

M2)

M:)

a)

FIG. 64.) FIG. 65.)

the point B' on this perpendicular such that B' A = k . BA. Therefore,
the tangent of the angle B'OA will be equal to AB'jOA = k .

ABjOA,

i.e., will be equal to k times the tangent of the angle which the line b
makes with line a, i.e., for all points B' into which different points of
the line b are transformed, it will be one and the same. All points B'

consequently lie on one and the same line, passing through the point 0
and making with line a an angle with this tangent.

Under \"contraction\" parallel lines remain parallel. Indeed, if the

tangents of the angles which lines band c make with line a are the same,
then the tangents of those angles which the images b' and c' make with a

differ from them only by a factor k, Le., they are still equal to each other,
which means that the lines b' and c' are also parallel to each other.

Any rectilinear segment of the plane under \"contraction\" to a line is
contracted (or expanded) uniformly (although to various degrees for

segments of various directions). When we speak here of \"uniform\"

contraction, we mean that the midpoint of the segment remains the

midpoint, the third remains the third, etc., Le., the segment shrinks
uniformly along its full length. Indeed, in whatever ratio the point M)))
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divides the segment M1M2 , its image M' will divide M;M\n, in the same
ratio, since parallel lines (in this case perpendiculars to the line a) cut

lines intersecting them (in this case band b') in proportional parts

(figure 65).)

The ellipseas the result of \"contraction\" of a circle. We consider a

circle with center at the origin and radius a. By the theorem of Pythagoras

its equation is x 2
+ ji2 = a 2

, where we have written ji instead of y, since y
will be needed later. Let us see what this circle is contracted into if we
\"contract\" the plane to the Ox-axis with coefficient b/a (figure 66).
After this \"contraction\" the x-values of all points remain the same, but

the ji-values become equal to y = ji (b/a), i.e.,ji =
(a/b) y. Substitu-

ting ji in the above equation of the circle, we will have:)

a 2 x2 y2x 2 + _
Y

2 = a 2 or - + - = I
b 2 a 2 b 2)

as the equation, in the same coordinate system, of the curve obtained
from the given circle by contraction to the Ox-axis. As we see, we obtain
an eJJipse.Thus we have proved that

an elJipse is the result of a \"con-
traction\" of a circle.

From the fact that an elJipse is a
\"contraction\" of a circle, many
properties of the ellipse follow di-

rectly. For example, the afore-

mentioned property of diameters,
namely that if parallel secants of an
elJipseare given, then their midpoints
lie on a straight line (see figure 12),
can be shown in the following way.
We perform the inverse expansion
of the elJipse into the circle. Under
this expansion parallel chords of the

elJipse go into parallel chords of the

circle, and their midpoints into the

midpoints of these chords. But the midpoints of parallel chords of a
circlelie on a diameter, Le., on a straight line, and so that the midpoints
of parallel chords of the ellipse also lie on a straight line. Namely, they

lie on that line which is obtained from the diameter of the circle under

the \"contraction\" which sends the circle into the ellipse.
Here is another application of the theory of \"contraction.\"Sinceany

vertical strip of the circle under its contraction to the Ox-axis does not)

y)

x)

FIG. 66.)))
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change its width and its length is multiplied by bfa, the area of this strip

after contraction is equal to its initial area multiplied by bfa, and since
the area of the circle is equal to 7Ta 2

, the area of the corresponding ellipse
is equal to 7Ta 2

(hfa) = 7Tab.)

Example of the solution of a more complicated problem. Let an el-

lipse be given and let it be required to find the triangle with smallest area

circumscribed to this ellipse. We first solve the problem for a circle.We

show that in the case of a circle,this is an equilateral triangle. Indeed,
let the circumscribed triangle be nonequilateral; i.e., the smallest of its

angles (denoted by B) is less than 60\302\260,and the largest C > 60\302\260.If then,

without varying the angle A, we move side BC into the position BoCo

(figure 67) by shifting the vertex B toward A until one of the angles Bo

or Co becomes equal to 60\302\260,we obtain a circumscribed triangle ABoC o)

A)

8)

-'\"\",\",,
\n:___:'

T:'
-- ,....)

FIG. 67.) FIG. 68.)

with smaller area, since here* OC < OB, OC o \n OB o and therefore the

discarded area OBB o is greater than the added one OCC o . If the triangle
so obtained is not equilateral, then by repeating the above procedure
we reduce its area still further and arrive at an equilateral triangle. Hence,
any nonequilateraI triangle circumscribed to a given circle has a greater
area than an equilateral one.

We now return to the ellipse. Let us make an expansion of it from

the major axis, thereby converting it back into the circle from which it

was obtained by \"contraction.\" Under this expansion (figure 68): (I) all)

* As can be easily shown.)))
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triangles circumscribed to the ellipse are transformed into triangles

circumscribing the resultant circle; (2) the areas of all figures, and in

particular of these triangles are increased in one and the same ratio.
From this we see that the triangles circumscribingthe given eHipse with

the smallest area will be those that are converted into equilateral triangles

circumscribing the circle. There are infinitely many such triangles; each
of them has its center of gravity at the center of the ellipse and the points

of tangency are in the middle of its sides. Any of these triangles can

easily be constructed (figure 68), starting from the aforementioned
circle.

\"Contractions\" of the plane to a line are only a particular case of
more general,so-calledaffine transformations of the plane.)

General affine transformations. A pair of vectors el , e2 starting from

a common origin 0 and not lying on the same line will be called a co-
ordinate \"frame\" of the plane. The coordinates of a point M of the

plane relative to this frame Oe le2 will then be numbers x, y such that

in order to reach the point M from the origin 0 it is necessary to lay
off from the point 0 x-times the vector e l and then y-times the vector e2

This is a general Cartesian coordinate system of the plane Analogously,
a general Cartesian coordinate system can be introduced in space The
ordinary, so-calledrectangular Cartesian coordinate system that we have
made use of up to now corresponds to the particular case when the

coordinate vectors el , e2 are mutually perpendicular and their lengths
are equal to the unit of measurement

A general affine transformation of the plane is one under which a

given net of equal parallelograms is transformed into another arbitrary
net of equal parallelograms. More precisely, it is a transformation of
the plane under which a given coordinate frame Oele2 is transformed

into a certain other frame (generally speaking, with another \"metric,\" i.e.,
with different lengths for the vectors e\n and e; and a different angle

between them) and an arbitrary point M is sent into the point M' having

the same coordinates relative to the new frame as M had relative to the

old (figure 69).
\"Contraction\" to the Ox-axis with coefficient k is a specialcasein

which the rectangular frame Oe\ne; passes into the frame Oe\nke;.
It can easily be shown that under an affine transformation every

straight line is sent into a straight line, parallel lines are mapped into

parallel lines,and if a point divides a segment in a given ratio, then its

image divides the image of this segment in the same ratio. Moreover, we
can prove the remarkable theorem that any affine transformation of the

plane can be obtained by performing a certain rigid motion of the plane)))
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onto itself, and then, in general, two \"contractions\" with different

coefficients k 1 and k 2 to two mutually perpendicular lines.
For the proof of this assertion, we

consider all radii of somecircleof the

plane (figure 70). Let radius OA be the

one which, after the transformation,
turns out to be the shortest, and let

it be mapped into 0' A', The perpen-
dicular AB to OA is then transformed

into A' B', which must be perpendicular
to 0' A', since if the perpendicular 0' C'
weredifferent from 0' A', then it would

be the image of the oblique OC,and

the image 0' D' of the radius 0 D would
be a part of the perpendicular 0' C',
i.e., shorter than the oblique 0' A',
contrary to assumption.

The mutually perpendicular lines OA

and AB are therefore mapped into
mutually perpendicular lines 0' A' and
A'B'. Consequently, the square net

constructed on OA and AB is trans-

formed into a net of equal rectangles

(figure 71) and uniform \"contractions\"
take place along the straight lines of

this square net.
In a completely analogous way a

general affine transformation of space
can be defined as one under which a

space coordinate frame Oe1e?f!ais
transformed into some other frame
0' e\ne;e;, generally speaking, with a

different \"metric,\" i.e., with unit

segments of different lengths and with

different angles between them, and
a point M is sent into. point M' having the same coordinates
relative to the new frame as those of the point M relative to the old
frame.

All the properties enumerated here also hold for affine transformations

of space, except that in the last theorem there wiJl be a rigid motion of

space and then three \"contractions\" to three mutually perpendicular

planes with certain coefficients k1, k2 , ka.)

e2)

o)

()
e,)

FIG. 69.)))
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8)
8')

c'

\n

'8'
0'

-
0')

A)

o)

FIG. 70.) FIG. 71.)

Applications of affine transformations. The most important applications
of affine transformations are:

I. In the first place there is the application in geometry to solving

problems concerning affine properties of figures, i.e., properties that are

preserved under affine transformations. The theorem about the diameters

of an ellipse and the problem of circumscribed triangles were examples.
To solve such problems we make an affine transformation of the figure
to some simpler one, for which we prove the desired property and then

return to the original figure.

2. Second,there is the application in analytic geometry to the classifica-
tion of second-order curves and surfaces. The main point is, as can be
shown. that different ellipses are related to one another in the sense that
one can be obtained from another by an affine transformation (the Latin

word affinis means \"related\.") Also all hyperbolas are affine to one

another, and so are all parabolas. But we cannot convert an ellipseinto

a parabola, or a hyperbola into a parabola,by an affine transformation,

i.e., they are not affinely related to one another. It is natural to divide

up all second-order curves into affine classes of curves, affinely related

to one another. It turns out that the reduction of an equation to canonical

form gives exactly this classification; i.e., there are nine affine classes of

second-order curves. (We will not go into detail why imaginary ellipses

and pairs of imaginary parallel lines belong to different affine classes.

Properly speaking, neither in one case nor in the other are there any

curves on the plane at all. The question here is really about algebraic
propertiesof the equation itself.)

Similarly, the classification of second-ordersurfaces according to their

canonical equations into 17 forms is the same as the affine classification.

Let us give a simpleexampleof the application of the affine classification
of second-ordersurfaces.We show that if we arbitrarily select in space three
lines a, b, c such that (l) any two of them do not lie in the same plane)))
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(Le., they are skew to each other) and (2) they are not all parallel to one
and the same plane, then the set of all straight lines d of space, each of

which simultaneously intersects aU three given lines a, b, C (figure 72)

constitutes the entire surface of a hyperboloid of one sheet.)

c)

FIG. 72.) FIG. 73.)

Let us explain more fully the set of lines d we are discussinghere.
Through an arbitrary point A of line a, we can passa plane P containing

the line b and a plane Q containing the line c. These planes P and Q

intersect in a unique line d, which passes through the point A of line a

and intersects lines band c. Drawing aU such lines d through arbitrary

points of line a, we obtain the set of all those lines d of space each of

which intersects aU three given lines a, b, and c. This collection of lines

determines a surface. We note that any given hyperboloid of one sheet
can be obtained in this way, since we only need to take for the lines
a, b, and c three distinct straight lines ao , bo , Coof one family (figure 73)

and for the lines d all the straight lines of the other family. Conversely,

let there be given three arbitrary pairwise skew lines of space a, b, c,
not all parallel to one and the same plane. Then, as can be shown, these
lines always form the three edges (without common points) of some

parallelepiped (figure 74). After constructing such parallelepipeds for the
given lines a, b, c and for three lines a o , bo , Co of one and the same

family of an arbitrary hyperboloid of one sheet, we make an affine

transformation of space that sends the parallelepiped ao , bo , Co into the

paraUelepiped a, b, c; obviously,this transformation maps the hyperboloid
onto the surface in question. But according to the affine classification

of second-order surfaces, the affine image of a hyperboloid of one sheet

is again a hyperboloid of one sheet.

3. Third, there is the application to the theory of continuous trans-

formations of continuous media, for example, in the theory of elasticity,)))
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in the theory of electric or magnetic fields, etc. Very small elements of
the given continuous medium transform \"almost\" affinely. So to speak,
\"in the small the transformation is linear\" (we call a first-degree expression
linear, and in the following section we see that in analytic geometry the
formulas of affine transformations are of the first degree). This is evident
in figure 75. On the lines of the large square net, their distortion or)

FIG. 74.)

oo\n)

FIG. 75.)

FIG. 76.)

\"fanning out\" is clearly noticeable. But for a small piece of the very

dense square net, all this shows itself very little, and the square net
transforms \"almost\" into a net of equal parallelograms.A similar picture

is obtained in space also (figure 76). By the fact that any affine trans-

formation of spacereducesto a motion and three mutually perpendicular

\"contractions,\" it follows that an element of a body under an elastic
deformation first moves as a rigid body and then undergoes three mutually

perpendicular \"contractions.\

Formulas of affine transformations. If the frame Oe1e2 is affinely

transformed and 0' e\ne\n is its image, while the coordinates of the new

origin 0' relative to the old frame are g, T} and the coordinates of the
vectors e\n and e\n relative to the old frame are aI' a2 and b l , b 2 ,

respectively, then the formulas of the affine transformation, as can be

easily seen from figure 77, are

x' = a1x+ bly + g,

y' = a2x + b2Y + T}

in the sense that if x, yare the coordinates of any point M relative to)))
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the old frame Oele2, then x', y' given by these formulas, are the coor-

dinates relative to the same frame of the image M' of this point.
M Indeed, let Oe le2 be a

frame before transformation,

Yep

1

\n\\

'

and 0'.;.; its image, while

e;
I

\\
M is an arbitrary point of

-
\\ the plane and M' is its
\\ image. Then by the very

\\ yep definition of an affine trans-

\\ formation, if the coordinates

\\
of the point M relative to

\\
the frame Oe l e2 are x, y,

\\ then the coordinates of its
------.--+-l

image M' relative to the

) image O'e\ne\n of this frame
are exactly the same x, y.

Now consider a vector

m' joining the origin 0 of
the old frame to the image M' of the point M. Then m' = x'el + y'e2'
But this vector is equal to a certain vector sum)

e;)

0')

M

\n

\\ \\
\\ \\

\\ \\ 7]ep
yep \\ \\

\\ \\

xe, \\ \\
\no

\n
\n )

'e, -....,,--
x'e,

FIG. 77.)

m' = gel + 7]e2 + xe\n + ye\n ,)

and the vectors e; and e\n are

e\n
= aIel + a<#2, e\n

= blel + b<#2)

so that)

m' = gel + 7]e2 + alxe l + a2xe2+ blyel + b2Ye2)

or)

m' = (alx + bly + g)el + (a2x + b2Y + 7])e2 .)

Comparing this expression with the first expression for m' we obtain)

x' = alx + bly + g, I

.v'
= a\n + b'lJ' + 7].

\\)
(21))

The determinant)

LI =
I:: \n: I

= a lb 2
- aJJh)

as can be shown, is not zero and is equal to the ratio of area of the

parallelogram constructed on the vectors of the new frame to the area)))
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of the same parallelogram constructed on the vectors of the old frame.
Analogous formulas are obtained for space

x' = alx + bly + CIZ + g,

!

y' = a2x + b2Y + C2Z + Tj,

z' = aax + baY + CaZ + {,

where (g, Tj, {) are the coordinates of the origin 0' of the transformed

frame 0' e\ne\ne; and (aI' a 2 , aa), (bl , b2 , b a ), (C I , C 2 , Ca) are the coor-
dinates of its vectors e\n , e\n , e; relative to the old frame Oele'lf!a.

The determinant *)

(22))

a l bl CI
LI = a 2 b 2 C2

= a lb2c a + a 2ba c i + aablc2 - alb a c 2
- a2b l c a

- aab2cI
aa ba Ca

is not zero and is equal to the ratio of the volume of the parallelepiped

formed by the vectors of the new frame to the volume of the parallelepiped

formed by the vectors of the old frame.)

Orthogonal transformations. Rigid motions of the plane onto itself

or such motions plus a reflection about a line lying in the plane, are
called orthogonal transformations of the plane, and rigid motions of space,
or such motions plus a reflection of the space about one of its planes,
are called orthogonal transformations of space. It is clear that orthogonal

transformations are affine transformations under which the \"metric\" of

the frame does not change, since it only undergoes a rigid motion, or

else such a motion plus a reflection.

We will investigate orthogonal transformations by means of rectangular

coordinates, i.e., when the vectors of the original frame are mutually

perpendicular and have lengths equal to the unit of measurement. After

an orthogonal transformation the vectors of the frame remain mutually

perpendicular, i.e., their scalar product remains equal to zero and their

lengths remain equal to unity. Therefore (see formula (14), this chapter)

in the case of the plane, we have

alb l + a
2

b 2
= 0, a\n + a\n

= I, b\n + b\n
= I, (21'))

and in the case of space

albl + a2b 2 + aaba = 0, \n + a\n + a\n
= I,

aici + a2c2+ aaca
= 0, b\n + b\n + b: = I, (22')

bici + b2C2 + bac a
= 0, c; + ci + c\n

= 1.)

* On determinants see Chapter XVI.)))
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Hence, if the initial frame is taken to be rectangular, then formulas (21)

give an orthogonal transformation if and only if the conditions (2I') of
orthogonality are fulfilled, and formulas (22) give an orthogonal trans-

formation of space if the conditions (22') of orthogonality are satisfied.

It can be shown that if LI > 0, we have a rigid motion, and if LI < 0

a rigid motion plus a reflection.)

\n 12. Theory of Invariants

The concept of invariant.
* Invariants of a second-degreeequation with

two variables. In the second half of the last century still another

important new concept was introduced, that of invariant.

Consider, for example, a second-degreepolynomial in two variables)

Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F.) (23))

If we regard x, y as rectangular coordinates and make a transformation
to new rectangular axes, then after replacing x, y in (23) by their ex-

pressions in terms of the new coordinates x', y', removing parentheses,

and reducing similar terms, we obtain a new transformed polynomial
with different coefficients)

A'x'2 + 2B'x'y' + C'y'2+ 2D'x'+ 2E'y' + F. (24))

It turns out that there exist expressionsformed from the coefficients

which under this transformation do not change their numerical value,
although the coefficients themselves change. Such an expressionin

A', B', C', D', E', F has exactly the same numerical value as when it is

formed with the A, B, C, D, E, F.
Expressions of this kind are called invariants of the polynomial (23)

with respect to the group of orthogonal transformations (Le., relative to

transformations from one set of rectangular coordinates x, y to any

other rectangular coordinates x', y').
Invariants of this sort, as it turns out, are)

11 = A + C,

12 =
I \n \n I

= AC - B2,

I

A B D

I

13
= B C E = ACF + 2BDE - A\302\2432- CD2 -

FB2,

DE F)

* lnvarians in Latin means \"unchanged.\)
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I.e.,)
A + C = A' + C', AC- B2 = A'C'-B'2,

ACF + 2BDE- AE2 - CD2- FB2

= A'C'F' + 2B'D'E'-A'E'2-C'D'2-F'B'2.)

It is possible to prove the important theorem that any orthogonal

invariant of the polynomial (23)can be expressedin terms of these three
basic invariants.

If we equate the polynomial (23) to zero, we obtain an equation of

some second-order curve. Any quantity, connected with this curve but

not with its location in the plane, will clearly not depend on what coor-

dinates its equation is written in, and therefore, when expressed in terms

of the coefficients, it will be an orthogonal invariant of the polynomial

(23), and thus it will be expressible in terms of the three basic invariants.
Moreover,sinceunder multiplication of all six coefficients of the equation

by any given number t (different from zero) the curve represented by

the equation remains the same, an expressionof any property of the

curve in terms of the 11, 12 , 13 must certainly be such that if the A, B,
C, D, E, F in it are multiplied by t, the number t cancels out. The ex-
pression in question must be, as they say, homogeneous of degree zero
relative to A, B, C, D, E, F.

Let us verify this by an example. For instance, let the equation)

Ax2 + 2Bxy + Cy2 + 2Dx+ 2Ey + F = 0)

represent an ellipse. Since the equation completelydetermines this ellipse,

we can calculate from it (Le., from its coefficients) all the basic quantities
connectedwith the ellipse. For example, we can calculate its semiaxes a

and b, i.e., we can expressthe semiaxes in terms of the coefficients. The
expressionsfor these semiaxes will be invariants and therefore,expressible
in terms of 11 , 12 , 13' By reduction of the equation to canonical form

and some subsequent calculation, the following rather complicated

expressions for the semiaxesare obtained in terms of II , 12 , 13 :)

I 2 I 1 3 1

'V I 1
2 II 11 :!: v\n

- 4/
2 I

')

which are homogeneous relative to A, B, C, D, E, F.
From this it is clear that the invariants 11' 12 , 13 , themselves, being

homogeneous but not of degree zero, do not have straightforward

geometric meanings; they are algebraic entities.)))
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It can be shown that the expression)

K =
I

A D

I
+

I

CE

I

= AF - D2 + CF - E21
DF EF)

can be varied by parallel translation but not by pure rotation of the

given rectangular axes, and it is therefore called a semi-invariant.
As an example of an application of invariants and semi-invariants,

we give Table I, which if we calculate 11' 12 , /3 and K1 , allows us to
determine directly from its equation the affine class of a second-order
curve.

In Table I the necessary and sufficient conditions are given that an)

Table I)

Criterion of the class Name Reduction equation

Canonical

equation

/2 > 0, hIs < 0 ellipse

X2 y2
-+-=1a2 b 2

12 > 0, Ills> 0 imaginary ellipse
X2 y2- + - =-1
a

2 b 2

12 > 0, Is = 0 point
2 2 Is X2 y2

'\\IX + '\\2Y + - = 0 -+-=012 a 2 b 2

1 2 < 0, Is =1= 0 hyperbola
X2 y2---=1
a2 b 2

12 < 0, Is = 0 pair of intersect- X2 y2---=0
ing lines a 2 b 2

12 = 0, Is =1= 0 parabola IIx2 +
2\n

-
\n:

y = 0 X2 = 2py

II = O'/s = 0, pair of parallel
X2 = a 2

KI <0 lines

12
= 0, Is = 0, pair of imaginary 2 KI

0 X2 = -a 2
KI > 0 parallel lines

Ilx + - =
I)

12
= 0, Is = 0, pair ofcoincident

X2 = 0
KI =0 lines)))
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equation of a second-ordercurve be reducible to one or another of the

nine canonical forms (11/3 designates the product of II and 13),
Consider, for example,the equation X2 - 6xy + 5 y

2 - 2x + 4y + 3 = O.
We have A = I, B= -3, C= 5, D= -I, E= 2,F= 3, so that II = 6,
12

= -4, 13 = -9. The conditions of the 4th line of the table are
satisfied: 1 2 < 0, 13 -=F- 0, i.e. this is a hyperbola. Its semiaxes are

equal to)

I 2 .
9

'V 4 .
I 6 ::J: v36 +161

\n 0.57 and 1.93.)

The coefficients of the reduced equation (I), (II) and (III)
in terms of invariants and semi-invariants as follows:)

\\ \"2 +
\\ \"2

+
13 - 0\"IX \"2Y
1 2

- ,)

are given

(I)

(II)

(III))

Ilx\"2 + 2
\n-= \n\n

y\"
= 0,

I \"2
+

KI = 0IX
II

')

where ,\\ and '\\2 are the roots of the so-called characteristic quadratic

equation)

,\\2 - 11'\\ + 12
= O.

Formulas (I-III) allow a quick calculation of the semiaxes a and b
of an ellipse and a hyperbola, the parameter p of an ellipse and the

distance 2a betweenparallel lines. The formulas for semiaxes were given

earlier. The parameter p is equal to)

p
=

\n-= \nf

and the distance 2a = 2
\n

-
\n;

.)

A completely analogous theory of invariants and semi-invariants, with

a corresponding table for the determination of the affine class and the

formulas of the coefficientsof reducedequations, can be given for second-

order surfaces in three-dimensional space.

It should be pointed out that so far we have been discussingonly

those invariants that are considered in analytic geometry for curves and
surfaces of the second order. The concept of invariant, however, has a

far broader meaning.)))



242) III. ANALYTIC GEOMETRY)

By an invariant of some object under study, relative to certain of its

transformations, we mean any quantity numerical, vectorial, etc. con-
nected with this object that does not vary under these transformations.

In the previous problem the object is a second-degree polynomial with

two variables (i.e., more precisely, the set of its coefficients), and the
transformations are those of the polynomial obtained by the transition

from one rectangular coordinate system to another.
Another example: The object is a given mass of a given gas under

a given temperature. The transformations are changes in volume or

pressure of this mass of gas. The invariant, according to the Boyle-
Mariotte law, is the product of the volume by the pressure. We can

speak of lengths of segments in space or the size of anglesas invariants

of the group of motions of space,of ratios in which a point divides a
segment, or of ratios of areas, as the invariants of the group of affine

transformations of space, etc.
Various invariants are particularly important in physics.)

\n 13. Projective Geometry

Perspective projections. Artists began long ago to study the laws of

perspectivity. This was necessarybecause a human being sees objects in

perspective projection on the retina of the eye, in such a way that the)

FIG. 78.) FIG. 79.)

form and mutual location of objects are distorted in a characteristic

manner. For example, telegraph polesin the distance look smaller and
closer together, parallel tracks of a railway seem to converge,etc. We

will not consider here space perspectivities,i.e., properties of perspective)))
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projections of objects in space onto a plane but only the properties of

perspective projections of a plane onto a plane.

Let us consider a photograph (for example, one frame of a moving

picture film) P, a screen P', and between them a lens S (figure 78). Then,

if the photograph is transparent and is illuminated from behind (if it is

nontransparent, let it be illuminated from the front, i.e., from the side

where the lens is), then the illuminated points of the photograph radiate
beams of light, which are collected by the lens in such a way that they

appear again on the screen P' in the form of points. We will assume that

this projection takes place as if the points of the photograph P were
projected on the screen P' on straight lines passing through the optical

center S of the lens.
The situation will be a very simple one if the planes P and P' are

parallel. In this case we will obviously obtain on the plane P' an un-

distorted image of everything that is on the plane P. This image will be

smaller or larger than the original depending on whether the ratio d/:d,
where d and d' are the distances from the center of the lens to the planes
P and P' respectively, is smaller or larger than I.

The situation will be considerably more difficult if the planes P and P'

are not parallel (figure 79). In this case, under projection through the

point S not only the size of the figure changes but also its form is distorted.
Parallel lines under such projection may become convergent, the ratio

in which a point divides a segment may change, etc. In general, some
of the relations that remain invariant under arbitrary affine transformation

may change here.
This sort of projection takes place, for example, in aerial photography.

The airplane oscillates in flight and therefore the photographic apparatus
(figure 80a) rigidly attached to it is, in general, not oriented altogether
vertically but at the moment of exposureis usually in an oblique position,
i.e., we obtain a distorted image of the locality (which we assume to be
plane).

How are we to correct this image? For this it is necessary to study

the properties of projection of a plane P onto another plane II (in general,
the two planes are not parallel) by lines passing through a point S which
is not on plane P nor on plane II. Such projections are called perspective
projections.

We will prove later the following important theorem.)

Theorem. Jfwe have two perspective projections of a plane P on plane II

such that under both projections .the points A, B, C, D of a quadruple of

points of \"general position\" on the plane P (i.e., a quadruple in which no

three of the points lie on one line), are projectedinto the same points A'
,)))
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B', C', D' respectively of plane II, then all points of plane P are also
projectedunder both projections into the same points of plane II.

In other words, the result of a perspective projection is completely

determined if it is known into which points this projection sends the

points of an arbitrary quadruple of points of general position in the

figure to be projected.
This is the so-called uniqueness theorem of the theory of projective

transformations or the fundamental theorem of plane perspectivity.)

Application of the fundamental theorem of plane perspectivity in aerial

photography. Let us show how this theorem provides a suitable method
for correcting this image in photography.

If at the moment of aerial exposure, we imagine a horizontal screen II
placed at a distance h below the center S of the lens (figure 80a), then
the projection onto this screen through the center S of the image recorded

on the photographic plate P will obviously not be distorted but will be

similar to the horizontal locality with a scale h:H, where H is the height

of the airplane at the moment of exposure.In order to correct the image
received on the photograph P so as to convert it into an undistorted

image, we treat it as follows. The developed photograph P is placed in

a projecting apparatus resting on a specialtripod on which, by means
of adjustable screws,the apparatus can be moved closer to the screen II

or farther from it and can be rotated in every way.

To the screen II (figure 80b) we attach a topographical map of the

locality made by measurements on the surfaceof the Earth (not a detailed

map, since the details of interest to us are to be provided by the aerial

photograph). On this map attached to the screen II we select four points
A', B', C',D' that can be found easily on the photographalso(for example,

an intersection of roads, a corner ofa house,etc.),and at the corresponding

points A, B, C, D of the picture P we pierce the film with a needle. We

then place a projection lamp behind the plate P in such a position that
the picture is projectedonto the screen II through a lens S of the sup-

porting apparatus. By using the adjustable screws we arrange that the

light beams from the pinholes fall on the corresponding points A', B',
C', D' of the map attached to the screen. After this has been done, we

replace the topographical map by a plateholder with a photographic
plate and then, without changing the settings of the screws,we photograph

the image projected on the screen II of the picture P taken from the

airplane.
By the theorem stated previously, we thereby obtain a true (i.e.,

similar to the locality) and not a distorted map of the photographed

region.)))
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A)

(b)

FIG. 80.)

245)))



246) III. ANALYTIC GEOMETRY)

We now pass to the presentation of the theory necessary for proving

the fundamental theorem.)

The projective plane. The totality of all lines and planes of space
passing through a given point S of the space is called the projecting
bundle of lines and planes with center S. If this bundle is intersected

by a plane P, not passing through the center, then to every point of the

plane P will correspond a line of the bundle intersecting the plane P
in this point, and to each line of the plane P will correspond that plane

of the bundle which intersects the plane P along this line. However, we

do not in this way establish a one-to-one mapping from the set of lines
and planes of the bundle of the set of points and lines of the plane P.
As a matter of fact, the lines and planes of the bundle which are parallel
to the plane P do not in this sense correspond to any points or lines of
the plane P, sincethey do not intersect it. Nevertheless, we agree to say

that these lines of the bundle intersect the plane P but in its ideal (or
infinitely distant) points, lying in the corresponding directions, and that

such a plane of the bundle intersectsthe plane P along an ideal (or infinitely

distant) line. The plane P, complementedby these ideal points and ideal
line, is called a complemented or projective plane. We will denote it by P*.
The sets of lines and planes of the bundle S are then mapped one-to-one

onto the sets of points (real and ideal) and lines (real and ideal) of this

projective plane P*.

Hence, we agree to say that a point (real or ideal) lies on a line (real

or ideal) of the projective plane p* if the corresponding line of the bundle
lies in the corresponding plane of the bundle. From this point of view,

any two lines of the projective plane intersect (in a real or ideal point),

since any two planes of the bundle intersectalong some line of the bundle.
It follows from this, among other things, that the ideal line consists

simply of the set of all ideal points.
In essence, the complementation of the plane by its ideal elements

means that we use this plane as a cross section to study the bundle of
all lines and planes passing through one point.)

Projective mappings; the fundamental theorem. By a projective map-

ping we understand such a mapping of a projective plane p* onto some
other projective plane p*' (which can also coincidewith the plane P*,
in which case we speak of a projective transformation of the plane P*),
which, first of all, is pointwise a one-to-one mapping, and second, is

such that collinear sets of points of the plane p* go into collinear sets

of points of the plane P*', and conversely. (Here, by points and lines
we always understand real as well as ideal points and lines.))))
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It is clear that two arbitrary perspective projections of one and the

same plane p* onto a plane II* may be obtained from each other by

projective transformations.

In fact, I, Their points (real or ideal)are in one-to-one correspondence

with the points (real or ideal) of the projective plane p* and consequently
with each other, and 2, collinear points of the first projection correspond
to collinear points of the plane p* and consequently also of the second

projection, and conversely. Therefore, the aforementioned theorem of

the theory of perspectivities is a direct consequenceof the following

theorem about projective transformations: if under a projective trans-

formation of the plane II*, four of its points A, B, C, D, forming a

quadruple of general position remain fixed, then all of its points remain
fixed.

Let us outline the idea of the proof of this theorem by means of the
so-called Mobius net.

We note that (I) if under a projective transformation two points

remain fixed, then the line that passes through them is mapped into

itself, and (2) if two lines are mapped into themselves, then the point
of their intersection remains fixed. Therefore, from the fact that the

points A, B, C, D of the plane II * remain fixed, it follows in turn that
also the points E, F, G, H, K, L, etc. remain fixed (figure 81). The con-)

FIG. 81.)

3) 5)4)

FIG. 82.)

struction of such points can be continued by joining the points already
obtained.This is the so-called Mobius net. By continuing its construction,
we can find points as densely placed as we like. It can be shown that the

set of these nodes everywhere. densely covers the whole plane. Therefore,
if we further assume the continuity of a projective transformation (which
in fact, already follows from its definition, although the proof of this
fact is not easy), the result is that if under a projective transformation)))
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of the plane II* the points A, B, C, D remain fixed, then all the points
of the plane II * remain fixed.)

Projective geometry. By two-dimensional projective geometry we mean
the totality of theorems about those properties of figures in the projective

plane, i.e., the ordinary plane complemented by ideal elements, which
do not change under arbitrary projective transformations.

Here is an example of a problem of projective geometry. Given two

lines a and b and a point M (figure 82), the problem is to construct the

line c passing through the point M and through the point of intersection
of lines a and b, not using this point of intersection(asmay be necessary,

if this point is very distant). If through the point M we draw the two

secants I and 2 and then the lines 3 and 4 through the points of their
intersection with lines a and b, we obtain the point K. Let us draw through

it line 5 and secants 6 and 7; then it can be shown that the line c passing
through point L of intersection of lines6 and 7 and point M, is the desired
line.

From the theory of conic sections, it follows (figure 83) that the ellipse,
hyperbola and parabola are perspective projections of one another, and
moreover all of them are perspective projections of the circle.

If we regard perspective projections as projective transformations of
projective planes p* and p*' one onto the other, then by superposing
these planes we obtain the result that all ellipses, hyperbolas, and para-
bolasare projective transformations of the circle. The differencein them)

o)

FIG. 83.) FIG. 84.)

is that projective images of the circle under transformations in which
a line not intersecting the circle is mapped into the infinitely distant line

are ellipses; on the other hand, if a line tangent to the circle is mapped
into the infinitely distant line, then a parabola is obtained, and if a secant,
then a hyperbola (figure 84).)))
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The notation of projective transformations in formulas. If on the

plane p* we take an ordinary Cartesian coordinate system, then, as can

be shown, the formulas for projective transformations of the plane are
as follows)

, a1x + bly + CI
x =

aa X + baY + C a
')

, a2-'\n + b2Y + C2
Y

=
aa X + baY + Ca

')

where the determinant)

a l bl C1
a 2 b 2 C2 =1= 0,

aa b a C a)

and conversely.

If for some point (x, y) the denominators are equal to zero, this means

that its image (x', y') is an ideal (infinitely distant) point. The equation

aaX + baY + Ca
= 0

represents the line which under the given projective transformation goes
into the ideal (infinitely distant) line.)

\n14. Lorentz Transfonnations

The derivation of the formulas of the Lorentz transformation for motion
on a straight line and in the plane from the condition of the constancy of
the speed of light. At the very end of the 19th century a fundamental
contradiction was discovered in physics. Michelson's well-known ex-

periment, in which the speed of light (which is about 300,000 km/sec)
was measured in the direction of motion of the Earth along its orbit
around the Sun (the speed of the Earth is about 30 km/sec) and per-
pendicular to this direction, showed irrefutably that all moving bodies
in nature, even if they are moving in a vacuum, are contracted in the

direction of motion. The theory of this contraction was investigated in

detail by the Dutch physicist, Lorentz. He showed that this contraction

is greater as the speed of the moving body gets closer to the speed of
light in a vacuum, and at a speedequal to the speed of light the contraction
becomesinfinite. Lorentz derived the formulas for this contraction. But

shortly afterwards the physicist Einstein introduced into this problem a

completely different point of view, to which Poincare was already close.
Einstein argued as follows. If we assume that for the propagation of

light, as for ordinary motion of a material body, Galileo's law of composi-
tion of velocities is valid, then the speed of light is c' = C + D, where D

is the speed of the observer moving toward the propagation of the light,)))
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and c is the speed of light for a stationary observer. From Michelson's

experiment it follows that c' = c. The law c' = c + v is based on the
transformation)

x' = x + vxt,

t' =
t,) (25))

connecting the coordinate x of a point relative to a coordinate system I
with its coordinate x' relative to a coordinate system II which has its
axes parallel to the axes of system I and which moves parallel to the
Ox-axis with velocity v'\" relative to system I. Clearly, these are the

formulas, as Einstein says, that must be changed.
It can be shown, as was recently done, for example, by A. D.

Aleksandrov, that from the equality of the speed of light in both coor-

dinate systems x, y, z, t and x', y', z', t' it already follows that the formulas
of transformation from coordinates x, y, z, t to coordinates x', y', z', t'
are linear and homogeneous, i.e., have the form

x' = a1x+ b1y + c1z + d1t,
y' = a2x + b 2y + c 2z + d2 t,

z' = a 3x + b 3y + c3z + d3 t,

t' = a 4 x + b 4 y + c4z + d4 t.)

(26))

From other considerations one can show that their determinant* is

equal to unity.

If a point in system I moves rectilinearlyand uniformly in an arbitrary
given direction with the speed of light c, then x =

v\",t, Y
= vllt, z =

v.t

and v\n + v; + v\n
= c 2, from which)

x 2
+ y2 + Z2 - c2 t 2 = O.) (27))

But according to Michelson's experiment this point in system II also

necessarily moveswith the same speed of light c, so that it is also necessary
that)

X'2 + y'2 + Z'2 - C2 t'2 = O.)

Consequently the formulas (26) are not just arbitrary transformations

which are linear, homogeneous, and with determinant equal to I, but

must at the same time satisfy the condition that if the coordinates x, y, z, t

are such that)

x 2
+ y2 + Z2 - c2 t 2 =

0,)

then the transformed coordinates x', y', z', t' must also satisfy this

equation. Such transformations (26) are calledLorentz transformations.)

* See Chapter XVI.)))
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Let us first consider the simplest case, when the point moves along
the Ox-axis. In this case formulas (26) have the form)

x' = a1x + d1t,
t' = a 2x + d 2t,)

and equation (27))

x
2 - c2 t 2 = O.)

(26'))

(27'))

Let us introduce the notation ct =
u, when formulas (26') and equation

(27') take the form)

Let us find the explicit forms of formulas (26 1). Consider x and u as

a Cartesian rectangular system in the plane, i.e., consider the problem
geometrically; then we may regard
formulas (261) as those of an affine

transformation of the plane Oxu (whose
determinant, as was shown is equal
to I). We will denote this transformation

by L. If, as we assume, x2 - u
2 = 0

implies X'2 + U'2 = 0, then this trans-
formation translates the intersecting

straight lines)

, d 1X = a1x + -
u,

c)

, d 2c
U = a2cx + - u

c)

and)

x 2 - u2 = O.)

X
2 -U 2 = 0)

into themselves. The transformation L
is thereforea combination of a contrac-

tion and expansion with identical coef-

ficients 'Talong these lines.
From figure 85 we obtain)

p qx =
vi

-
v2 ')

p qu=
v2

+
v2

')

(26 1))

u)

q)

x)

FIG. 85.)))
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But after the transformation L, the numbers p and q will go into p' =
pi\"

and q' = q\", so that)

,
- px v2 = - -

q\",\

u' v2 = I!..+ q\",\

Expressing p and q in terms of x and u from the first pair of equations,
substituting into the second and simplifying, we obtain)

x' =)

,,2 _ I
x-\nct

2\"

,,2 + I)

t' =)

I ,,2 - I
t---x

C ,,2 + 1
2\"

,,2 + I)

or, setting (,,2 - 1)/(,,2+ I)c=
v, we have)

x' =) x - l't t - (vxlc2
)

, t = __ _ _ _ _ ,
vi -

(VIC)2 vl -
(VIC)2)

which are the famous Lorentz formulas.
In particular, if we take x = 0, i.e., if we consider the motion of the

origin of coordinate system I, we obtain)

-vt
x' =

v i -
(vlc)2

,)
, t

t=
vt=lVIC)2

')

or x' = -vt', from which obviously v is the speed of motion of coordinate

system II relative to system I.
Suppose,for example, that we are given two points on the Ox-axis

with coordinates Xl and X2 relative to system I, so that the distance

between them relative to system I is r =
I Xl

-
X2 I. Let us see what the

distance between them is for an observer attached to system II. We have)

, Xl
- vt , X2

- vt

Xl
=

vI _ (VIC)2'
X 2

=

vi _
(VIC)2

')

from which)

r' =
I x' _ X' I

= I Xl
-

X2 I
.1 2

vl _
(VIC)2)

The factor vi=( vlc)2 is exactly the coefficient of the Lorentz con-
traction. Sincec is very large, this coefficient is very close to 1 for)))
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moderately large v, and therefore the contraction is not significant. But
such elementary particles as electronsor positrons often move with

velocities comparable to the speed of light, and therefore in studying
their motion it is necessary to take this contraction into account, or,
as they say, to consider the relativistic effect.

We pass now to the case next in complexity, namely, when the point
moves in the Oxy-plane. For this case the transformations (26) will have

the form)

x' = a1x + b1y + d1t,

y' = a2x + b2Y + d 2 t,

t' = a 3 x + b 3y + d3 t,)

(26\

where)

a l bl dl
a2 b 2 d 2 I,

a 3 b 3 d 3)

and equation (27) will be)

x 2
+ y2 - c2 t 2 = O.) (27\

These are the Lorentz formulas for motion in the Oxy-plane.

Again we put ct = u. Then transformations (26\") can be rewritten as)

x' = a1x+ b1y +
d l

u,c)

y' = a2x + b 2y +
d 2

u,c) (262))

,
b

d3C
U = a 3cx + 3CY + -

u,
c)

where the determinant wiU again be equal to one, and equation (27\

will assume the simpler form)

x
2

+ y2 _ u
2 = O.) (27 2))

We will regard x, y, u as the Cartesian rectangular coordinates of a
point in ordinary three-dimensional space and will consider formulas (26 2)
as those of affine transformations of this space. Equation (272 ) represents

a straight circular cone K with an angle of 90\302\260at the vertex (figure 86).
From the point of view of this geometric interpretation (we call it

geometric because here we regard u = ct simply as a spacecoordinate)

of a Lorentz transformation, the set of motions in the plane is identical
with the set of all equi-affine (i.e., affine and volume-preserving) trans-

formations of the space which map the cone K onto itself.)))
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Let us consider somespecial Lorentz transformations.

l. It is clear that any simple rigid rotation about the axis of the cone K

through an angle w is an equi-affine transformation of space, mapping

the cone K into itself, i.e., it is a special Lorentz transformation. We will

denote it by w.

2. Reflectionsof the space in an arbitrary plane TT passing through

the axis of the cone K are clearly also Lorentz transformations. We will

denote them by TT.

3. Finally, let us consider the following transformation (figure 87).

Let v and w be any pair of opposite generators of the cone, and let P
and Q be the planes tangent to the cone along these generators.These)

II)

FIG. 86.) FIG. 87.)

planes are mutually perpendicular. Let us make a contraction of the

space to the plane P and an expansion of it with the same coefficient
from the plane Q, or conversely. For example, we contract the space

by a factor of three to the plane P and expand it also by a factor of three
from the plane Q. Such a transformation of spaceis clearly also affine

and preserves all volumes. We will denote it by L. We show that this

transformation maps the cone K into itself. Because the cone K has the
axis u as its axis of revolution, any figure can be rotated in such a way

that the generators v and w lie, for example, in the plane Sxu. Therefore

it is sufficient to carry out the proof for this case.

For the proof we intersect the cone K by an arbitrary plane R parallel
to the Sxu plane. The equation of this plane is y = b, where b is a)))
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constant. Substituting this value in the equation of the cone K, we obtain)

x 2 - u
2 = -b 2

.)

This is the equation of a hyperbola for which the lines of intersection
of the plane R with the planes P and Q are exactly the asymptotes. But

since for a point of such a hyperbola it is characteristic that the product
of distancesp and q to the asymptotes, i.e., to the planes P and Q, is
constant, under transformation L all points of this hyperbola remain on

the same hyperbola, and the hyperbola is mapped onto itself. But the

whole surface of the cone K consistsof such hyperbolas, and therefore

under the transformation L of the space the cone K is sent into itself.
This transformation L is therefore also a Lorentz transformation.

Since under affine transformations straight lines go into straight lines,
and intersecting lines go into intersecting lines, therefore a bundle S of
straight lines under any Lorentz transformation is mappedone-to-one
onto itself. Moreover, under affine transformations of space all planes

go into planes, so that under these transformations of the bundle S onto

itself a projective transformation of the bundle is obtained. If we intersect

this bundle by a plane II perpendicular to the axis of the cone K, which

as a whole is not altered by the given Lorentz transformation of space,
and extend this plane to the projective plane II* and then trace the points
of intersection of the lines of the bundle S with the plane II*, we have
the result that the Lorentz transformations of the bundle will simultaneous-

ly produce projective transformations A of the plane II* and these latter

will transform the circle ex, in which the plane 11* intersects the interior

part of the cone K, into itself. To analyze the properties of Lorentz

transformations, it is easier to examine these projective transformations

A of the circle ex into itself.)

Projective transformations of a circle into itself. A point, a ray or

half line issuing from it, and one of the half planes cut off by the entire
line will be called a \"frame\" of the plane II* (not to be confused with
a coordinate frame, \nll). We show (figure 88) that if we take two arbitrary
frames M and M' containing interior points of the circle ex, then by

means of the transformations L, w, 7T can send one of these frames
into the other. For this it is sufficient to make the transformations
A = Ll

. W .
L;:l (or else A = Ll

. W . 7T .
L;:l). The transformation Ll

sends the first frame M to the center 0 of the circle ex, the transformation

w rotates it as necessary, and finally the transformation L;:l brings it

into coincidence with the second frame M'.
Let us show, in addition, that there is only one transformation A which

translates a given frame M into a given frame M'. In order to do this)))
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we observe first that if there were two transformations Al and A 2 sending

frame M into frame M', then the transformation A =
AIA2\"1 would not

be the identity transformation A and would send frame M into itself.

Therefore, it is sufficient to show that

if a transformation A sends frame M

into itself, then it is the identity, i.e.,
leaves all points of the plane of circle

ex fixed.)

FIG. 88.) FIG. 89.)

Let us show this. Supposethat the transformation A sends frame M
into itself (figure 89). Then it maps the line AB of this frame into itself,
but since it sends the circumference of the circle ex into itself, it therefore
leaves points A and B fixed, or else interchangesthem. The latter, however,

is impossible, since the half line of the frame is mapped into itself. Let us

draw the tangents at points A and B to the circle ex. They are mapped
into themselves, since if such a tangent were mapped into a secant AA,

then the inverse transformation would send the different points A and A
of the circle ex into the one point A. But the A are projective transforma-

tions, and consequently one-to-one.Sinceunder the transformations A

these tangents go into themselves, therefore the point N of their inter-

section remains fixed, and consequently the line MN is mapped into
itself. From the fact that the half line of the frame M is mapped into

itself, we conclude as above that points C and D are not interchanged,
but remain fixed. Hence, under the given projective transformation A

of the projective plane II * four of its points A, B, C, D, no three of which

lie on the same line, remain fixed. According to the uniqueness theorem
of projective transformations this is the identity transformation.

Later, in \n5 of Chapter XVII it will be shown that by using these

properties of the Lorentz group, it is easy to construct a model of)))
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LobacevskiI's plane geometry, and if we consider Lorentz transformations
for the general case of motion of a point in space, then we can do the

same for LobacevskiI's space geometry, and thereby prove its consistency.
We see that the theory of Lorentz transformations, projectivegeometry

and the theory of perspectivity and non-Euclidean geometry are closely
related to one another. It turns out that there is still another theory that

is also closely related to them, namely, the so-called conformal transfor-

mations in the theory of functions of a complexvariable, which solve

such important problems of mathematical physics as the distribution of
temperature in a heated plate, the flow of air around the wing of an

airplane, the distribution of charge in a plane electrostatic field, the

problems of elasticity in the plane, and many others.)

Conclusion)

Analytic geometry is an absolutely indispensable method for the

investigation of other branches of mathematics, physics, and other

natural sciences. Therefore it is studied not only at universities but in

all technical higher institutions of learning, and also in some vocational

schools. It is also a question of whether we should not include a fairly

detailed treatment of the elements of analytic geometry in high school
courses.)

Various coordinates. The essential elements of the concept of analytic

geometry, as we have seen, are the coordinate method and the investigation
of equations connecting these coordinates. Besides Cartesian coordinates,
other different ones can be considered. For example, in the plane, we

can choose a point P (the so-called pole) and a ray originating from it

(the polar axis) and determine the position of a point M by the length p

of the polar radius from the pole to the point and the value w of the

angle made by this radius with the polar axis (figure 90).

In particular, the ellipse, hyperbola,or parabola,if for the pole we take)

M

p \n .)

FIG. 90.) FIG. 91.)))
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a focus, and for the polar axis the ray passing from the focus along the
axis of symmetry to the side opposite the nearer vertex (figure 91), have

one and the same equation)

p
p =

1 - IE cos W
')

where IE is the eccentricity of the curve, and p is its so-called parameter.

This equation is of a great imporlance in astronomy. For it was with

its help that the result was derived, from the law of inertia and the law

of universal gravitation, that the planets revolve about the Sun in ellipses.

The geographical coordinates, latitude and longitude, by which the

position of a point is given on a sphere, are well known.
Analogously,we can take a coordinate network on an arbitrary surface,

as is done in differential geometry (see Chapter VII), etc.)

Many-dimensionaland infinite-dimensional analytic geometry; algebraic
geometry. It would seemthat in the 19th century analytic geometry under-
went such an immense development, described earlier in a general way, and

produced so many ideas, that it would have necessarilyexhausted itself,

but this is not so. In very recent times, two new, extensive branches of
mathematics have been rapidly developed and have extended the concepts
of analytic geometry, namely so-called functional analysis and general

algebraic geometry. It is true that both of these only halfway represent

a straightforward continuation of classical analytic geometry: Much of

functional analysis is analysis, and in algebraic geometry there is more
than a little of the theory of functions and of topology.

Let us explain what we mean. In the middle of the last century

mathematicians had already begun to consider four-dimensional and

general n-dimensional analytic geometry, i.e., to study those questions
of algebra that are straightforward generalizations of algebraic questions
of the kind involved in two- and three-dimensionalanalytic geometry,

to the case when there are four or n unknowns. At the very end of the

19th century a series of outstanding analysts came to the idea that for
the purposes of analysis and mathematical physics it is significant to

consider infinite-dimensional analytic geometry.
At first glance it may seem that n-dimensional or even four-dimensional

spaces seemlike farfetched mathematical fictions, then the same can also
be said about an infinite-dimensional space. But it is not really so. The
arguments concerningan infinite-dimensional space are not at all difficult.

They now constitute an important branch of mathematics, functional

analysis (see Chapter XIX).)))
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It is curious that infinite-dimensional analytic geometry has most

important practical applications and plays a fundamental role in con-

temporary physics.
As to algebraic geometry, it is a more immediate continuation of

ordinary analytic geometry, which is itself only a part of algebraic
geometry. Algebraic geometry can be regarded as that part of mathematics

which is occupied with curves, surfaces, and hypersurfaces, represented
in Cartesian coordinates by algebraic equations of not only first and second

degree, but also of higher degrees. It turns

out that in these i\nvestigations it is advanta-

geous to consider not only real but also

complex coordinates, i.e., to consider every-

thing in a so-called complexspace.The most

important results in this domain were
obtained in the last century by Riemann. As

a brilliant example of theorems about higher

order curves, we point out a remarkably

general result of 1. G. Petrovskil about the

number of ovals into which an nth-order curve

can be decomposed. Petrovskil showed tl}at

if p is the number of such ovals which do not lie at all in other ovals,

or lie in an even number of ovals, and m is the number of those ovals
which lie in an odd number of ovals, and if we wnsider only curves
whose component ovals neither intersect themselves nor each other

(figure 92), then)

3n2 - 6n
p - m \n

8
+ I,)

\\\n

a(2))

FIG. 92.)

where n is the order of the curve, i.e., the degree of the equation by which

the curve is represented.
This result is the more important as up to then almost nothing had

been known about the general form of a higher order curve. It is no
doubt one of the most important recent general theorems in analytic

geometry.)
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CHAPTER) IV)

ALGEBRA: THEORY

OF ALGEBRAIC EQUATIONS)

\n1. Introduction

The characteristic features of algebra are well known to everyone, since
the elementary but fundamental information about it is already given in

high school. Algebra is characterized, first of all, by its method, involving

the use of letters, and expressionsin letters, on which we perform opera-
tions according to definite laws. In elementary algebra the letters denote

ordinary numbers, so that the laws of operations on expressionsin letters

are based on the general laws of operations on numbers. For example,
the sum does not depend on the order of the summands, a fact which in

algebra is written as: a + b = b + a; in multiplying the sum of two

numbers, we can multiply each one of the numbers individually and then
add the products so obtained: (a + b)c = ac + bc,etc.

If we trace the proof of an algebraic theorem, it is easy to see that it

depends only on these laws for operations on numbers and not at all on
what the letters represent.

The algebraic method, i.e., the method of calculations with letters,
penetrates all of mathematics. In fact, substantial part of the solutionofa
mathematical problem often turns out to be nothing but a more or less com-
plicated algebraic computation. Besides, in mathematics we employ various
symbolic calculations in which the letters no longer denote numbers but

some other entities, where the laws for operations on these entities may be

different from the laws of elementary algebra. For example, in geometry,
mechanics, and physicswe make use of vectors, and as is well known, the

laws for operations on vectors are in part the same as for numbers and in

part essentially different.)

261)))
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The significance of the algebraic method in modern mathematics and

the range of its applications have greatly increased in recent decades.
First of all, the growing demands of technology force us to reduce to

numerical results the solutions of difficult problems of mathematical

analysis, and this usually proves to be feasible only after the aIgebraiza-
tion of theseproblems,a processwhich in turn creates new and sometimes
difficult problems in algebra itself.

Second, certain problemsof analysis became clear and understandable

only after they were attacked by algebraic methods based on a profound

generalization (to the case of infinitely many unknowns) of the theory

of systems of equations of the first degree

Finally, the more advanced parts of algebra have found application in

contemporary physics: In fact, the fundamental concepts of quantum
mechanics are expressedin terms of complicated and nonelementary
algebraicentities.

The basic features of the history of algebra are as follows.

First of all we must point out that our ideas regarding what algebra
is and what its fundamental problem consists of have changed twice:
once in the first half of the past century, and the second time at the

beginning of our century. Thus, algebra has meant at different times three

quite different things. In this respect the history of algebra differs from

the history of the three famous branches of mathematics: analytic geo-

metry, differential calculus,and integral calculus, which were forged into

shape at the hands of their creators, Fermat, Descartes, Newton, Leibnitz,
and others and were later rapidly developed and amplified, sometimesby

the addition of great new sections, but were comparatively little changed
in their fundamental character.

In ancient times any law that was discovered for the solution of a class
of mathematical problems was recorded simply in words, since symbolic
calculations had not yet been invented. The word \"algebra\" itself was

created from the name of the important work of the Kharizmian scientist
of the 9th century, Mohammed AI-Kharizmi (see Chapter I), in whose

works the first general law for the solution of first- and second-degree

equations was deduced. However, the introduction of the symbolic
notation itself is usually associated with the name of Viete, who not only

began to denote the unknowns by letters but also the given quantities.
Descartesalsodid a great deal for the development of symbolic notation,

and he too, of course, took the letters to mean ordinary numbers. It is at
this moment that algebra really begins as the science of symbolic calcula-

tions, of transformations of formulas composed of letters, of algebraic

equations, and so forth, in contrast to arithmetic, which always operates
on concrete numbers. Only now did complicated mathematical concepts)))
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become perspicuous and accessible to investigation, since by taking a
look at a formula in letters, it is in most cases possible for us to see its
general arrangement or law of formation and to subject it to suitable

transformations. At that time everything in mathematics which was neither

geometry nor infinitesimal analysis was called algebra. This is the first,

the so to say Viete point of view, concerning algebra. It was very clearly

expressed in the well-known book \"Introduction to Algebra\" by a member
of the Russian Academy of Sciences, the famous L. Euler, written in the

1760's, i.e., 200 yearsago.
Euler defined algebra as the theory of calculations with quantities of

various kinds. The first part of his book contains the theory of calculation

with integral rational numbers, ordinary fractions, square and cuberoots,
the theory of logarithms, progressions, the theory of calculations with

polynomials, and the theory of Newton's binomial series and its applica-
tions. The secondpart consists of the theory of first-degreeequations and
of systems of such equations, the theory of quadratic equations and of
solutions of third- and fourth-degree equations by radicals, and also an
extensive section on methods of solutions of various indeterminate

equations in integers. For example, it was shown that Fermat's equation
X3 + y3 = Z3 cannot be solved in integers x, y, z.

At the end of the 18th and the beginning of the 19th century, one of the

problems of algebra gradually began to occupy the central place, namely

the theory of solution of algebraic equations,in which the fundamental

difficulty is the solution of an nth-degree algebraic equation with one
unknown)

X
n + alX

n - 1 + azXn-2 + ... + an_IX + an = O.

Thishappenedas a natural consequence of the importance of the problem
for the whole of pure and applied mathematics, and also because of the

difficulty and depth of the majority of the theorems connected with it.
The general formula for the solution of a quadratic equation,)

X = -
\n

::t
\np;

-
q,)

was known to everybody. Italian algebraists of the 16th century found

analogous, though more complicated, general rules for the solution of
arbitrary third- and fourth-degree equations. Further investigations in

this direction for higher degree equations, however, met with insurmount-

able difficulties. The greatest mathematicians of the 16th, 17th, 18th and
the beginning of the 19th century (Tartaglia, Cardan, Descartes,Newton,

d'Alembert, Tschirnhausen, Bezout, Lagrange, Gauss, Abel, Galois,)))
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LobacevskiI, Sturm, and others) created an impressive edfice of theorems

and methods connected with this problem. The two-volume algebra of
Serret(an epoch-making work of its time, since it presented for the first
time the high point of the theory of algebraicequations, namely the theory

of Galois), appeared in the middle of the 19th century, exactly 100years

after Euler's text, in it algebra was already defined as the theory of alge-
braic equations.This is the second point of view concerning what algebra
is.

In the second half of the past century there occured, on the basis of the

ideas of Galois about the theory of algebraic equations, a profound
development of group theory* and the theory of algebraic numbers (in

the creation of which a great part was played by the Russian mathematician

E. I. Zolotarev).
In this second period also, in connection with the same problems of

solution of an algebraicequation, and with the theory of algebraicvarieties

of higher order (which were then being studied in analytic geometry) the

algebraic apparatus was developed in different directions, e.g., the theory
of determinantsand matrices, the algebraic theory of quadratic forms and
linear transformations, and, in particular, the theory of invariants. During
almost the entire second half of the 19th century, the theory of invariants

was a central theme in algebra. In turn, the development of group theory

and the theory of invariants exerted in this period a great influence on

the development of geometry.t)
A new, third point of view as to what algebra is came into existence

chiefly in the following connection. In the second half of the last century,
in mechanics, physics, and mathematics itself, scientists began more and
more often to investigate objects for which it was natural to consider

operations of addition and subtraction, and sometimes multiplication
and division, but for which these operations were subjectedto altogether

different laws from those for rational numbers.
We have already spoken of vectors. Other sortsof mathematical objects

with different laws of operation can only be mentioned here: e.g., matrices,
tensors, spinors,hypercomplex numbers. All these quantities are denoted
by letters, but their laws of operation differ from one another. If for some
set of objects(denoted by letters) certain operations are defined together

with the laws or rules that they must satisfy, then we say that an algebraic

system is defined. The third point of view on what algebra is consists of

regarding the whole of algebra as the study of various algebraic systems.
This is the so-called axiomatic or abstract algebra. It is abstract because)

* SeeChapter XX.
t See Chapter XVII.)))
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at a given step in the calculation we are not all concerned with what the

letters in the algebraic system denote, the only important thing is the
axioms or laws satisfied by the operations; and it is called axiomatic,
because it is constructed exclusively from the axioms stated at the begin-

ning. It is as though we have returned, but on a higher level, to the first or
Viete point of view on algebra, that algebra is the theory of symbolic
calculations.Although it makes no difference what the letters denote and

only the rules of operation are important, it is still true, of course,
that only those algebraic systems are interesting which have great

significance either in mathematics itself or in its applications.
The great amount of algebraic material collected in the previous period

served as the actual basisfor the construction of contemporary abstract
algebra.

The early 1930's saw the appearance of van der Waerden's well-known

book \"Modern Algebra,\" which has played a great role in the propagation

of this third point of view as to what algebra is. The text of A. G. Kuros
on algebra is oriented in the same direction.

In the present century algebra has found deep applicationsto geometry

(topology and the theory of Lie groups)and, as mentioned earlier, to

contemporary physics, especiallyto functional analysis and quantum
mechanics.

Particularly important at the present time are the problems of mecha-
nization of algebraic calculations by means of various mathematical

computing machines, especially high-speed electronic machines. The

questions connected with this type of computational mathematics raise

new distinctive problems in algebra.

In the present work, there are two chapters (not counting the present
one) that are devoted to algebra: linear algebra (ChapterXVI) and the

theory of groups and other algebraic systems (Chapter XX).)

\n2. Algebraic Solution of an Equation)

An algebraic equation of the nth-degree with one unknown is an

equation of the form)

Xn + alX
n - 1 + a 2X

n - 2
+

... + an-IX + an
=

0,)

where a l , a2 , \"', an are given coefficients. *)

* We assume that all terms of the equation are transferred to the left-hand side
and that the equation is divided by the coefficient of the highest power of the unknown.)))
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Equations of the first- and second-degree. If the equation is of the
the first-degree,then it has the form

x+a=O)

and is solved at once)

x = -a.)

The second-degreeequation

x 2
+ px + q = 0)

was solved in early antiquity. Its solution is very simple: If we transfer q

with the opposite sign to the right-hand side and then add p2j4 to both

sides we have)
2 2

x 2
+ px +

\n

=
:

-
q.)

But)
2 2

x 2
+ px +

\n

=
(x +\n) ,)

hence)

p Ir-x + 2
= :f:

'V \"4

-
q,)

from which we obtain the well-known formula for the solutions of a

quadratic equation)

x=
-\n:f:\n P; -q .)

Third-degree equation. It was completely different with equations of

degree higher than 2. Already the general equation of the third-degree

required quite profound considerations and resistedall the efforts of the
mathematicians of antiquity. It was only solved at the beginning of the

1500's, in the era of the Renaissance in Italy, by the Italian mathematician

Scipio del Ferro. Del Ferro, following the custom of his time, did not

publish his own discoveries but communicated them to one of his pupils.
After the death of del Ferro this pupil challenged to competition one of
the great Italian mathematicians Tartaglia and proposed to him for

solution a series of third-degreeequations.Tartaglia (1500-1557) accepted

the challenge and eight days before the end of [he competition found a

method of solving any cubic equation of the form x3
+ px + q = O.

In two hours he solved all problems of his opponent. A professor of

physics and mathematics in Milan, Cardan (1501-1576), learning of

Tartaglia's discoveries,began to entreat Tartaglia to inform him of his)))
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secret. Tartaglia finally agreed, but with the condition that Cardan keep

his method in deep secret. Cardan violated his promise and published
Tartaglia's result in his work \"The great art\" (\"Ars Magna\.

The formula for the solution of a cubic equation has since then been
called Cardan's formula, although it would be correct to call it Tartaglia's

formula.

Cardan's formula is derived as follows.
In the first place, the solution of the general cubic equation

y3 + ay2 + by + c = 0) (I))

can easily be reduced to the solution of the cubic equation of the form)

x 3
+ px + q =

0,) (2))

not containing a term with the square of the unknown. To do this it is

sufficient to set y = x -aj3. Indeed, substituting this expression into

equation (I) and removing the parentheses, we obtain)

(x
-

j)

3

+ a
(x

-
j)

2

+ b
(x

-
j) + c = x

3 - 3x 2

j
+ .,. + ax2

+ \"',)

where the dots indicate those terms in which x is raised to first power or

does not appear at all. We see that the terms containing x2 cancel each

other out.
Let us now consider the following equation

x 3 + px + q = o.)

We set x = u + v, i.e., in place of one unknown we put two, u and v,

and thereby turn the whole problem into a problem with two unknowns.
We have)

(u + V)3 + p(u + v) + q =
0,)

or)

u 3 + v
3

+ q + (3uv + p)(u + v)
= O.)

Whatever is the sum of the two numbers u + v, it is always possible to
require that their product uv be equal to some quantity given beforehand.

If u + v = A, and we require uv = B, then since v = A -
u, we obtain)

u(A -
u)

=
B,)

so that it is sufficient that u be a solution of the quadratic equation

u 2 - Au + B =
0,)

and we know that every quadratic equation has real or complex roots,)))
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given by the well-known formula. In our case, u + v is equal to the desired
root x of our cubic equation and we require that)

uv = _I!..
3 ')

i.e., that 3uv + p = O. With this choice of u and v we obtain

u
3

+ v 3
+ q = 0,

3uv + p = O.)
(3))

Consequently, if we find the numbers u and v, satisfying this system of

equations then the number x = u + v will be the root of our equation.
From system (3) it is easy to form a quadratic equation whose roots will

be u 3 and c3 . Indeed, it gives)

u
3

+ v3 = - q,
p3

U3
V

3 = -
27 '

and, consequently by a theorem already used earlier u
3 and [>3 are the

roots of the quadratic equation
p3

Z2 + qz -
27

= O.)

Solving it by the usual formula, we obtain

u
3 =

-\n+\n q;
+ f; , v

3 =
-1-\n q; + i; ,)

and, consequently,)

x =
J

-
\n

+ \n q; + f; + :J
-

\n

-
\n q; \n-

\n;
,)

this is the formula of Cardan.)

Fourth-degree equation. Soon after the solution of the cubic equation

the general fourth-degree equation was solved by Ferrari (1522-1565).

For the solution of the third-degree equation we have seen that the

preliminary solution of the auxiliary quadratic equation,

p3
Z2 + qz

-
27

=
0,)

was necessary, where z = u
3 or v 3

; analogously, the solution of a fourth-)))
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degree equation can be basedon the preliminary solution of an auxiliary

cubic equation.

Ferrari's method consists of the following. Let the general fourth-

degree equation be given

.x4 + ax 3 + bx2
+ ex + d = O.)

Let us rewrite it as:)

.x4 + ax 3 = - bx2 - ex - d

and add to both sides a 2x 2
/4; then on the left we obtain a perfect square)

(

ax

)

2

(

a2

)
x 2 + T

= 4
- b x 2 - ex - d.)

Adding now to both sides of the equation the terms)

(
2

ax

)

y2x +2 Y+4\"\"')

where y is a new variable, on which we later impose a necessary condition,
on the left we obtain a perfect square)

(

ax Y
)

2

(

a2

)
'ay

) (
y2

)
x 2

+
2

+ 2
=

4\"\"

- b +
y,

x 2
+

(2
- e x +

4\"\"

- d .) (4))

Thus we have reduced the problem to one with two unknowns.
On the right of equation (4) we have a quadratic trinomial in x, whose

coefficients depend on y. We select y such that this trinomial will be the

square of the first-degree binomial aX + fJ.

In order that the quadratic trinomial Ax2 + Bx + C be the square of

the binomial ax + fJ it is sufficient that

B2 - 4A C = O.

Indeed, if B2 - 4AC = 0, then

Ax2 + Bx + C = (V Ax + VC)2,)

i.e.,)
Ax2 + Bx + C = (ax + fJ)2,)

where)

a = V A, fJ
= V c.)

Consequently, if we selecty such that)

ay

)

2

(

a2

) (

y2
)(2

- e - 4
4\"\"

- b + y
4\"\"

- d =
0,)))



270 IV. ALGEBRA: THEORY OF ALGEBRAICEQUATIONS)

then the first part of equation (4) will be the complete square (ax + {3)2.

Removing the parentheses, we obtain a cubic equation in y)

y3
_

by2 + (ac
- 4d)y -

[d(a
2 - 4b) + c2

]
= o.)

Solving this auxiliary cubic equation (for example, by Cardan's formula)

we find a and {3 in terms of its solution Yo , namely)

(X2
+ a;

+
\no f

= (ax + {3)2,)

from which)

ax yx 2
+-+--.!!=ax+{32 2)

or x 2
+

ax
+

Yo = -ax -
{3.

2 2)

From these two quadratic equations we can find all four roots of the given

fourth-degree equation.
This is how third- and fourth-degree algebraic equations were solved

by Ita lian mathematicians in the 1500's.
The successof the Italian mathematicians produced a very great effect.

It was the first instance when modern science had exceeded the achieve-
ments of the ancients. Until then, in the whole course of the Middle
Ages,the aim had always been only to understand the work of the ancients,

and now, finally, certain questions were solved which the ancients had not

succeeded in conquering. And this happened in the 1500's, i.e., in the

century before the invention of new branches of mathematics: analytic

geometry, differential calculus, and integral calculus, which finally affirmed
the superiority of the new science over the old. After this there was no

important mathematician,who did not attempt to extend the achievements
of the Italians and to solve equations of fifth, sixth, and higher degree in

an analogous way by means of radicals.
The prominent algebraist of the 17th century, Tschirnhausen (1651-

1708)even believed that he had finally found a general method of solution.
Hismethod was based on the transformation of an equation to a simpler
one, but this very transformation required the solution of some auxiliary

equation\". Subsequently, by a deeper analysis it was shown that Tschirn-
hausen's method of transformation indeed gives the solution of second-
third-, and fourth-degree equations, but already for a fifth-degree equation

it requires the preliminary solution of an auxiliary equation of the sixth-

degree, whose solution in turn was not known.)))
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Factorization of a polynomial and Viete's formulas. If we accept
without proof the so-called fundamental theorem of algebra* that every

equation)

where)

f(x) = 0,

f(x) = xn + a l xn-l + ... + an)

is a polynomial in x of given degree n and the coefficients ai' a2 , ..., an
are given real or complexnumbers, has at least one real or complexroot,
and take into consideration that all computations with complex numbers

are carried out by the same rules as with rational numbers, then it is easy
to show that the polynomialf(x) can be represented (and in only one way)
as a product of first-degree factors)

f(x) = (x - a)(x-
b)

...
(x

-
I),)

where a, b, \"',1 are real or complexnumbers.

Indeed, let a be a root ofJtx); we divideJtx) by x - a; sincethe divisor

is of the first-degree, the remainder will be a constant number R, i.e., we
will have the identity)

f(x) = (x -
a) fleX) + R,)

where fleX) is a polynomial of degreen - I and R is a constant. Substi-
tuting here in place of x the number a, we obtain)

f(a) = (a -
a)fl(a) + R = R.)

But since a is a root of f(x), we have f(a) = 0, and hence R = 0, i.e.,
a polynomial can always be divided by (x - a) without remainder, where

a is a root of this polynomial. Thus)

f(x) = (x - a) fleX).)

But if the fundamental theorem of algebra is true, then in turn the poly-
nomialfl(x) has a root b, and we obtain analogously)

fleX) = (x -
b)f2(X),)

where the polynomialf2(x) is already of degree(n
- 2), etc. This factoriza-

tion, as can easily be shown, is unique.
Every nth-degree polynomial f(x) has in this sense n and only n roots

a, b, ..., I. These roots may be all distinct but it can happen that some

among them are identical. Then we say that the corresponding root of)

*The proof of the fundamental theorem of algebra is difficult and was given con-

siderably later. We devote \n3 to it. But its validity was assumed long before it was

rigorously proved.)))
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the polynomial/(x) is a multiple root with such and such a multiplicity.
Multiplying out the expression

(x - a)(x-
b)(x

- c) ... (x -
I))

and comparing the coefficients of the samepowersof x, we see immediately
that)

-al = a + b + c + ...+ I,

a 2 = ab + ac + ... + kl,

-aa = abc + abd + ...,)

::!:an = abc ... 1

which are Viete's formulas.)

A theorem on symmetric polynomials. Viete's formulas are poly-
nomials in the n letters a, b, ..., 1which do not vary under any permutation
of these letters. Indeed, a + b + ... + k + 1= b + a + ... + k + I,
etc.In general, any such polynomials in n letters, which do not change
under any permutations of these letters, are called symmetric polynomials

in n letters. For example,5x2
+ 5y2 - txy is a symmetric polynomial in x

and y. It is possible to prove the theorem that every integral symmetric

polynomial in n letters with arbitrary coefficients A, B,
... can be expressed

integral rationally, i.e., with the operations of addition, subtraction, and
multiplication, in terms of the coefficients A, B,

... and of Viete's poly-
nomials in the letters. If a, b, \"', 1are the roots of an nth-degree equation
xn + alX

n - l + ... + an
= 0, then every symmetric polynomial in

a, b, ..., 1with arbitrary coefficients A, B, ... can thus be expressed integral

rationally in terms of these coefficients A, B,
... and the coefficients

al , a2 , ..., an of the equation. This is the so-called fundamental theorem

of symmetric polynomials.)

Lagrange's contributions. The famous French mathematician Lagrange
in his great work \"Reflections on the solution of algebraic equations\"

published in 1770--1771 (with more than 200 pages), critically examined
all the solutions of second-, third- and fourth-degreeequations that were

known up to his time and showed that their success was always based on

properties which did not hold for equations of degree5 or higher. From

del Ferro's time until this work of Lagrange more than two and a half
centuries had passedby and nobody during this long interval had doubted

the possibility of solving equations of degree5 and higher by radicals,

i.e., of finding formulas involving only the operations of addition, sub-

traction, multiplication, division, and radicals with integral positive)))
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exponents, which would express the solution of an equation in terms of
its coefficients, that is, formulas similar to those by which the quadratic

equation had been solved in antiquity and the third- and fourth-degree
equations in the 1500's by the Italians. They regardedthis situation as

being due only to their own inability to find a valid but apparently deeply

hidden solution.

Lagrange says in his memoir: \"The problem of solving (by radicals)
equations whose degree is higher than four is one of those problems which

have not been solved although nothing proves the impossibility of solving
them\" and two pages later he supplementsthis: \"From our reasoning we

see that it is very doubtful that the methods which we have considered
could give a complete solution of equations of the fifth-degree.\"

In his investigations, Lagrange introduced the expression)

a -.l... \342\202\254b-I- \342\202\2542C+ ... -I- \342\202\254n-l/)

in the roots a, b, \"', / of an equation, where \342\202\254is an nth root of unity,
*

having established that such expressionsare closely connected with the

solution of equations by radicals. These expressions are now called
\"Lagrangeresolvents.\"

In addition, Lagrange observed that the theory of permutations of roots
of an equation is of great importance in the theory of solution of equations.
He even expressed the thought that the theory of permutations is the
\"true philosophy of the whole question,\" in which he was completely
right, as was shown in the later investigationsof Galois.

Lagrange's method of solution of second-, third- and fourth-degree

equations were not the same as those of the Italians, which in every case
werebasedon special transformations of a complicated and so to speak

accidental kind. Lagrange's methods were altogether orderly and devel-

oped from one generalidea involving the theory of symmetric polynomials,
the theory of permutations, and the theory of resolvents.)

*
I.e., a complex number which raised to the nth power is equal to one.For example,

the cube roots of unity can have the values

1 y'i 1 V3
I, -2+T

i, -2-T;'
where ; = v -1 (see \n3 ). Indeed,

(

1 vi

)

3 I 3 - 9 3 V3
-2+Ti

= -g-gV3i+g+-gi= 1,
and analogously)

1 V3 3

(- 2
-

T i)
= 1.)))
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Let us consider, for example, the solution by Lagrange's method of

the general fourth-degree equation

x4 + mx 3 + nx 2 + px + q = O.

Let the roots of this equation be a, b, c,d.Consider the resolvent

a+b-c-d,)
Le.,)

a + \342\202\254c+ \342\202\2542b+ \342\202\2543d,

where \342\202\254= -I. If we permute a, b, c, din all 1.2.3.4 = 24 different ways,

we obtain altogether six different expressions
a + b - c -

d,

a + c - b -
d,

a + d - c -
b,

c + d - a -
b,

b + d - a - c,
b+c-a-d.)

(5))

An equation of the sixth-degree, whose rootsare these six expressions,

will thus have coefficientsthat do not vary with all 24 permutations of
a, b, c, d, since any of the 24 permutations can only permute these expres-
sions among themselves and the coefficients of the sixth-degree equation
do not depend on the order in which we take its roots. Thus, these
coefficients are symmetric polynomials in a, b, c, d. But then, by virtue of
the fundamental theorem on symmetric polynomials, these coefficients are

expressed integral rationally in terms of the coefficients m, n, p, q of the

equation. In addition, sinceexpressions (5) are pairwise of opposite signs,
this sixth-degree equation will contain only terms of even powers. Indeed,

if expressions (5) are denotedby ex, fJ, y,
-

ex,
-

fJ, - y respectively, then

the left-hand side of the sixth-degreeequation will be equal to

(y -
ex)(y + ex)(y

-
fJ)(y + fJ)(y

-
y)(y + y)

= (y2 _ ex
2

)(y2
-

fJ)(Y2
_

y2).

Direct computation gives the sixth-degreeequation

y6
_ (3m

2 _
8n)y4

--I-
3(m

4 - 16m2n - I6n 2 + 16mp -
64q)y2

- (m
2 - 4m + 8p)2 = O.)

Letting y2 = t, we obtain a cubic equation in (, and if (', (\", t'\" are its

roots, then)

a+b-c-d= Vt',

a + c - b - d = V (\",

a + d - b - c = vi\"'.)))
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We also have)

a + b + c + d = - m.)

Adding these equations after multiplication by I, I, I, I or I, -I, -I, I,
or -I, I, -I, I, or -I, -I, I, I, we obtain)

I - - -
a =

4 (-m + Vt' + VI\"+ Vt'''),

b =
\n(-m

+ v? - vI\" - v t\"') ,

I - - -c =

4
(-m

- vt' + VI\"-
vt\"/),

1 - - -d=
4

(-m
- vt' -

vt\" + vt''').)

Thus, the solution of a fourth-degree equation is reduced to the solution
of a cubic equation; and third- and second-degree equations are solved
analogously.

Lagrange achieved a great deal in the theory of algebraic equations.
However, even after his persistent efforts the problem of solution in

radicals of algebraic equations with degree higher than 4 remained to be
settled. This problem, on which mathematicians had workedin vain for

almost three centuries, constituted, in the expression of Lagrange, \"a

challenge to the human mind.\

Abel'sdiscovery. Consequently it was a great surprise to all mathe-

maticians when in 1824 the work of a young Norwegian genius Abel

(1802-1829) came to light, in which a proof was given that if the coefficients
of an equation a1, a2 , ..., an are regarded simply as letters, then there
does not exist any radical expressipn in these coefficients that is a root of
the corresponding equation, if its degree n \n 5. Thus, for three centuries
the efforts of the greatest mathematicians of all countries to solve equations
of degree 5 or higher in radicals did not lead to success for the simple

reason that this problem simply does not have a solution.
Such a formula is known for second-degree equations, and as we saw

analogous formulas exist for third- and fourth-degreeequations, but for

equations of degree 5 or greater there are no such formulas.
Abel's proof is difficult and we will not give it here.)

Galois theory. But this was not yet all. A very remarkable result in

the theory of algebraic equations still remained to come. The point is
that there are arbitrarily many special forms of equations of any degree)))
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that are solvable in radicals, and many of them are exactly those equations

that are important in the applications. Such, for instance, are the binomial

equations x n = A. Abel found another very broad class of such equations,
the so-called cyclic equations and still more general \"Abelian\" equations.
In connection with the problem of construction by ruler and compass of

regular polygons, Gauss explicitly considered the so-called cyclotomic
equations, i.e., equations of the form

x p- 1 + xp - 2 + ... + x + I = 0,

where p is a prime number, and showed that they can always be reduced
to a chain of equations of lower degree;moreover, he found necessary
and sufficient conditions that such an equation can be solved in square

roots. The necessity of these conditions was rigorously proved only by
Galois.

Thus, after Abel'swork the situation was the following: Although, as

was shown by Abel, the general equation of degreehigher than 4 cannot

be solved by radicals, there are arbitrarily many different special equations

of arbitrary degree, all of which can be solved by radicals. The whole

question of solving equations in radicals was placed by these discoveries
on completelynew ground. It became clear that the task now was to deter-
mine exactly which equations can be solvedby radicals, or in other words,
what are the necessary and sufficient conditions for the solvability of an
equation in radicals. This problem, the answer to which gave in some

sense the final elucidation of the whole problem, was solved by the ingen-
ious French mathematician EvaristeGalois.

Galois(1811-1832)perished at the age of 20 in a duel. In the last two

years of his life he could not devote much time to mathematics, since he
was carried away by the stormy whirl of political life at the time of the

1830 Revolution and languished in jail for his speech against the reac-
tionary regime of Louis Philippe. Nevertheless, in his short life, Galois
made discoveriesfar ahead of his time in various parts of mathematics
and in particular produced some very remarkable results in the theory of

algebraic equations. In a small publication \"Memoir on the conditions
of solvability of equations in radicals\" which remained in manuscript
form after his death and was first published in 1846 by Liouville, Galois
started from some very simple but profound conceptsand finally untangled

the whole complex of difficulties surrounding the solution of equations
in radicals, difficulties with which the most outstanding mathematicians

had struggled unsucessfully up to his time. The successof Galois was

based on the fact that for the first time he introduced into the theory

of equations a series of exceedingly important new general concepts,
which subsequently playeda great role in mathematics as a whole.)))



\n2. ALGEBRAIC SOLUTION OF AN EQUATION) 277)

Let us consider the Galois theory for a special case, namely when the

coefficients a l , a 2 , ..., an of the given nth-degree equation)

x
n + alx

n - I + ... + an_IX + a\" = 0) (6))

are rational numbers. This case is particularly interesting and already
involves essentially all the difficulties of the generalGaloistheory. We will

also assume that the roots a, b, c, ...
of this equation are distinct.

Galois begins,like Lagrange, with considering a first-degree expression
in a, b, c, ...)

v = Aa + Bb + Cc + ...,)

although he does not require that the coefficients A, B, C, ... of this

expression should be the roots of unity, but takes for A, B, C, ...
any

integral rational numbers such as to give numerically distinct values for

all the n! = 1.2.3...n quantities V, V', V\", \"', v(n!-U obtained from Vby
permuting the roots a, b, c, ... in all n! possible ways. This can always be

done. Then Galois constructs the equation of degree n! whose roots are
V, V', V\", \"', Vln!-U. The theorem on symmetruc polynomials shows

that the coefficients of this equation <P(x) = 0 of degreen! will be rational

numbers.

Up to now everything is quite similar to what Lagrange did.

Next Galois introduced the first important new concept, the concept of
irreducibility of a polynomial in a given field of numbers. If a polynomial

in X is given, whose coefficients,for example, are rational numbers, then

the polynomial is called reducible in the field of rational numbers if it can

be represented in the form of a product of polynomials of lower degrees
with rational coefficients. If not, then the polynomial is called irreducible
in the field of rational numbers. The polynomial x 3 - x 2 - 4x - 6 is

reducible in the rational number field, since it is equal to

(x2 + 2x + 2)(x- 3), but for instance, the polynomial x3
+ 3x 2 + 3x - 5

is irreducible, as can be shown, in the field of rational numbers.
There exist methods, admittedly requiring long computations, of

factoring any given polynomial with rational coefficients into irreducible
polynomials in the field of rational numbers.

Galois then factors the above polynomial <P(x)into irreducible factors

in the field of rational numbers.
Let F(x)beoneof these irreducible polynomials (which one of them is

immaterial for what follows) and let it be of degree m.
The polynomial F(x) will then be the product of m of the n! first-degree

factors x -
V, x - V', \"', x -

v(n!-u, into which the n !th-degree
polynomial <P(x) was decomposed. Let these m factors be x -

V,

x - V', ..., x - V(m-l). We enumerate in any order the roots, a, b, c, ...,I)))
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of the given nth-degree equation (6) by giving them the indices, 1,2, ..., n.
Then the quantities V, V', \"', veR!-1)correspond to all possible n! permu-
tations of the numbers I, 2, ..., n, corresponding to permutations of the

roots,and the V, V', ..., Vim-I) correspond to only m of these permutations.
The set G of these m permutations of the numbers I, 2, ..., n is called the

Galois group of the given equation (6).
*

Then Galois introduces some new concepts and develops simple but

truly remarkable arguments by which he proves that a necessary and

sufficient condition for the solvability of equation (6) in radicals is that

the group G of permutations of the numbers I, 2, \"', n satisfies a certain

definite condition.
Thus, Lagrange'sprophecy that at the basis of the whole problem lay

the theory of permutations proved to be true.
In particular, Abel's theorem on the nonsolvability of a general fifth-

degree equation in radicals can now be proved as follows. It can be shown

that there exist arbitrarily many fifth-degreeequations, even with integral

rational coefficients for which the corresponding I 20th-degree polynomial

<P(x) is irreducible, i.e., whose Galoisgroup is the group of all 5! = 120
permutations of the indices I, 2, 3, 4, 5 of its roots.But this group, as can
be shown, does not satisfy the Galois criterion, and therefore these fifth-

degree equations cannot be solved in the radicals.

For instance, it can be shown that the equation .x5 + x - a = 0,
where a is a positive whole number, in most cases cannot be solved by

radicals. For example, it is not solvable in radicals for a = 3,4, 5, 7,
8,9, 10,II, ....)

The application of Galois theory to the problem of solvability of geometric

problems by ruler and compass. One of the most remarkable special
applications of Galoistheory is the following. Many problems of plane

geometry can be solved by constructions with ruler and compass alone.
For example, we can construct with ruler and compass a regular

triangle, square, pentagon, hexagon, octagon, decagon, etc., but it is

impossible to construct a regular polygon of seven, nine, or elevensides.
Which problems can be solved by ruler and compass, and which not?

Before Galois it was an unsolved problem. From the Galois theory we
obtain the following answer.

The simultaneous solution of equations of two lines, a line and a
circle,or two circles can be reduced to the solution of equationsof first- or

second- degree. For a line and a circle it is clear, and in the case of two
circles (x - al)2 + (y

- bl)2 = r; and (x
- a 2 )2 + (y - b2 )2 =

r\n if we)

* More will be said about Galois groups in 95, Chapter XX.)))
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substract one equation from the other, the x 2 and y2 cancel out, and we
obtain a first-degree equation, which is to be solved simultaneously with

the equation of one of the circles, so that again we have a quadratic

equation. Therefore, every step of the problem to be solved by ruler and

compass is reduced to an equation of first- or second-degree, and con-

sequently, all problems solvable with ruler and compass are reduced to
an algebraic equation with one unknown, whose solution involves the
extraction of a chain of square roots. Conversely, if the solution of a

geometric problem is reduced to such an algebraic equation, then it can

be solved by ruler and compass, since square roots, as is well known,

can be constructed by ruler and compass.
If a geometric problem is given, we must first set up an algebraic

equation equivalent to the given problem. If it is impossible to set up such
an equation, the problem is obviously not solvable by ruler and compass.
If the equation has been set up, then we must select that one of its irre-
ducible factors that is connected with the solution of the problem, and

determine whether this irreducible equation can be solved in square roots.

As the Galois theory shows, for this it is nccessary and sufficient that the

number m of permutations that constitute its Galois group be a power
of 2.

With this test we can prove the theorem stated by Gauss that a regular

polygon with a prime number p of sides can be constructed by ruler and

compass if and only if the prime number p has the form 2 2n + I, i.e.,
for p = 3, 5, 17,257 but not for p = 7, II, 13,19,23,29,31,''', etc.
Gauss proved only the \"if\" part of this assertion.

By the same method we can prove that it is impossible to divide an

arbitrary angle into three equal parts by ruler and compass, or to duplicate
the cube, i.e.,from the edge of a given cube to find the edge of a cube with

twice as great a volume, and so forth.

The impossibility of squaring the circle, i.e., of constructing with ruler

and compass the side of a squareequal in area to a circle with given radius,

is proved in a different way. Namely, it can be shown that the side of such

a square is not connected with the radius by any algebraic equation, i.e.,
it is so to speak transcendental relative to the radius, and consequently

it is a fortiori not expressible in terms of the radius by a chain of square
roots. This proof is difficult and it does not follow from Galois theory.)

Two fundamental unsolved problems connected with Galois theory.

In Galois theory there remain two further basic problems which have not

yet been solved in their general form although many excellent mathe-
maticians have been working on them almost uninterruptedly.

The first of these is the problem of the so-called Hilbert-Cebotarev)))
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resolvents (not to be confused with the Lagrange resolvents) which is a
direct generalization of the problem of solution of equations in radicals.

The idea is this: Saying that an equation is solvable in radicals is exactly
the same as saying that its solution is reduced to a chain of successive

binomial equations, since the radical V\" A is a root of the binomial equation

XU = A. But it may happen that although the equation cannot be reduced

to a chain of such simple equations as the binomial ones, it can
nevertheless be reduced to a chain of certain other very simple equations.

Back at the end of the 18th century, it had been shown that the general

fifth-degree equation can be reduced to a chain of binomial equations
together with one further equation of the form x5 + x + A = 0, whkh,

although not binomial, has like the binomial equations, only one para-

meter A.
Later on it was proved that a sixth-degree equation a ready cannot

be reduced to a chain of one-parameter equations. For equations of any

degree we require to solve the problem: what kind of simpler equations,
i.e., with a minimum number of parameters, make up the chain to which
our equation can be reduced.

If the given equation is reduced to a chain of one-parameter equations
of a definite type, then for each of these one-parameter equations we can

compute a table, giving its roots as a function of its parameter. Then the
solution of the given equation is reduced to the use of a chain of such

tables.

Second, a stilI deeper problem consists of the converse of Galoistheory.

Galois proved that the properties of the solutions of an equation depend
on its group.But conversely, can any group of permutations be the Galois

group of some equation and can we set up all the equations whoseGalois
group is a given group?

As to the first of these two questions only partial results are known,
although such outstanding mathematicians as Klein and Hilbert worked
on it persistently; the first general theorems were given by the remarkable

Soviet algebraist H. G. Cebotarev.

The second question for the so-called solvable groups,i.e., groups

satisfying Galois' criterion was solved in the affirmative in recent years
by the Soviet mathematician I. R. Safarevic.)

\n3. The Fundamental Theorem of Algebra

In the previous section we considered the attempts, lasting three

centuries, to solve by radicals an nth-degree equation. The problem turned

out to be very deep and difficult and led to the creation of new concepts,

important not only for algebra but also for mathematics as a whole.)))
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As for the practical solution of equations, the result of all this work was
the following. It became clear that solution by radicals is far from being
available for all algebraic equations, and even when it is available, it is
of little practical value because of its complexity, except in the case of the

quadratic equation.
In view of this, mathematicians long ago began to work on the theory

of algebraic equations in three completely different directions, namely:
(I) on the problem of the existence of a root; (2)on the problem of how

can we learn from the coefficientsof the equation something about its
roots without solving it; for example, does it have real roots and how

many; and finally, (3) on the approximate calculation of the roots of an

equation.
First of all, it was necessary to prove that in general any nth-degree

algebraic equation with real or complex coefficients always has at least
one real or complex root. *

This theorem, which is one of the most important in the whole of

mathematics, remained for a long time without rigorous proof. In view

of its importance and difficulty, it is generally called the \"fundamental

theorem of algebra,\" although the majority of the methods by which it

has been provedare as closely related to infinitesimal analysis as to algebra.
The first proof was given by d'Alembert. One point in d'Alembert's proof,
as was later made clear, turned out to be defective. Namely, d'Alembert

assumed as trivial the general proposition of analysis that a continuous

function, given on a bounded and closed set of points, has somewhere
on the set a minimum. This is true but it had to be proved. A rigorous

proof of this property was obtained only in the second half of the 19th
century, i.e., a hundred years after d'Alembert's investigations.

It is generally considered that the first rigorous proof of the funda-
mental theorem of algebra were given by Gauss; however, some of his

proofs require for full rigor no lesser additions than those required for

d' Alembert's proof. Today a number of different completely rigorous
proofs of this theorem are known.

In the present section we consider the proof of the fundamental theorem

of algebra based on the so-called lemma of d' Alembert, and we also give

a complete proof of the aforementioned proposition from analysis.)

The theory of complex numbers. Before considering the proof of the

fundamental theorem of algebra, we must first of all recall the theory of

complex numbers as studied in high school. The difficulties which led to

the creation of the theory of complex numbers are first encountered in)

* The point is that there exist nona1gebraic equations, for example, a z = 0, which

definitely do not have roots, either real or complex.)))
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solving quadratic equations. What should we do, if the number p2j4 -q
under the square root in the formula for the solution of the quadratic
equation is negative? There exists no real number, positive or negative,
which is the square root of a negative number, since the square of any

real number is either positive or zero.
After long doubts, lasting more than a century, mathematicians arrived

at the conclusion that it is necessary to introduce a new form of numbers,
the so-called complexnumbers, with the following laws of operations on
them.

Conventionally, a number of new character is introduced:i = vi -I

such that i2 = - I, and numbers of the form a + bi are considered,where

a and b are ordinary real numbers.The numbers a + bi are calledcomplex.
Two such numbers a + bi and e + di are regarded as equal, if a = e,
b = d. The sum of two such numbers is defined to be the number

(a + e) + (b + d)i, and their difference is the number (a
- e) + (b

- d)i.
In multiplication we agree to multiply these numbers as if they were
binomials but to take into consideration that i 2 = -I, i.e.,)

(a + bi)(e+ di)
= ae + bci + adi + bdi

2 = (ae - bd)+ (be + ad)i.)

If a and b are regardedas rectangular coordinates of a point, and the

point is associated with the complex number a + bi, then the addition

and subtraction of complex numbers corresponds to the addition and
subtraction of vectors, i.e., of directed segments from the origin to

the points with coordinates (a, b) and (e,d), since in addition of vectors
their corresponding coordinatesare added.As to the geometrical meaning

of a product in the so-called plane of

complex numbers, we can see it more

easily if we consider the length p of the

vector from the origin of the coordinate

system to the point (x, y) (this length is

called the modulus of the complexnumber

z = x + iy) and the angle cp which the

vector makes with the Ox-axis (this angle
x is called the argument of the complex

number z = x + iy); in other words, if

we consider not the Cartesian coordinates
x and y but the so-called polar coordinates
p and cp (figure I). Then x = p cos cp,

y
=

p sin cp and consequently the complex number itself can be written

as)

y)

z)

y)

o) x)

FIG. 1.)

x + iy = p(cos cp + i sin cp).)))
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If)

a + bi = PI(COScPI + i sin cPI), c + di =
P2(COS cP2 + i sin cP2),)

then

ac - bd =
PIP2(COS cPI COS cP2

- sin cPI sin cP2)
= PIP2 COS(cPI + cP2),

bc + ad = PIP2(sincPI cos cP2 + COS cPI sin cP2)
= PIP2 sin (cPI + cP2),)

from this we see that in multiplication of two complex numbers their
moduli PI and P2 are multiplied, and the arguments cPI and cP2 are added.

In division, since it is the inverse operation of multiplication, one modulus

is divided by the other, and the arguments are subtracted)

PI(COS cPI + i sincPI)P2(COScP2 + i sin cP2)

= PIP2[COS(cPI + cP2) + i sin (cPI + cP2)])

and)

PI(COS cPI + i sin cPI) _ PI
[ (

\"\" \"\"
) +

. .
(

\"\" \"\"
)]- - COS 'f'l

-
'f'2 I SIn 'f'l

-
'f'2 .

P2(COS cP2 + i sin cP2) P2)

In raising to a power with positive integral exponent n, consequently,
the modulus is raisedto the same nth power, and the argument is multiplied

by n)

[p(cos cP + i sin cPW = pn(cos ncP + i sin ncP)')

Conversely, taking roots)

'\\I p(cos cP + i sin cP)
= '\\Ip (cos \n

+ i sin
\n )

.)

However, in taking roots a special situation arises. Let n be a positive
integral exponent. Then)

'\\Ip(coscP + isincP))

is equal to the number)

'\\I p (cos : + i sin
: ))

since raising this number to the nth power gives the radicand.
But this only one value of the root. The point is that the complex

number)

.\"/-

[ (
cP 2kTT

)
.'

(
cP 2kTT

)]
V P cos

n + ----n- + I SIn
n

+ ----n- ')))
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where k is any of the numbers 1,2, ..., n - I, will also be an nth root of
the number)

p( coscp + i sin ep).)

Indeed, according to the rule for raising to a power, if we raise this number
to the nth power, we obtain the number)

.\"/-
[ (

4) 2kTT

)

.,
(

4) 2kTT

)](v p)n cos n
n

+ ---,,- + I SID n
n + ---,,-)

= p[cos(4) + 2kTT) + i sin (4)+ 2kTT)],)

where the addend 2kTT,because of the properties of sines and cosines, can
be neglected, since it changes neither sine nor cosine. Thus the nth power
of this number is also)

p(cos 4> + i sin 4\302\273,)

i.e., this number is)

Vi p(cos 4> + i sin 4\302\273.)

It is easy to see that no other complex number, besides these n numbers

for k = 0, 1,2, ...,n - I is an nth root of

p(cos4> + isin4\302\273.)

Geometrically, the extraction of nth roots can be described as follows.
The points of the complex plane corresponding to the values of the Vi-
of the number p(cos 4> i sin 4\302\273lie at the vertices of the regular n-sided
polygon inscribed in a circle drawn about the origin with radius Vip and

so rotated that one of the vertices of this n-sided polygon has argument

4>/n (figure 2).
We make the following observation. If

f(z) = zn + CIZ
n - I + ... + Cn-Iz + C n

is a polynomial in z with given real or complex coefficients C I , C2 , \"', C n

and we change z continuously, i.e., continuously shift the point z = x + iy

in the complex plane, then the complex point Z = X + iY = f(z) will

also move continuously in the complex plane. This is clear from the fact

that if we substitute in f(z) the value of z = x + iy, c 1
= a 1 + bIi,

C2
= a 2 + b 2 i, ..., C n = an + bni, and perform all computations, we find

that)

f(z) = X + iY,)

where)

X = P(x, y), Y = Q(x, y))))
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are nth-degree polynomials in x and y with real coefficients expressedin

terms of OJ and h j . Under continuous change of x and y, these polynomials

will also change continously.
We also note that, since the modulus p = I/(z)j is equal to ,,;:f2 + Y2,

during a continuous shift of the point z in the complex plane, the modulus
1/(z)1will also change continuously. In other words, if the point z is

sufficiently close to the point 0: then the difference I/(z)1 - 1/(0:)1of
absolute values is smaller than any preassigned positive number.)

y)

z)

\n)

y)

B)

x)

vz) o) x)

FIG. 2.) FIG. 3.)

Let us also remark that the modulus of a sum of several complex

numbers is always smaller than or equal to the sum of the moduli of these

numbers, which is equivalent to saying that the rectilinear segment OE

(figure 3) is shorter than or equal to the polygonal line OABCDE, being
equal to it if and only if all of its segmentslie on one line and in one

direction.
We recall finally that to say \"a complex number is equal to zero\"is

the same as to say that \"its modulus is equal to zero,\"since the modulus

p of a complex number is the distance from the origin to the corresponding
point.

We now apply the theory of complex numbers to the proof of the
fundamental theorem of algebra; though it must be remarked that the

significance of the theory of complex numbers goes far beyond the limits
of algebra.In many parts of mathematics other than algebra, we cannot

get along without them. In many applications, for example in the theory

of alternating currents, numerous problems are most simply solved by
means of complexnumbers.But what is most important is the application)))
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of complex numbers, or more preciselythe theory offunctions of a complex
variable, to the theory of certain special functions of two real variables

which are called harmonic. By means of these functions, important

problems in the theory of airplane flight, of heat conduction in a plate, of

plane electric fields, and of elasticity can be solved. A famous theorem
on the lifting force on an airplane wing was obtained by the founder of
contemporary aerodynamics, N. E. ZukovskiI, through investigations of

functions of a complex variable.
*

We now pass to the proof of the fundamental theorem of algebra.

Theorem. Any polynomial

f(z) = aoZ
n + a 1zn - 1 + ... + an - 1z + an,

whose coefficients)
a o , a 1 , \"', a n - 1 , an)

are any given real or complexnumbers, has at least one real or complex

root.

We will assume that the given polynomial is of degree n, i.e., that

a o * O.)

The surface of the modulus of a polynomial. We consider the whole

problem geometrically.Above each point z of the complex plane, we erect

a perpendicular altitude t, equal in length to the modulus If(z)/ of the

polynomialf(z) at this point z. The endsof these altitudes define a surface

M, which 'can be called the modulus surface of the polynomial f(z).

We see that this surface: (I) nowhere drops below the complex plane,

since the modulus of any complex number (in this case, the number f(z\302\273

is nonnegative; (2) for any given point z of the complexplane, the surface

has one and only one point which either lies vertically above this point

or else coincides with it, i.e., the surface M extends in one sheet above the
whole complex plane and may at some points touch the plane itself;

(3) the surface is continuous in the sense that a continuous change in the

position of the point z on the complex plane produces a continuous change
in the value of t = If(z)/, i.e., in the altitude t of points of the surface.

(This was shown in the last subsection.)
The fundamental theorem of algebraconsistsin proving that the surface

M touches the complex point in one point at least and does not remain

everywhere at a positive distance above it.)

On the growth of the modulus of a polynomial with increasing distance
from the origin. We show that no matter how large a positivenumber G)

* See Chapter IX.)))
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is given, we can find a radius R such that for all points z of the complex
plane, lying outside of the circle of radius R with center at the origin,
the altitude t of points of the surface M above the complex plane is

greater than G.

For let us write the polynomialf(z) as)

aoZ
n

[
I + (

\n + \n + ...
+

-3\n
)]

.
aoz aoZ

2
aoz

n)

The modulus of the expression)

(\n+\n+... +\n
)aoz a o z 2

aoZ
n)

is not greather than the sum of the moduli of the moduli of the summands)

I

\n
I

+
I

\n\n

I
+... +

1

-3\n_
I

,
aoZ a oz 2

aoz
n)

and, with an increase in the modulus of z, everyone of these summands

decreases, so that the sum also decreases.Therefore, for all z whose moduli
are greather than some number R', the modulus of this expression in

parentheses is smaller, for example, than l
But then for all such z, the expression)

Q =
[I +

(

\n\n + \n\n + ... + \n-
)]aoZ a o z 2

aoz
n)

will have modulus greater than i. The modulus of the first factor aoz
n is

equal to I a o I
.

I z In, so that it increases with increasing modulus of z;
moreover, it increases beyond all bounds. Therefore, no matter how large

a positive number G is given, there exists a positive number R such that

for all z, whose moduli are greater than R, I f(z) I
=

I aol
.

I z In
.

I Q I is

greater than G.)

The existence of minima of the surface M. We will say that at a

point 0: of the complexplane the surface M has a minimum if the value
of the altitude t of the point of the surfaceM at this point 0: is smaller than

or equal to its values at all points of some neighborhood of the point

0:, i.e., at all points of somecircle,however small, with center at the point 0:.
Let the altitude t of the point of the surface M corresponding to the

origin, i.e., to the point z = 0 of the complex plane, be equal to g, i.e.,

I f(O) 1
= g. We take G > g. All altitudes t of points of the surface Mare

nonnegative and continuously change during continuous movement of the)))
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point Z in the complex plane. The surface M has altitude t > G outside
of a circle drawn about the origin with radius R and altitude t = g < G
at the center of the circle. D'Alembert regarded it as an obvious conse-

quence that somewhere in the interior of the circle R there is a point where
the altitude is a minimum; more precisely, where the value of t is smaller

than or equal to its values at all remaining points of the circle R, i.e.,

the surface M has at least one minimum.

The rigorous proof of the existence of such a minimum is based on the

following axiom of continuity of the set of real numbers.
If two sequences of real numbers are given: a 1 :'( a 2 :'( ... :'( an

... and

b 1 \n b2 \n
... \n bn \n ..., such that bn > an for all nand bn

- an -+ 0 as
n -+ ex:, then there exists one and only one real number c, such that

an :'( c :'( bn for all n.

Geometrically, this continuity property means that if on the line a
sequenceof interval [an, b n] (figure 4) is given, such that every successive
interval is contained in the preceding interval, and the lengths of the
intervals become arbitrarily small, then there exists a point c belonging

to all intervals of the sequence. In other words,the intervals \"shrink\"

to a point, and not to \"an empty place.\

0, 02 On b n b2 b,
I I . g , , ,

C

FIG. 4.)

Since the length of the segment [an, bn ] approaches zero with increasing
n, there is only one such point c. From the property of continuity for the
set of all points on the number axis, immediately follows the property
of continuity for complex numbers, i.e., for points of the plane. We give
a geometrical formulation of this property.

If in the plane a sequence of rectangles..::11, ..::12 , ..., ..::In .
... is given, with

sides parallel to the coordinate axes, such that every rectangle is contained
in the previous one, and such that the length of their diagonals decreases
indefinitely, then there exists one and only one point which is contained
in all the rectangles of the sequence. This property of continuity of the

plane directly follows from the continuity property of the line. For the
proof it is sufficient to project the rectangles on the coordinate axes.

Now it is easy to establish the so-called BoIzano-Weierstrass theorem.

If in a rectangle an infinite sequence of points ZI , Z2' \"', Zn ,
... is given;--

then in the interior or on the boundary of the rectangle there exists a point
Zo such that in any arbitrarily small neighborhoodof Zo. i.e., in the interior
of an arbitrarily small circle with center at Zo , there are infinitely many

points of the sequence ZI , Z2 , ..., Zn ,....)))
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For the proof we denote the given rectangle by ..::I}, We divide it into
four equal parts by lines parallel to the coordinate axes. At least one of

the parts necessarilycontains infinitely many points of the given sequence.
This part will be denoted by ..::12 ' We again subdivide the rectangle ..::12

into four equal parts and selectamong them a ..::13 which contains infinitely

many points of the given sequence, and so on.
We obtain a sequence of imbedded rectangles..::I}, ..::12 , ..::13 , \"', whose

diagonals decrease indefinitely. By the continuity property we can find a

point Zo contained in all these rectangles. Then this Zo is the desired point.
For, no matter how small a neighborhood of Zo we take, the rectangles
of the sequence..::I}, ..::12 , ..::13 , \"', beginning with some one of them will be

inside this neighborhood, as soon as their diagonals become smaller than
the radius of the neighborhood, and anyone of the rectangles contains
infinitely many points of the sequence Z} , Z2 , \"', Zn , .... Thus the Bolzano-
Weierstrasstheorem is proved.

Now it is easy to prove the theorem on the minimum of the modulus

I f(z) 1 of a polynomial. As before, let I f(O) I
= g, let G bea number greater

than g, and let R be such that for z > R, we have If(z) I> G.
Ifg = 0,i.e.,f(O)= 0,then the modulus I f(z) I of the polynomial has a

minimum at the point 0, since at all points it is \n O.

If g > 0 and I f(z) I \n g for all points z then I f(z) I still has a minimum
at the point O. Let g > 0 and let points z exist, in which I f(z) I < g; then
in the sequence of numbers

o g 2g .., ng _

'n'n' 'n- g) ( *))

we find the greatest C n = (i/n) g, such that all values If(z) I \n Cn. For the

next number c'n = [(i + t/n) g] the sequence (*) contains at least one
point Zn such that I f(zn) I < c' n .

Let n increase to infinity. For all n we have I Zn 1 :0::; R, since if 1 Zn I > R,
then If(zn) I would be greater than G and consequently greater also than g.

Thus all points Zn lie inside a rectangle with sides 2R, and with center
at the origin. It is possible that some of these points coincide.

By the Bolzano-Weierstrass theorem there exists a point Zo such that

every neighborhood of Zo contains infinitely many points of the sequence)
z} , Z2 , ..., Zn , ....

We establish that the point Zo furnishes the desired minimum of If(z)I.
For at any point z we have)

lJ(z) I > C n =
c\n

- \n > If(zn) I
- \n

n n

= I/(zo) I + [I/(zn) I
- I.f(zo) I] - \n .

n)))
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This inequality is valid for any n. If we take for n a sequence of values for
which Zn indefinitely approaches Zo , then on account of the continuity of

If(z) I, the difference If(zn) I
- If(zo) I becomes arbitrarily small in absolute

value with gin.

Consequently, If(z) I \n If(zo) I, i.e., If(z) I actually has a minimum
at the point Zo .

D' Alembert's lemma. In view of the fact that all the altitudes t of

points on the modulus surface M are nonnegative, it is clear that any
root of the polynomialf(z), i.e.,any point z of the complex plane where

the polynomial f(z) itself (and consequently its modulus If(z) I also) is

equal to zero, corresponds to a minimum of the modulus surface M.
However,as d'Alembert showed, the converse is also true: At any mini-

mum the surface M extendsdown to the complex plane itself, and con-
sequently at that point there is a root of the polynomial f(z). In other

words, at any point at which the altitude t is positive and not zero, there
is no minimum of the surface M. This follows from the so-called

d'Alembert's lemma:

If 0:is a given complex number such thatf(o:) = 0, then a complex number

h can always be found with arbitrarily small modulus, such that

If(o: + h) I < If(o:) I.)

Proof. We consider the polynomial

f(o: + h)
= ao(O: + h)n + a1(0:+ h)n-l +

... + a n _ 1(0: + h) + an

in two indeterminates 0: and h and arrange it in ascending powers of h.
In this polynomial there will be a term not containing h at all, namely

aoo:
n

+ a 10:n - 1 + ... + an _ 10: + an = f(o:):j::. 0,

since it was assumed that f(o:) :j::.O. There will also be a term with h n
,

namely aohn
, since it was assumed that a o :j::. O. As to the terms with

intermediate powers of h, some of them, and in some cases all of them

may be missing. Let the lowest power of h which occurs in this polynomial
be m, where I :::;; m :::;; n, i.e., this expression will have the form

f(o: + h)
= f(o:) + Ah m -I- Bh m +1 -I- Ch m + 2 + ... + aoh

n
.)

Let us write this as:

f(o: + h)
= f(o:) + Ah

m
+ Ah m

( \n
h +

\n
h 2 + ... +

\n hn-m)
,)

where A :j::. 0, and B, C, etc., mayor may not be equal to zero.
After this preparation the proof of d'Alembert's lemma runs as follows.

For h it is sufficient to take a complexnumber with modulus so small
that the length of the vector Ah

m is smaller than the length of the vector)))



\n3. THE FUNDAMENTAL THEOREM OF ALGEBRA) 291)

f(cx) and with argument such that the direction of the vector Ah
m is opposite

to the direction of the vector f(cx). Then the vector f(cx) + Ah m will be

shorter than the vector f(cx) But if the modulus of h is taken sufficiently
small, the modulus of the expression)

(
\n h +

C
h2 +

... +
ao

hn-m
)A A A)

can be made arbitrarily small, for example, smaller than one, and

consequently, the vector

.1 = Ah
m

(
\n h +

C
h2 +

... +
ao

hn-m
)A A A)

is shorter than the vector Ah
m and therefore,

the vector f(cx + h) = f(cx) + Ah
m

+.1, as is
seen in (figure 5), is also shorter than the vector

f(cx), even if the direction of the vector .1 is in

the opposite direction of the vector Ah m .

The details of this proof are as follows:

l. Since in multiplication, the arguments of
the factors are added, we have to take the

argument of h such that 0

arg A + m .
arg h = argf(cx) + 180\302\260, FIG. 5.)

i.e., it is necessary to take)

argf(cx) - arg A + 180 0

arg h =)
m)

2. The modulus of)

B C
(
_ h + - h

2
+

... +
ao

hn-m
)A A A)

is not greater than the sum of moduli of its summands)

T =
I \n

h
I

+
I \n

h 2

1
+

... +
I \no

hn-m
I

;)

moreover, with decreasing modulus of h, each of the summands of this

sum can be arbitrarily decreased and consequently so can the whole sum.
Therefore, if h is a complex number with the above given argument, and
ho is a modulus such that if h has a smallar modulus than ho and satisfies

the two conditions I Ah m
I < I f(cx) I and T < 1, then for such h we will

have If(cx + h) ! < If(cx) I, which proves d'Alembert's lemma.)))
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From d'Alembert's lemma it immediately follows that every minimum

of the modulus surface M of the polynomial fez) gives a root of this

polynomial. Indeed, if at the point ex, f(ex) *- 0, then by virtue of

d'Alembert's lemma at arbitrarily close points ex + h we would have

I f( ex + h) I > I f(ex) I, i.e., there would not exist a circlewith center at ex,

at all of whose points the modulus of fez) is not smaller than the modulus

t
of f(ex), and therefore at the

point ex we would not have a
minimum of the modulus of

fez). With this the fundamental

theorem of algebra is proved.

The general form ofthe modu-
lus surfaceM. The modulus sur-

face M of the polynomial fez)
liesabove the complex plane z.
It has the form shown in

figure 6. It can be shown that
at greater altitudes t, the sur-

face M differs very little from

the surface obtained by revol-

FIG. 6. ving the nth degree parabola

t =
I a o 1 x n about the Ot-axis.

But for small t the surface M has minima, whose number is equal
to the number of distinct roots of the equation fez) = o. At all these

minima the surface M touches the complex plane z itself.)

\n4. Investigation of the Distribution of the Roots of a Polynomial

on the Complex Plane

A number of problems important in practice are connected with this

question: Without solving a given equation, obtain some information

about the distribution of its roots on the complex plane. The first such
problem, historically, was to determine the number of real roots of an

equation. That is, if an equation with real coefficients is given, then by

some test depending on its coefficients, to determine, without solving the

equation, whether it has real roots and if it does, how many; or how many
positive and how many negative roots it has; or how many real roots

lying between given limits a and b.)

Derivatives of a polynomial. In this section an essential role will be

played by the derivative of a polynomial. The definition of the derivative
of a function was given in Chapter II.)))
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For the polynomial auX
n + alx

n - l + ... + an_Ix + an the derivative is
given, as is well known, by the polynomial)

naox
n - l + (n - 1)alxn - 2

+ '\" + an-I')

The concept of derivative in Chapter II was considered only for functions

of a real variable. In algebra it is necessary to consider the variable as
taking on arbitrary complex values and to introduce polynomials with

complex coefficients.

However, the former definition of derivative. can be retained, namely
as the limit of the ratio of the increment of the function to the increment
of the independent variable. The formula for computing the derivative of

a polynomial with complex coefficients, and the basic laws for the deriv-
ative of sum, product, and power remain the same as before.*)

Simple and multiple roots of a polynomial. In \n2 of this chapter it

was established that if the number a is a root of the polynomial f(x),
then f(x) is divisible by x - a without remainder. If f(x) is not divisible
by (x

- a)2, then the number a is called a simple root of the polynomial

f(x). Generally, if the polynomialf(x) is divisble by (x - a)k but not by

(x - a)k+l, then the number a is called a root of multiplicity k

A root a of multiplicity k is often regarded as k different roots. The

basis for this is that the factor (x -
a)k, present in the factorization of

f(x) into linear factors, is the product of k factors, each equal to (x - a).
By virtue of the fact that every polynomial of degree n can be factored

into the product of n linear factors, the number of roots of the polynomial

is equal to its degree, if we take into account the multiplicity of each root.
The following theorems are true:

1. A simple root of a polynomial is not a root of its derivative.

2. A multiple root of a polynomial is a root of its derivative of
multiplicity one less.)

For, let f(x) = (x -
a)k fl(X) and let fleX) not be divisible by (x

- a),
i.e.,fl(a) =1= O. Then

.f'(x) = k(x -
aY-Ifl(X) + (x - a)kf\n(x)

= (x
- a)k-l [kfl(X) + (x -

a)f\n(x)]
= (x - a)k-l F(x).)

The polynomial F(x) = kfl(X) + (x -
a)f;(x) is not divisible by

(x - a), since F(a)
= kfl(a) =1= O.)

* See Chapter IX.)))
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Consequently,f'(x) for k = I is not divisible by x - a, and for k > If'(x)
is divisible by (x

- a)k-l but not by (x - a)k. With this both theorems

are proved.)

Rolle's theorem and some of its consequences. Accordingto the well-

known theorem of the Rolle*, if the real numbers a and b are roots of a

polynomial with real coefficients, then there exists a number c lying

between a and b which is a root of the derivative.
From Rolle'stheorem the following interesting theorems follow:

l. If all roots of the polynomialf(x) =
aoxn + ... + an are real, then

all roots of its derivative are also real.In addition, between two adjacent
roots off(x) there exists one root of f'(x) and this root is simple. Indeed,
let Xl < X2

... < X k be the roots off (x) with multiplicities m l , m2 , \"', mk ,

respectively. Clearly, m l + m 2 + ... + m k = n.

Then the derivative f'(x), by the above theorem on multiple roots, will

have roots Xl , X2, ..., Xk with multiplicities m l - I, m2
- I, \"', mk

- I,
and by Rolle's theorem there is at least one root YI , Y2 , ..., Yk-l in the

interior of each of the intervals (Xl' X 2), (X2, x a ), ..., (Xk-l ,Xk) between
two successiveroots of f(x). Thus, the number of real roots of f'(x) is

equal (with regard to multiplicities) to at least (m l
- 1) + (m2

- I) + ...
+ (mk

- I) + k - I = n - l. But f'(x) as an (n
- l)th-degree poly-

nomial has (with regard to multiplicities) n - I roots. Consequently, all
roots of f'(x) are real, YI , Y2' \"', Yk-l are simple roots, and roots other

than Xl' X2' ..., Xk and YI , Y2, \"', Yk-l of the polynomial f'(x) do not

exi st.

2. If all roots of a polynomialf(x)are real and of these p are positive,
then.f'(x) has p or p - I positive roots.

For, let Xl < X2 < ... < Xk be all positive roots of the polynomial
f(x) with multiplicities m l , m2' \"', mk, respectively. Then m l + m2 + ...

+ mk = p. The derivative .f'(x) will have the foIlowing positive roots:

Xl' X2, ..., Xk with multiplicities m l - I, m 2
- I, ..., mk

- I; simple
roots YI , Y2, ..., Yk-l lying in the intervals (Xl' X2), ..., (Xk-l ,Xk); and it

can also have a simple root Yo lying in the interval (xo , Xl) where Xo is the

largest nonpositive root of f(x). Consequently, the number of positive
roots is equal to (m l - I) + ... + (mk

- I) + k - I = p - I or

(m 1
- I) + ... + (mk

- I) + (k - I) + I =
P which was required to be

proved.

Descartes'law of signs. In his significant book of 1637 \"Geometry,\"
in which the first presentation of analytic geometrywas given, Descartes,)

* This theorem is the simplest form of the mean value theorem, which was mentioned
in Chapter II.)))
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among other things, gave the first significant algebraic theorem concerning
the distribution of roots of a polynomial on the complex plane, the so-
called \"Descarteslaw of signs.\" It can be stated as follows:

If the coefficients of an equation are real and all its roots are also known

to be real, then the number of its positive roots, with account taken of

multiplicities, is equal to the number of changes of sign in the sequence of
its coefficients.If it also has complex roots, then this number is equal to or
an even number less than the number of these changes in sign.

We first explain what we mean by the number of changesof sign in the

sequence of coefficients of the equation. To obtain this number we write

down all coefficients of the equation, for examplein the order of decreasing
powers of the unknown, including the coefficient of xn \nnd the constant

term, but omitting coefficients equal to zero, and considerall pairs of

successive numbers of the sequenceso obtained. If in such a pair the signs
of the numbers are different, then we call this a change of sign. For
example, if the given equation is

X7 + 3X5 - 5.0 - 8X2 + 7x + 2 = 0)

then (he sequence of its coefficients i\"

1,3, -5, -8, 7, 2)

and (here are 2 changes of sign.
Now we pass to the proof of the first part of the theorem. *

Without loss of generality we can assume that the leading coefficient a o

of the polynomial f(x) =
aoX

n + ... + an i\" positive.

First of all, we establish that if/(x) has only real roots and of these p
are positive (counting multiplicities) then (-I)P is the sign of the last

coefficient of f(x) different from zero.

Indeed. let)

f(x)
= aoxn + ... + akx

n - k

= aoxn-k(x -
Xl)

...
(x

- xp) (x -
xp+!)

...
(x

-
Xn-k),)

where Xl' ..., X p are the positive roots of f(x), X p +!, ..., Xn-k are the

negative roots off(x),account being taken of the multiplicity of each root.

Then ak
= a o(-ly Xl

... X p ( -xpu)... (-Xn+k) and, since all the numbers
numbers ao , Xl , ''', X p , -Xp+! , ..., -Xn-k are positive, the sign of ak is

( -1)P.t
The subsequent proofis based on the method of mathematical induction.)

* We could give another, direct proof, not involving derivatives, but it would be
somewhat longer.

tWe note that this assertion is also correct for the case when some of the roots of

[(x) are complex.)))
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For first-degree polynomials the theorem is trivial. Indeed, a first-degree

polynomial auX + a 1 has a unique root -al/a O ' which is positive if and

only if a o and G 1 have opposite signs.
Let us assume now that the theorem is proved for all polynomialsof

(n
- I)th degree with real roots, and with this assumption we will prove

it for any polynomial f(x) =
aoxn + ... + an - 1 x + an of degree n.

1. an
= O. We consider the polynomial fl(X)

= aoxn-l + ... + an-I'
The positive roots of the polynomials f(x) and fl(X) are the same; the
number of changes of sign in the sequence of their coefficients is also the
same. For the polynomial fl(X) Descartes' law is valid; consequently it

is valid for the polynomial f(x).
2. an *- O. We consider the derivative

f'(x) =
nauXn-1 + (n - I) a1xn - 2

+ ... + an-I'

It is clear that the number of changes of sign in the sequence of coef-
ficients of the polynomial f(x) is equal to the analogous number for the

derivative f'(x), if the signs of an and the last nonzero coefficient of the

derivative coincide, or it is one more, if the signs are opposite.
By what was said above at the beginning of the proof, in the first case

the number of positive roots of f(x) and of f'(x) have the same parity

(are both even or both odd), and in the second case they have opposite
parity. But as we deduced from Rolle's theorem, the number of positive
roots of a polynomial, if all its roots are real, can be either equal to the

number of positive roots of its derivative, or be one more. Taking this

into consideration, we note that in the first casef(x) has the same number

of positive roots as f'(x), and in the second case one more. For ('(x)
Descartes'law is valid by the induction assumption, i.e., the number of

positive roots of f'(x) is equal to the number of changes of sign in the

sequence of its coefficients. Consequently, in both cases the number of

positive roots of f(x) is equal to the number of changes of sign in the

sequence of coefficients, and this is the required proof.
The second part of Descartes' Jaw is not more complicated to establish,

and we will omit the proof here.)

Remark 1. The first assertion of Descartes' theorem is particularly

important, since in many practical problems it is automatically known

whether all roots of a given equation are posirive. In this case it can be

quickly determined, how many roots are positive and how many negative.
Also it can be seen at once, how many zero roots the equation has.)

Remark 2. If in the given polynomial we set x \n=
y + a where a is

an arbitrary given real number, i.e., we form the polynomial f(y -+
a),)))
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then the positive roots y of this polynomial will be those and only those
that are obtained from the roots x of the given polynomial f(x) that are

greater than a. Therefore the number of roots of the given polynomial
f(x), all of whose roots are real, lying between given limits a and b (b > a),
is equal to the number of changes of sign for the polynomial f(y + a)
minus the number of changes of sign for the polynomialf(z + b). If,

however, not all roots of f(x) are real, then it can be shown that this

number is equal to this difference or some even number less. This is the

so-called Budan theorem.)

Sturm's theorem. Descartes' law of signs, as well as Budan'stheorem

do not, however, give an answer to the problem: Doesa given equation

with real coefficients have at least one real root, how many real roots does
it have altogether, and how many real roots does it have lying between

given limits a and b? For more than two centuries mathematicians

attempted to solve these problemsbut without result. A long series of
efforts in this direction were made by Descartes, Newton, Sylvester,

Fourier, and many others, but they did not succeed in solving even the

first of these problems,until, finally in 1835 the French mathematic:.ian

Sturm suggested a method that solved all three problems.
Sturm's method is really not very complicated, but it is of such a

character that one might seek it for a long time and not find it. Sturm

himself was very happy that he had succeeded in solving this remarkable
and exceedinglyimportant pratical problem of algebra. In his lectures,
when he came to the presentation of his result, he usually said: \"Here is
the theorem whose name I bear.\" But it must be said that Sturm did not

solve this problem by mere chance; he pondered for many years on

questions related to it.

Letf(z) be a polynomial with real coefficients andfl(z) be the derivative
f'(z). Let us divide the polynomialf(z) by fl(Z) and denote the remainder
in this division by f2(Z), taking it with the opposite sign. Then, divide

fl(Z) by f2(Z) and denote the remainder, taken with opposite sign, by

fiz), etc.
H can be shown that the last nonzero polynomialfl(z) of the constructed

sequence wiII be a constant number c.
Sturm's theorem is as follows: If a < b are two real numbers, which are

not roots of the polynomial J(z). then substituting in the polynomials

J(z),J)(z), ... ,JS-l(Z),c)

z = a and z = b, we obtain two sequences of real numbers

J(a),Jl(akMa), \"',J.-l(a),c,
f(b),Jl(b),J2(b), \"',Js-)(b), C,)

(I)

(II))))



298 IV. ALGEBRA: THEORY OF ALGEBRAIC EQUATIONS)

such that the number of changesof sign in sequence (I) is greater than or

equal to the number of changes of sign in sequence (II) and the difference
between these numbers of changes of sign is exactlyequal to the number

of real roots off(z) lying between a and b, or in other words, the number
of these roots is equal to the loss of changes of sign in sequence (I) in

going from a to b.
The proof of Sturm's theorem is not more difficult than the proof of

Descartes' theorem, but we wiJI not give it here.

Sturm's theorem enables us to compute the number of roots of a poly-
nomial with real coefficients on an arbitrary of the real axis. Therefore
the application of Sturm's theorem to any given polynomial gives a clear
picture of distribution of roots of a polynomial on the real axis, in partic-

ular it enables us to separate the roots, i.e., to construct segments in each
of which only one root of the polynomial is contained.

In many applications, the solution of the analogous problem for the

complex roots of a polynomial is equally important. Since complex
numbers are represented by points not on the line but in the plane, it is

impossible to speak of \"segments\" in which complex roots are contained;
insteadof a segment, we have to consider a region,i.e.,a part of the plane,
chosen in one way or another.

Thus, with respect to complex roots the following problem arises:

Given a polynomialf(z) and a region in the complex plane, it is required

to find the number of rootsof the polynomial inside this region.
We assume that the region is bounded by a closed contour (figure 7)

and that on the contour the polynomial f(z) does not have roots.

Imagine that the point z goes around the contour of the region once in

the positive' direction. Every value of the polynomial is also represented
by points on the plane. With continuous change of z the polynomial J(z)
also changes continuously. Therefore, while z goes once around the)

v

y

0'

0 X

FIG. 7. FIG. 8.)))
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contour of the region, f(z) describessome closedcurve. This curve will

not go through the origin of the coordinate system, sincef(z) by assumption

does not reduce to zero at any of the points of the contour (figure 8).

The answer to the above mentioned .,roblemis given by the following
theorem:)

Principle of the argument. The number of roots of the polynomial

f(z) inside the region bounded by a closed curve C is equal to the number

of times the pointf(z) winds around the origin as z goes around the contour
C oncein the positive direction.

For the proof we decomposef(z) into linear factors

f(z) =
aoZ

n
+ a1z

n - 1 + ... + an
= ao(z -

Zl) (z
-

Z2)
...

(z
- zn)'

We know that the argument of the product of several complex numbers

is equal to the sum of the arguments of the factors. Consequently,

argf(z) =
arg a o + arg (z -

Zl) + arg (z -
Z2) + ... + arg (z -

zn)'

Let us denote by .1 argJ(z) the increment of the argument of f(z),

computed under the assumption that z goes once around the contour C.
It is clear that .1 argf(z) is 217 multiplied by the number of times the point
J(z) winds around the origin.

Clearly,

.1 argf(z) = .1arg a o + .1 arg (z -
Zl)

+ .1 arg (z -
Z2) + ... + .1 arg (z -

zn)'

It is clear that .1 arg ao
= 0 since ao is a constant. Then, z -

Zl is

represented by the vector going from the point Zl to the point z. Let us
assume that Zl is in the interior of the region. Geometrically it is clear

(figure 9) that as the point z goes around the contour C the vector z -
Zl

makes a complete revolution about its initial point, so that

.1 arg (z -
Zl)

= 217. We assume now that the point Z2 is in the exterior
of the region. In this case the vector \"oscillates\" to one side and back,
and returns to its original position without making a revolution about
its initial point, so that .1 arg (z -

Z2)
= O. We can reason the same way

about all the roots. Consequently .1 argf(z) is equal to 217 multiplied by
the number of roots of f(z) lying in the interior of the region. Hencethe

number of roots of f(z) inside the region is equal to the number of times
the pointf(z) winds around the origin, and this is the required proof.

This theoremenablesus to solve the problem in every parlicular case,
and to draw the curve traced by the pointf(z) with any degree of accuracy.
To do this it is necessary to take a sufficiently dense set of points z on the
contour C, to compute the corresponding values f(z) and to join them by)))



300 IV. ALGEBRA: THEORY OF ALGEBRAICEQUATIONS)

a continuous curve. However, in some cases we can get by without these

tedious computations. We indicate one of the methods with a numerical
example.)

Example. Let us find the number of roots of the polynomial

j(z) = Zl1 + 5Z2 - 2 insidea circleof radius 1 with center at the origin.
On the indicated circle I z I

= 1, one of the three terms which make

up the polynomiat j(z) , namely 5Z2, dominates the others. Indeed,
I 5Z21

= 5, but I Zl1 - 2 I <; I Z /11 + 2 = 3. This property allows us to

reason thus. Let us denote Zl1 + 5Z2 - 2 by W, 5Z2 by N1 , and Zl1 - 2 by

N 2 . While the point z goes once around the unit circle, N 1 = 5Z2 winds

around a circle of radius 5 twice, since I N 1 I
= 5 and arg N1 = 2 arg z.

The point w is \"tethered\" to the point N1 by a vector whose length is

I N 2 I <; 3, i.e., the distance from the point w to the point N1 is at all
times smaller than the distance from N1 to the origin of the coordinate
system.)

FIG. 9.) FIG. 10.)

Consequently, the point w, however it may \"wind\" around N1(figure 10)
cannot \"independently\" go around the origin, and thereforewinds around

the origin exactly as many times as the point N1 does, i.e., twice. Con-

sequently, the number of roots of j(z) in the interior of the region in

question is equal to two.)

Hurwitz's problem. In mechanics, particularly in the theory of

oscillations and control, an important role is played by the conditions

that permits us to decide whether all the roots of a given polynomial

j(z) = aoZ
n

+ a1Z
n - 1 + ... + an (with real coefficients) have negative real

parts, i.e., lie in the half plane left of the imaginary axis.
Oneof the criteria for solving this problem iseasy to obtain from reasons

similar to the principle of the argument.

We will assume that a o > O.)))
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Let the point Z (figure II) move on the imaginary axis downward from

above, i.e., let z =
iy as y changes from + 00 to -

00, remaining real.

Then I(z) describes a curve with infinite branches. For our investigation
the closelyrelated curve described by the function

II(z)
= (i)-n I(z) =

aoyn
- a 2yn-2 + a 4y

n-4 + ... -
i(a1yn-1

-
aaY

n - 3 + ...)
=

cp(y)
-

hf;(y),)

where)

cp(y) = aoyn - a2y
n-2

+ ...,

if;(y) = a1yn-1 -
aaY

n - 3 + ...)

is more convenient.
Sinceargi =

TT12, therefore arg II(z) = -
nTTI2 + arg/(z), and conse-

quently the increments of the arguments of/(z) and II(z) are the same.

Let us compute the increment of the argument of the point II(z) as z

moves on the imaginary axis downward.
Let/(z) =

ao(z
- Zl) (z -

Z2)
...

(z
- zn)' Then

arg/I(z)= arg (aoi-n) + arg (z -
Zl) + arg (z -

Z2) +
... + arg (z -

zn)')

It is clear geometrically that the increment of arg (z -
Zk) is equal to TT,if

Zk lies in the right half plane and to -TT, if z lies in the left half plane
(figure I I).

y)

Zk)

x)

v

n=5

u

f(z)

FIG. 12.)

z=/j)

Zk)

FIG. 11.)

Therefore the increment of the argument of II(z) is equal to TT(N 1
- N2 ),

where N 1 is the number of roots of/(z) in the right half plane and N2 is the

number of roots in the left half plane. For all the roots to lie in the left

half plane it is necessary and sufficient that the increment of the argument
of the point II(z) be equal to -TTn,i.e., that the point II(z) make n half

revolutions clockwise about the origin (figure 12).

We note that the point II(z) = cp(y) -
iif;(y) intersects the imaginary

axis for those values of y that are roots of cp(y) and the real axis for the
roots of if;(y). Since cf>(y) has no more than n real roots and the number of)))
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real roots of if;(y) is not more than n - I, it is easy to see geometrically
that fl(Z) can make n complete revolutions in the clockwise direction if

and only if the curve comes from the fourth quadrant and intersects in

turn the negative half of the imaginary axis, the negative half of the real

axis, the positive half of the imaginary axis, the positive half of the real
axis,etc.,so that the general number of points of intersection with the

imaginary axis is equal to n (one for every half revolution), and with the

real axis it is equal to n - I (one less than the number of half revolutions).

Therefore the coefficient al must be positive, and the roots of the poly-

nomials cp(y) and tP(y) must be all real and alternating. This last statement

means that if Yl > Y2 > ... > Yn are the roots of cp(if;) arranged in

decreasing order, and TJl > TJ2 > ... > TJn-l are the roots of if;(y), then

Yl > TJl > > Y2 > TJ2 > ... > Yn-l > TJn-l > Yn .

Thus, in order that all roots of the polynomial f(z\302\273zn +alz
n - i

+ \"'+a n
with real coefficients and a o > 0 lie in the left half plane, it is necessary
and sufficient that the coefficient a l be positive and the roots of the

polynomials cp(y) =
aoyn

- a 2y
n - 2 + a4y

n- 4 - ... and if;(y)
=

aly
n - l - aayn-a + ... be all real and alternating.

This condition is equivalent to the well-known condition of Hurwitz

to the effect that all the following determinants are positive:)

ai,)
I

al a o

I
'

aa a 2)
I

ai a o a_I

I

aa a 2 a l ,. ..,
as a4 aa)

a l

aa)

a o

a 2)

a_I

a l)

a 2- n

a 4- n)

a 2n- l a 2n - 2 a 2n -a an)

where all a i with indices less than 0 or greater than n are replaced by zero

(on determinants,seeChapter XVI, \n3).)

\n5. Approximate Calculation of Roots

Sturm'smethod in combination with the lower limit of the difference

of two distinct real roots allows us to construct the \"separation\" of real
roots of a polynomial with real coefficients, i.e., allows us to determine

for each root limits a and b between which only this one root can be found.
It remains to discover a suitable method for finding, in the segment
a < b, numbers 0:1< 0:2 < CXa <... and fJl > fJ2 > fJa > \"', which

converge as rapidly as possibleto the desired root, the first sequence

being an approximation by defect and the second by excess. Each of the
two approximations O:k and fJk clearly differs from the desired root x by)))
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less than their difference fJk
-

(Xk , since the root lies between them. Thus

we can find upper bounds for the error when we stop at any given

approximation.)

Graph of a polynomial. Let the given nth-degree polynomial with

real coefficients be)

f(x) = aoxn + alX
n - 1 + ... + an_IX + an .

Let us consider the curve that represents in rectangular coordinates
the equation y = f(x), i.e., the graph of this polynomial. This curve is
sometimes calledan nth-order parabola. First of all, it is clear that for any

real X there is one and only one definite y = f(x); consequently,the graph

f ranges arbitrarily far to the right and to the left. I n addition, for contin-
uous change of x,f(x) as well as f'(x) change continously, i.e., without

jumps. Therefore, the graph fis a smooth curve. For X large in absolute

value the first term aoxn exceeds in absolute value the sum of all remaining

terms, since they are all of lower degree.From this it follows that if n is

even and a o > 0, then the graph f on the right and on the left goes to

infinity upward (and if a o < 0, downward); but if n is odd and ao > 0,

then on the right it goes upward and on the left downward (if a o < 0,
then conversely).

The points of intersection of the graph f with the Ox-axis, i.e., those
points where y = f(x) = 0, correspondto the real roots of the equation
f(x) = 0; there are no more than n of them. At the maxima and minima

of the graph y = f(x), the derivative f'(x) = 0; consequently, the number

of maxima and minima is not greater than n - I. If on some section

f\"(x) > 0, the first derivative increases there, i.e., the graph is concave

upward; iff\"(x) < 0, then the graph is concave downward. Becausesome
roots of f'(x) = 0 may be complex, Y

the number of maxima and minima of

the graphfmay be smaller than n - 1.

Y

{(x): x3 -3xf-f)

x)

FiG. 13.) FiG. 14.)))
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Here are examples of the graphs of polynomials

f(x)
= x 3 - 3x + I (figure 13),

f(x) = .x4 - x3 - 4x 2
+ 4x + I (figure 14).

After constructing the graph of a polynomial it is easy to find approxi-

mations to its roots. Namely, the roots are the abscissas of the points of
intersection of the graph with the Ox-axis.)

The method of \"undershot\" and \"overshot.\" Let us substitute in the

polynomial f(x) some integral rational number, for example 3, and then

substitute 4, 5, .... If in substituting 4, 5, 6 we still obtain the same sign
as for 3, but for 7 the opposite sign, then it is clear that between 6 and 7

the polynomialf(x) has at least one root. Now we substitute 6,6.1,6.2, ...

and find two neighbors of this sequence of numbers, for example 6.4 and
6.5 which when substituted give different signs. Accordingly, there will

be at least one root between them. Then we substitute 6.4, 6.41, 6.42,
6.43,... and find even closer limits for the root, for example,6.42and

6.43, etc. This is the method of \"undershooting and overshooting.\" The

method can be considerablysimplified by applying at each step of the

calculations a supplementary transformation of the polynomial, and then

at each step after the first, it will be necessary to substitute only whole

numbers and not fractions, and moreover, only the whole numbers 1,2, ...,
9. But we will not dwell on this simplification.)

The method of tangents and the method of chords. The method of
tangents, called Newton's method, and the method of chords,or of linear

interpolation, called also the method of false position (regula falsi), are
used either separately or together to obtain estimates of error. Suppose

a < b and a and b we have only one root of the polynomial f(x), so that

f(a) and f(b) are of opposite sign, and let us also suppose that the second

derivative f\"(x) between a and b is of constant sign. In this case the part
of the graph of f(x) between a and b has one of four forms (figure 15).

In cases I and II in figure 15, the tangent to the graph at the point with

abscissa a intersects the Ox-axis at a point with abscissa CXI lying between

the desired root and a. If we calculate the abscissa CXI and consider now
the tangent to the graph from the point with abscissa CXI , we analogously
find a point CX2 lying between the point CXI and the desired root, and then

find a corresponding CX3 and so on. In this way we will obtain better and
better approximations with defect. As can be seen from the diagram,

these values approach the desired root with great rapidity.

In cases III and IV it is necessary, on the other hand, to start with the

abscissa b, and then obtain points fJI , fJ2 , fJ3 , ..., i.e., better and better)))
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approximations with excess. Which of the four cases actually occurs, is

easy to determine by the signs off(a),f(b), andf\"(x) for a < x < b.
Since the equation of the tangent to the curve y = f(x) at its points with

abscissa a is)

y
- f(a) \n-= f'(a) (x

-
a),)

y) y)

o.) x) o) x)

Case I) Case II)

y) y)

o) x) o) x)

Case III) Case IV)

FIG. 15.)

the abscissa 0:1 of the point of its intersection with the Ox-axis is obtained
from the equality)

Then)

o - f(a) = f'(a)(0: 1
- a)

f(a)
0:1

= a -
f'(a)

.

f(O:l) f(0:2)
0:2 = 0:1-

1'(0:1)' 0:3
=

0:2
-

1'(0:2))

that is)

and so on.)))
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Analogously,

f(b) j(\nI) f(\n2)
\n1

= b -
.f'(b)

'\n2
= \n1

-
.f'(81) '\n3

=
\n2

-
.f'(\n2)

and so on.
This is Newton's method. *

The method of linear interpolation or false position, consists of the

following. The equation of a chord, as the equation of a line passing
through two given points, has the form)

-=-
- a _ y - j(a)

b - a
-

f(b) -
((a)

,)

and the abscissa Yl of the point of its intersection with the Ox-axis, as

obtained from the equation)

x-a

b-a)

o - f(a)
f(b)

- f(a))
is equal to)

Yl
= - (b - a)f(a)+ a = aj(b)

- bj(a)

f(b) - f(a) f(b)
- f(a)

.)

Taking this number for the new b in cases I and II and for the new a in

cases III and IV, we find in cases I and II)

_ af(Yl) - Yd(a) aj(Y2)
- Yd(a)

Y2
-

.f(Yl) -f(a)
, Y3

=

f(Y2) -f(a))

and so forth.
In cases III and IV, taking Yl for the new a we find)

yJ(b)
- bf(Yl) Yd(b) -

bf(Y2)
Y2

=

f(b) -/(Yt)
, Y3

=

f(b)
-

f(Y2))

and so forth.

The combination of these two methods is particularly important, since
(as may be seen from the diagrams) it allows us, if the approximations
from above and below are known, to estimate the error, which is clearly)

* From these formulas we also obtain a rigorous proof of the two assertions made
from a consideration of the diagrams. Namely, the values an (or f3,,) with increasing n

change monotonically, for example in case [ they increase and are bounded, i.e., by

virtue of the Weierstrass lemma, they approach some limit a. Replacing an in these
formulas by its limit a, we obtain a = a -

I{<a)/[\"(a)] from which f(a) = 0, i.e.,
a is a root of /.)))
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not greater than the difference between these approximations, since the

desired root is between them.)

Remark. It is important to note that the fact thatf(x) is a polynomial,
and not some other function of x, doesnot play any role at all either in

Newton's method, or in the method of linear interpolation, i.e., both

of these methods and their combination can be adapted, under the
aforementionedconditions, to transcendental equations.)

Lobacevskii's method. One of the most widely used methods of

calculation of roots, especiallyof complex roots, is the method *
proposed

by N. I. LobacevskiI in his book \"Algebra,\" published in 1834. The basic

idea of this method goes back to Bernoulli.
We note, first of all, that if we are given a polynomialwhose rootsare

Xl , X2 , \"', Xn , then it is easy to write down the polynomial, also of the
nth-degree,whose roots are x\n, x:, ..., x\n, i.e., the squares of the roots

of the given polynomial. Indeed, if Xl , X2 , \"', X n are the roots of the
polynomial)

X n + alx
n - l + a 2x n - 2 + ,., + an,)

then it may be written as

(x -
Xl) (X

- x2 )
...

(X - xn ),)

and the polynomial)

X
n - alx n - l + a2x n - 2 - ... ::f:an,)

whose roots are the roots of the given polynomial taken with opposite
sign, may be written as)

(X + Xl) (X + x 2 )
.,.

(X + xn ).

The product of these two polynomials is consequently

(X2 -
x\n) (X2

- x:) ...
(X2

-
x\n)

and therefore contains only even powers of x. Setting X2 = y, we obtain
an nth-degreepolynomial in y

yn + blyn-l + b2y
n-2 + ... + bn ,

which may be written as

(y
- xD(y - x:)...(y

-
x\n),)

* This method was discovered independently by Oandelin (1826), N. r. Lobacevskii
(1834),and Graeffe (1837).)))
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since its roots are xi, x\n, \"', x\n. I nstead of directly multiplying the

polynomial)

x n + alx
n - l + a 2x n - 2 + ... + an)

by the polynomial)

x n - alx
n - l + a 2x n- 2 - ... ::J:an ,)

we can obtain the coefficients bk according to the following scheme. In

first row above a horizontal line, we write I, a} , a2 , ..., an and then below

the line, under each of these coefficients a k , we write first its square a\n '

then minus twice the product of its neighbors)

- 2ak_1 ak+l ,)

then plus twice the product of the coefficients)

+ 2ak-2 a k + 2 ,)

symmetric with respect to a k , etc., alternating in sign until all further

coefficients on one side or the other are equal to zero. The coefficients b k

are then obtained as the sum of the corresponding columns of numbers
written under the line.

After obtaining these coefficients I, b l , b 2 , ''', bn of the polynomial
whose roots are I, xi , x\n ,

...
, x\n, we next construct the coefficientsI,

C} , C2 , ..., C n of the polynomial whose roots are the squares of the roots
of the polynomial)

yn + blyn-l + b2y
n-2

+ ... + bn ,)

i.e., x\n, x: , ..., x\n. Then analogously we obtain the coefficients I, d},
d2 , ..., d n of the polynomial whose roots are x\n , x\n , \"', x\n; and then the

polynomial whose roots are X\n6, X\n6, \"', X\n6, and so forth.

Let us consider only the fundamental idea of LobacevskiI's method;
moreover, we restrict ourselves for simplicity to the case when all roots

of the equation are real and distinct in absolute value. Let)

I Xl I > I X 2 I > ... > I x\" I,)

i.e., let Xl be the root largest in absolute value, X2 the next largest, and so
on. Let N be a sufficiently large number and let the polynomial)

Xn + AIXn-1 + A 2 xn-2 -t ... + A\)
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ha ve roots eq ual to the Nth power of the roots xI , X 2, \"', Xn of the given

polynomial, i.e.,)

-
Al

=
x\n + x\n +

... + x\n,)

A 2
=

x\nx\n + x\nx\n +
... + X\n_IX\n,)

::I: An
=

x\nx\n
...

x\n.)

Then in the sequence of numbers I x\n I, I x\n I, \"', I x\n I for large N each
sucessive number is so much smaller than its predecessor that in these

expressions for Al , A2' ''', An we may retain only the first summand, the

sum of all remaining summands being neglected in comparison with the

first. We thus obtain the approximate formulas)

x\n\n-AI') X\nX\n
\n A

2 ,)

X\nX\nX\n
\n A 3 , \"', X\nX\nX\n

...
X\n \n ::I:A

II')

or, dividing pairwise and taking the Nth roots, we have the following
formulas for Xk':)

XI
= -t/-AI' X 2

= NI _
\n2

, X3 = NI _
\n3

, \"',X n
= NI _

AAn
.

'V I 'V 2 'V n-I)

It can be shown that it is sufficient to extend the computation up to the

polynomial whose coefficients taken with signs + - + - ... will be

equal with the necessary degree of exactness, to the squares of the cor-
respondingcoefficients of the preceding polynomial.

A detailed exposition of LobacevskiI's method can be found in the well-

known book of Academician A. N. Krylov' \"Lectures on approximate
calculations.\
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CHAPTER) v)

ORDINARY

DIFFERENTIAL EQUATIONS)

\n 1. Introduction

Examples of differential equations. The equations that we have
encountered up to now have been for the most part concerned with

finding the numerical value of one magnitude or another. When, for

example, in the search for maxima and minima of functions, we solved
an equation and found those points for which the rate of change of a
function vanishes, or when in Chapter IV we considered the problem of

finding the roots of polynomials, we were in each case looking for isolated

numbers. But in the applications of mathematics there often arise problems
of a qualitatively different sort, in which the unknown is itself a function,
a law expressing the dependence of certain variables on others. For
example, in investigating the process of the cooling of a body, our task
is to determine how its temperature will change in the course of time; to
describethe motion of a planet or a star wemust determine the dependence
of their coordinates on time, and so forth.

We can quite often construct an equation for finding the required

unknown functions, such equations being called functional equations.

The nature of these may, generally speaking, be extremely varied; in fact,

it may be said that we have already met the simplest and most primitive

functional equations when we were considering implicit functions.

The problem of finding unknown functions will concern us in Chapters

V, VI, and VII. In the present chapter, and in the following one, we will

consider the most important class of equations serving to determine such

functions, namely differential equations; that is, equations in which not only
the unknown function occurs, but also its derivatives of various orders.

311)))
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The following equations may serve as examples:)

dx d2
x d 2

x

dt
+ P(t) x = Q(t),

dt
2

+ m 2x = A sin wt,
dt 2

= tx,)

OU 02U 02U 02U 02U 02U-=- -=- -+-=0
ot ox 2 '

ot 2 ox 2 'ox 2
oy2

.) (I))

In the first three of these,the unknown function is denoted by the letter

x and the independent variableby t; in the last three, the unknown function

is denoted by the letter U and it depends on two arguments, x and t, or

x and y.
The great importance of differential equations in mathematics, and

especially in its applications, is due chiefly to the fact that the investigation
of many problems in physics and technology may be reduced to the

solution of such equations.
Calculations involved in the construction of electrical machinery or of

radiotechnical devices, computation of the trajectory of projectiles,
investigation of the stability of an aircraft in flight, or of the course of a
chemical reaction, all depend on the solution of differential equations.

It often happens that the physical laws governing a phenomenonare
written in the form of differential equations, so that the differential

equations themselves provide an exact quantitative (numerical) expression
of these laws. The readerwill see in the following chapters how the laws of
conservation of mass and of heat energy are written in the form of dif-
ferential equations. The laws of mechanics discovered by Newton allow

one to investigate the behavior of any mechanical system by means of
differential equations.

Let us illustrate by a simple example. Consider a material particle of

mass m moving along an axis Ox, and let x denote its coordinate at the

instant of time t. The coordinatex will vary with the time, and knowledge
of the entire motion of the particle is equivalent to knowledge of the

functional dependence of x on the time t. Let us assume that the motion

is caused by some force F, the value of which depends on the position of

the particle (as defined by the coordinate x), on the velocity of motion

v = dxjdt and on the time t, i.e., F = F(x, dxjdt, t). According to the

laws of mechanics, the action of the force F on the particle necessarily
producesan acceleration w = d 2

xjdt
2 such that the product of wand the

mass m of the particle is equal to the force, and so at every instant of the

motion we have the equation)

d 2x

(

dx \\m
dt 2

= F x,
dt

' t, .) (2))))
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This is the differential equation that must be satisfied by the function

x(t) describing the behavior of the moving particle. It is simply a represen-
tation of laws of mechanics. Its significance lies in the fact that it enables
us to reduce the mechanical problem of determining the motion of a
particle to the mathematical problem of the solution of a differential

equation.

Later in this chapter, the reader will find other examples showing how
the study of various physical processes can be reducedto the investigation

of differential equations.
The theory of differential equations began to develop at the end of the

17th century, almost simultaneously with the appearance of the differential
and integral calculus. At the present time, differential equations have
becomea powerful tool in the investigation of natural phenomena. In

mechanics, astronomy, physics, and technologythey have been the means
of immense progress. From his study of the differential equations of the

motion of heavenly bodies, Newton deduced the laws of planetary motion
discoveredempirically by Kepler. In 1846 Leverrier predicted the existence

of the planet Neptune and determinedits position in the sky on the basis
of a numerical analysis of the same equations.

To describein general terms the problems in the theory of differential

equations, we first remark that every differential equation has in general

not one but infinitely many solutions: that is, there existsan infinite set of

functions that satisfy it. For example,the equation of motion for a particle
must be satisfied by any motion induced by the given force F(x, dxjdt, t),
independentlyof the starting point or the initial velocity. To each separate
motion of the particle there will correspond a particular dependenceof
x on time t. Since under a given force F there may be infinitely many

motions the differential equation (2) will have an infinite set of
solutions.

Every differential equation defines, in general, a wholeclassof functions

that satisfy it. The basic problemof the theory is to investigate the functions
that satisfy the differential equation. The theory of these equations must

enable us to form a sufficiently broad notion of the properties of all

functions satisfying the equation, a requirement which is particularly

important in applying these equations to the natural sciences. Moreover,
our theory must guarantee the means of finding numerical values of the

functions, if these are neededin the course of a computation. We will

speak later about how these numerical values may be found.

If the unknown function depends on a single argument, the differential

equationiscalledan ordinary differential equation. If the unknown function

depends on several arguments and the equation contains derivatives with

respect to some or all of these arguments, the differential equation is)))
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called a partial differential equation. The first three of the equations in (I)

are ordinary and the last three are partial.
The theory of partial differential equations has many peculiar features

which make them essentiallydifferent from ordinary differential equations.
The basic ideasinvolved in such equations will be presented in the next

chapter; here we will examine only ordinary differential equations.
Let us considersomeexamples.)

Example 1. The law of decay of radium says that the rate of decayis
proportional to the initial amount of radium present. Supposewe know

that a certain time t = to we had Ro grams of radium. We want to know
the amount of radium present at any subsequent time t.

Let R(t) be the amount of undecayed radium at time t. The rate of de{:ay
is given by the value of -

(dR/dt). Since this is proportional to R, we have)

_
dR

= kR
dt

') (3))

where k is a constant
In orderto solve our problem, it is necessary to determine a function

from the differential equation (3). For this purposewe note that the

function inverse to R(t) satisfies the equation)

dt
dR)

I

kR
') (4))

since dt/dR = (l/dR)/dt. From the integral calculus it is known that

equation (4) is satisfiedby any function of the form)

I .
t = - - In R + C

k ')

where C is an arbitrary constant. From this relation we determineR as a

function of t. We have)

R = e- kt + kC = C}e-
kt

.) (5))

From the whole set of solutions (5) of equation (3) we must select one
which for t = to has the value Ro. This solution is obtained by setting
C} =

Roe
kto .

From the mathematical point of view, equation (3) is the statement

of a very simple law for the change with time of the function R; it says that
the rate of decrease- (dR/dt) of the function is proportional to the value
of the function R itself. Such a law for the rate of change of a function is)))
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satisfied not only by the phenomena of radioactive decay but also by

many other physical phenomena.
We find exactly the same law for the rate of change of a function, for

example, in the study of the cooling of a body, where the rate of decrease
in the amount of heat in the body is proportional to the differencebetween

the temperature of the body and the temperature of the surrounding
medium, and the same law occurs in many other physical processes.Thus

the range of application of equation (3) is vastly wider than the particular
problem of the radioactive decay from which we obtained the equation.)

Example 2. Let a material point of a massm be moving along the
horizontal axis Ox in a resisting medium, for example in a liquid or a

gas, under the influence of the elastic force of two springs, acting under
Hooke's law (figure I), which states that the elastic force acts toward the)

\n\n\n\n\n\n)

FIG. I.)

position of equilibrium and is proportional to the deviation from the

equilibrium position. Let the equilibrium position occur at the point
x = O. Then the elastic force is equal to -bx(b > 0).

We will assume that the resistance of the medium is proportional to the

velocity of motion, i.e., equal to -a(dx/dt), where a > 0 and the minus

sign indicates that the resisting medium acts against the motion. Such an

assumption about the resistance of the medium is confirmed by experiment.
From Newton's basiclaw that the product of the mass of a material

point and its acceleration is equal to the sum of the forces acting on it,
we have)

d 2x dx
m - = - bx - a - .

dt
2 dt)

(6))

Thus the function x(t), which describes the position of the moving point

at any instant of time t, satisfies the differential equation (6). We will

investigate the solutions of this equation in one of the later sections.
If, in addition to the forces mentioned, the material point is acted upon

by still another force, F outside of the system, then the equation of motion
(6)takesthe form)

d 2x dx
m

dt 2
= -bx - a

dt + F) (6'))))
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Example 3. A mathematical pendulum is a material point of mass m,

suspended on a string whose length

will be denoted by I.We will assume

that at all stages the pendulum

stays in one plane, the plane of the

drawing (figure 2). The force tend-
ing to restore the pendulum to the
vertical position OA is the force

of gravity mg, acting on the

, material point. The position of

the pendulum at any time t is

given by the angle cf> by which it

differs from the vertical OA. We

take the positive direction of cf> to

x be counterclockwise. The arc
A AA' =

Icf> is the distance moved by

the material point from the posi-
tion of equilibrium A. The velocity
of motion v will be directed along

FIG. 2. the tangent to the circle and will

have the following numerical value:

dcf>
v = I

dt
.)

To establish the equation of motion, wedecomposethe force of gravity

mg into two components Q and P, the first of which is directed along the

radius OA' and the second along the tangent to the circle. The component
Q cannot affect the numerical value of the rate v, since clearly it is balanced
by the resistance of the suspension OA'. Only the component P can affect
the value of the velocity v. This component always acts toward the equi-
librium position A, i.e., toward a decrease in cf>, if the angle cf> is positive,

and toward an increase in cf>, if cf> is negative. The numerical value of P is
equal to -mg sin cf>, so that the equation of motion of the pendulum is)

dv .
-I.m- = - mgslO'f'

dt)

or)

d 2
cf> g .

dt2
= -

7
SIO cf>.) (7))

It is interesting to note that the solutions of this equation cannot be
expressedby a finite combination of elementary functions. The set of)))
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elementary functions is too small to give an exact description of even

such a simple physical process as the oscillation of a mathematical pen-
dulum. Later we will see that the differential equations that are solvable
by elementary functions are not very numerous, so that it very frequently

happens that investigation of a differential equation encounteredin physics

or mechanics leads us to introduce new classes of functions, to subject
them to investigation, and thus to widen our arsenal of functions that

may be used for the solution of appliedproblems.
Let us now restrict ourselves to small oscillations of the pendulum for

which, with small error, we may assume that the arc AA' is equal to its
projection x on the horizontal axis Ox and sin cp is equal to cp. Then

cp \n sin cp
= x/I and the equation of motion of the pendulum will take

on the simpler form)

d 2x g
dt2

= -
7 x.) (8))

Later we will see that this equation is solvable by trigonometricfunctions

and that by using them wemay describe with sufficient exactness the \"smaU
oscillations\" of a pendulum)

Example 4. Helmholtz' acoustic resonator

(figure 3) consists of an air-filled vessel V, the

volume of which is equal to v, with a cylindrical
neck F. Approximately, we may consider the air
in the neck of the container as cork of mass)

m =
psI,) (9))

where p is the densitf of the air, s is the area of
the cross section of the neck, and I is its length.
If we assume that this mass of air is displaced

from a position of equilibrium by an amount x, FIG. 3.

then the pressure of the air in the container
with volume v is changed from the initial value p by some amount which

we will call LJp.
We will assume that the pressure p and the volume v satisfy the

adiabatic law pv k = C. Then, neglecting magnitudes of higher order, we

have)

LJp
. v

k + pkV
k- 1 . LJv = 0)

and)

LJv kps
LJp = -kp- = - -x.

V l')
( 10))))
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(In our case,Llv = sx.) The equation of motion of the mass of air in the

neck may be written as:)

d 2x
m

dt 2
=

Lip
.

s.) (11))

Here Lip
. s is the force exerted by the gas within the container on the

column of air in the neck. From (10) and (II) we get)

d 2x kps
pi

dt
2

= -
V x,)

where p, p, v, I, k, and s are constants.)

(12))

Example S. An equation of the form (6) also arises in the study of

electric oscillations in a simple
R oscillator circuit. The circuit diagram

is given in (figure 4). Here on the left

we have a condenser of capacity C,

in series with a coil of inductance L,

eLand a resistance R. At some instant
let the condenser have a voltage

across its terminals. In the absence
of inductance from the circuit, the

FIG. 4. current would flow until such time
as the terminals of the condenser

were at the same potential. The presence of an inductance alters the
situation, since the circuit will now generate electric oscillations.To find a

law for these oscillations, we denoteby v(t), or simply by v, the voltage
across the condenser at the instant t, by I(t) the current at the instant t,

and by R the resistance. From well-known laws of physics,l(t)R remains

constantly equal to the total electromotive force, which is the sum of the

voltage across the condenser and the inductance -L(dl/dt). Thus,)

dl
IR = -v - L

dt
.) (13))

We denote by Q(t) the charge on the condenser at time t. Then the
current in the circuit will, at each instant, be equal to dQ/dt. The potential
differencev(t) across the condenser is equal to Q(t)/c. Thus I = dQ/dt =
C (dv/dt) and equation (13) may be transformed into)

d 2v dv
LC

dt
2 + RC

dt
+ v = O.) (14))))
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Example 6. The circuit diagram of an electron-tube generator of
electromagnetic oscillations is shown in figure 5. The oscillator circuit

consisting of a capacitance C, across a resistanceR and an inductance L,

represents the basic oscillator system.The coil L' and the tube shown in

the center of figure 5 from a so-called \"feedback.\"They connecta source
of energy, namely the battery B, with the L-R-C circuit; K is the cathode
of the tube, A the plate, and S the grid. In such an L-R-C circuit \"self-

oscillations\" will arise. For any actual system in an oscillatory state the

energy is transformed into heat or is dissipated in some other form to the

surrounding bodies, so that to maintain a stationary state of oscillation it

is necessary to have an outside source of energy. Self-oscillationsdiffer

from other oscillatory processes in that to maintain a stationary oscillatory
state of the system the outside source does not have to be periodic.
A self-oscillatory system is constructed in such a way that a constant
source of energy, in our case the battery B, will maintain a stationary

oscillatory state. Examples of self-oscillatory systems are a clock, an
electric bell, a string and bow moved by the hand of the musician, the

human voice, and so forth.)

L)

8 ;:.)

tJ)

L')

M)

c)

R)

o)

FIG. 5.) FIG. 6.)

The current I(t) in the oscillatory L-R-C circuit satisfies the equation)

dl dl a
L

dt
+ RI + v = M

Cii
.) (I 5))

Here t' = v(t) is the voltage across the condenser at the instant t, la(t)

is the plate current through the coil L'; M is the coupling coefficient
between the coils Land L'. In comparison with equation (13), equation

(15) contains the extra term M(dla/dt).

We will assume that the plate current la(t) depends only on the voltage

between the grid S and the cathode of the tube (i.e., we will neglect the)))



320) V. ORDINARY DIFFERENTIAL EQUATIONS)

reactance of the anode), so that this voltage is equal to the voltage v(t)
across the condenser C. The character of the functional dependence of
la on v is given in figure 6. The curve as sketched is usually taken to bea
cubical parabola and we write an approximate equation for it by:)

la = a1v + a2 v 2 + a 3v
3

.)

Substituting this into the right side of equation (15), and using the fact

that)
dv
-=1
dt

')

we get for v the equation)

d 2
v dv

L
dt 2 + [R -

M(a l + 2a 2v + 3a 3v
2

)]
dt

+ v = O. (16))

In the examples considered, the search for certain physical quantities
characteristic of a given physical process is reduced to the search for

solutions of ordinary differential equations.)

Problems in the theory of differential equations. We now give exact

definitions. An ordinary differential equation of order n in one unknown

function y is a relation of the form)

F[x, y(x), y'(x), y\"(x), ..., y<nJ(x)]
= 0) (17))

between the independent variable x and the quantities)

dy d 2
y dny

Y( x ) Y
'
(x) = -

Y
\"

( x ) = - ...
Y

(n)
(x ) = \n..,

dx
'

dX2
\"

dxn)

The order of a differential equation is the order of the highest derivative

of the unknown function appearing in the differential equation. Thus the

equation in example I is of the first order, and those in examples 2, 3,4,5,
and 6, are of the second order.

A function cf>(x) is called a solution of the differential equation (17) if

substitution of cf>(x) for y, cf>'(x) for y', \"', cf>(nJ(x) for y<n) produces an

identity.
Problems in physics and technology often lead to a system of ordinary

differential equations with several unknown functions, all depending on
the same argument and on their derivatives with respect to that argument.

For greater concreteness,the explanations that follow will deal chiefly

with one ordinary differential equation of ordernot higher than the second
and with one unknown function. With this example one may explain the)))
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essential properties of all ordinary differential equations and of systems
of such equations in which the number of unknown functions is equal to
the number of equations.

We have spoken earlier of the fact that, as a rule, every differential

equation has not one but an infinite set of solutions. Let us illustrate this

first of aU by intuitive considerations based on the examples given in

equations (2-6). In each of these,the corresponding differential equation
is already fully defined by the physical arrangement of the system. But in

each of these systems there can be many different motions. For example,
it is perfectly clear that the pendulum described by equation (8) may

oscillate with many different amplitudes. To each of these different oscil-

lations of the pendulum there corresponds a different solution of equation

(8), so that infinitely many such solutions must exist. It may be shown that

equation (8) is satisfied by any function of the form)

x = C) cos
\n1

t + C z sin
\n1

t,) (18))

where C 1 and Cz are arbitrary constants.

It is also physically clear that the motion of the pendulum will be

completely determined only in case we are given, at some instant to,

the (initial) value Xo of x (the initial displacement of the material point

from the equilibrium position) and the initial rate of motion

x\n
= (dxjdt) It-o . These intial conditions determine the constants C}and

Cz in formula (18).
In exactly the same way, the differential equations we have found in

other examples will have infinitely many solutions.

In general, it can be proved, under very broad assumptionsconcerning
the given differential equation (17) of order n in one unknown function
that it has infinitely many solutions. More precisely:If for some \"initial

value\" of the argument, we assign an \"initial value\" to the unknown
function and to all of its derivatives through order n - I, then one can

find a solution of equation (17)which takes on these preassigned initial

values. It may also be shown that such initial conditions completely
determine the solution, so that there exists only one solution satisfying

the initial conditions given earlier. We will discuss this question later in

more detail. For our present aims, it is essential to note that the initial

values of the function and the first n - 1 derivatives may be given

arbitrarily. We have the right to make any choice of n values which define

an \"initial state\" for the desired solution.
Ifwe wish to construct a formula that will if possible include all solutions

of a differential equation of order n, then such a formula must contain n)))
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independent arbitrary constants, which will allow us to impose n initial

conditions. Such solutions of a differential equation of order n, containing
n independent arbitrary constants, are usually called general solutions

of the equation. For example,a general solution of (8) is given by formula

(18) containing two arbitrary constants; a general solution of equation (3)
given by formula (5).

We will now try to formulate in very general outline the problems
confronting the theory of differential equations. These are many and

varied, and we will indicate only the most important ones.
If the differential equation is given together with its initial conditions,

then its solution is completely determined. The construction of formulas
giving the solution in explicit form is one of the first problems of the theory.
Such formulas may be constructed only in simple cases, but if they are
found, they are of great help in the computation and investigation of the
solution.

The theory should provide a way to obtain some notion of the behavior
of a solution: whether it is monotonic or oscillatory, whether it is periodic
or approaches a periodicfunction, and so forth.

Suppose we change the intial values for the unknown function and its

derivatives; that is, we change the intial state of the physical system. Then
we will also change the solution, since the whole physical process will

now run differently. The theory should provide the possibility of judging

what this change will be. In particular, for small changes in the initial

values will the solution also change by a small amount and will it therefore
be stable in this respect, or may it be that small changes in the initial

conditions will give rise to large changes in the solution so that the latter
will be unstable?

We must also be able to set up a qualitative, and where possible,
quantitative picture of the behavior not only of the separate solutions of

an equation, but also of all of the solutions taken together.
In machine construction there often arises the question of making a

choice of parameters characterizing an apparatus or machine that will

guarantee satisfactory operation. The parameters of an apparatus appear
in the form of certain magnitudes in the corresponding differential

equation. The theory must help us make clear what will happen to

the solutions of the equation (to the working of the apparatus) if

we change the differential equation (change the parameters of the

apparatus).
Finally, when it is necessary to carry out a computation, we wiIJ need

to find the solution of an equation numerically, and here the theory will

be obliged to provide the engineer and the physicist with the most rapid
and economical methods for calculating the solutions.)))
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\n2. Linear Differential Equations with Constant Coefficients

For certain important classes of ordinary differential equations the
generalsolution may be expressed in terms of simplewell-known functions.

One of these classes consists of those differential equations with constant
coefficientsthat are linear with respect to the unknown function and its

derivatives (in short, linear). The differential equations (3), (6), (8), and
(14)are examplesof such equations.A linear equation is called homo-
geneous if it has no term which does not contain the unknown variable,

and nonhomogeneous if there is such a term.)

Homogeneous linear equations of the second order with constant

coefficients. Such equations have the form)

d 2x dx
m

dt 2 + a
dt

+ bx =
0,) (6))

where m, a, and b are constants. We will assume that m is positive; this

does not restrict the generality, since we can always ensure this situation

if need be by changing the sign of all coefficients, provided that m =1= 0,

which we will assume.

We will look for a solution of this equation in the form of an expo-
nential function eAt and ask how the constant A should be chosen so that

the function x = eAt satisfies the equation. Putting x =
eAt, dx/dt

= AeAt

and d 2
x/dt

2 = A2 e At in the left side of equation (6),we get

e At
(mA

2
+ aA + b).)

Thus, in order that x(t) = eAt be a solution of equation (6) it is necessary

and sufficient that)

mA2 + aA + b = O.) (19))

If Al and A 2 are two real roots of equation (19),then it is easy to prove that

a solution of equation (6) is given every function of the form)

x = CleAtt + C 2e A2t
,) (20))

where C l and C2 are arbitrary constants.

Below we will show that formula (20) gives all solutions of equation

(6) in the case that equation (19) has distinct real roots.
We note the following important properties of the solution of equation

(6):

I. The sum of two solutions is also a solution.
2. A solution multiplied by a constant is also a solution.)))
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In case Al is a multiple root of equation (19),i.e.,mA\n + aA l + b = 0
and 2mA l + a = 0, * then a solution of equation (6) will also be given by
the function te A. t

, since if we substitute this function and its derivatives
into the left side of equation (6) we get

teA.t(mA\n + aAl + b) + eA. t
(2mA l + a),)

which is seen from the previous equations to be identically zero.

The general solution of equation (6) in this case has the form

x = Cle
A. t + C 2te A,t.) (21))

Now let equation (19) have complex roots. These roots will be complex

conjugates of each other sincem, a, and b are real numbers. LetA = ex :I: if3

The equation)

m(ex + i(3)2 + a(ex + i(3) + b = 0)

is equivalent to the two equations

mex
2 -

mf32 + aex + b = 0 and 2mexf3 + af3 = O. (22))

It is easy to show that in this case the functions x = e'Xt cos f3t and

x = e'Xt sin f3t are solutions of equation (6). Thus, for example, putting
the function x(t)

= e'Xt cos f3t and its derivatives in the left side of equation

(6), we get

e'Xt cos f3t(mex
2 -

mf32 + aex + b)
- erxt sin f3t(2mexf3 + a(3).

By equation (22) this expression is identically equal to zero.
The general solution of equation (6), if equation (19)has complex roots,

has the form)

x =
Cle'Xt sin f3t + C2 e'Xt cos f3t,) (23))

where C l and C2 are arbitrary constants.

In this way, if we know the roots of equation (19), called the charac-
teristic equation,we can write down the general solution of equation (6).

We note that the general solution of a linear homogeneous equation of

order n with constant coefficients)

d\"x d\"- 1x dx
an

dt n + a n - l dt n - l -+.
'\"

+ a l dt
+ aox = 0)

may be written in a similar manner as a polynomial in exponential and)

* The sum of the roots A. and A. of the quadratic equation (19) is A. + A. = -aIm,
and if the roots are the same, that is A. = A. , then the second of the previous equations
is true.)))
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trigonometric functions, provided we know the roots of the algebraic
equation)

anA
n + an_IA

n - 1 + ... + ao
=

0,)

which again is called the characteristic equation. Thus, the problem of

integrating a linear ordinary differential equation with constant coefficients
is reduced to an algebraic problem.

We now show that formulas (20), (21), and (23) give all the solutions

of equation (6). We note that C I and C2 in these formulas may always be
so chosen that the function x(t) satisfies arbitrary initial conditions

x(t o) =
Xo , x'(to) =

x\n . For this CI and C2 need only to be determined
from the system of equations)

Xo
= CleA,t o + C2e A. fo ,

x\n
= AICleA,to + A2C2eA.fn.)

in the case of formula (20), or by two similar equations in the case of

formulas (21) and (23). Clearly, if there existed a solution of equation

(6) not contained among the solutions we have constructed, then there

would exist two distinct solutions of equation (6) satisfying the same
initial conditions. Their difference xl(t) would not be identicallyzero and
would satisfy the zero initial conditions xl(to) = 0, x\n(to)

= O. We will

show that a solution of equation (6) which satisfies the zero initial condi-
tions can only be xl(t) = O. Let us first show this under the assumption
that m > 0, a > 0, and b > O. We multiply the two sides of the equation)

d2XI dX I
bm

dt 2 + a
(ft

+ Xl
= 0) (24))

by 2(dx l /dt). Since)

2 dX I . d2XI = !!...
(

dXI
)

2

and 2 ( )
dXI d

(
2

)
dt dt 2 dt dt

Xl t
dt

=
dt

XI')

equation (24) may be put in the form)

d

[ (
dXI

)

2

] (
dXI

)

2

b
d 2- m -

+ 2a -- + -
(Xl)

= o.
dt dt dt dt)

Integrating this identity between to and t, we get)

dx
)

2

I

t dx
)

2

m
( d/

+ 2a
t (df-

dt + bx\n(t)
= O.

o)

This equation is possible only if xl(t) = O. Otherwise, for t = to, we would)))
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clearly have a positive quantity on the left and zero on the right, with a

similar situation for t < to.
In order to establish our propositionfor all constant coefficients m, a,

and b, we considerthe function Yl(t) = X1(t)e- 1X1
which, as it is easy to

show,also satisfies the zero boundary condtions. If the value of ex > 0 is

chosen sufficiently large, then the function Yl(t) will satisfy some equation
of the form (6) for a > 0, b > 0, and m > O. This equation is easily
derived by substituting the function x1(t) = Yl(t)elXl and its derivatives

into equation (6). Then, as was shown earlier, we have Yl(t) = 0, which
means that x1(t)

= Yl(t)&1 = o.
Thus we have shown that formulas (20), (21), and (23) give all the

solutions of equation (6).
Let us see what information these formulas give about the character

of the solutions of equations (6). To this end we note the formulas)

a Ja
2 .b

A1.2
= -

2m
:I:

'Y 4m 2
-

m)
(25))

for the roots of equation (19). I n accordance with the physical applications
which led us to equation (6), we will assume m > 0, a \n 0, and b > O.)

Case 1. a 2 > 4bm. The two roots of the characteristic equation (19)
are real, negative, and distinct. In this case the function x(t) given by

by formula (20) is a general solution of equation (6). All the functions

given by this formula together with their first derivatives tend to zero for
t -- + 00, and there is no more than one value of t for which they vanish.
It follows that the function x(t) has no more than one maximum or
minimum. Physically, this means that the resistance of the medium is

sufficiently large to prevent oscillations. The moving point cannot pass
through the equilibrium position x = 0 more than once. From then on,
after attaining a maximum distance from the point x = 0, it will begin a

slow approach to the point but will never pass through it again.)

Case 2. a 2 = 4bm. The two roots of equation (19) are equal to each
other and the general solution of equation (6) given by formula (21).
In this case again all solutions x(t) and their first derivatives tend to zero
for t -- + 00. Here x(t) and x'(t) cannot vanish more than once. The
character of the motion of the material point with abscissa x(t) is the same
as in the first case.)

Case 3. a2 < 4bm. The roots of the characteristic equation (19) have
nonzero imaginary part. The general solution of equation (6) is given by)))
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formula (23). The point x performs oscillations along the x-axis with a

constant period 27T/f3,which is the same for all solutions of (6), and with

amplitude Cea t
, where ex = -(a/2m).

The oscillations of a physical system which take place without the action

of an exterior force are called characteristic oscillations (eigenvibrations)

of the system. From the previousdiscussion,it follows that the period of
such oscillations for the systems discussed in examples 2, 3, 4 and 5,
dependsonly on the structure of the system and will be the same for

all oscillations whi ch could poss ibly arise in it. In example 2 this period

is equal to 27T: Vb /m
- a2

/4m
2

; i n example 4 to 27T: v kps/vpl ; and

example5 to 27T: vl/LC
- R2/4L2.

If a = 0, i.e., if the medium offers no resistanceto the motion, then

the amplitude of the oscillationsis constant: the point oscillates harmoni-

cally. But if a > 0, i.e.,if the medium offers resistance to the motion,
although this resistance is small (a2 < 4bm), then the amplitude of the

oscillations tends to zero and the oscillationsdie out.
Finally, the solution x(t) == 0 of equation (6) in all cases indicates a

state of rest for the point x at the position x = 0, which is called the

position of equilibrium.
If the real parts of both roots of equation (19) are negative, then it can

be seen from formulas (20),(21),and (23), that all the solutions of equation

(6), together with their derivatives, tend to zero for t -- + 00; that is that

is, the oscillations die out with the passage of time.
However, if the real part of even one of the roots of equation (19) is

positive, then there are solutions of equation (6) not tending to zero for

t -- + 00, so that some of the solutions of (6) would not even be bounded
for t -- + 00. Such a case can occur only for negative b or negativea,
if m > O. Physically, this would correspond to the case in which the
elastic force does not attract the point x to the equilibrium position but

repels it or else that the resistance of the medium is negative. Such cases

cannot be realized in the physical examples considered at the beginning

of this chapter, but they are entirely realizable in other physical models.
If the real part of the roots Al and A2 of equation (19) is equal to zero,

which is possible only if the coefficient a in equation (19) is zero, then for

ex = 0 the point x(t), as can be seen from formula (23), carries out
harmonic oscillationswith bounded amplitude and bounded velocity.)

Nonhomogeneous linear equations with constant coefficients. Let us
consider in detail the equation)

d 2x dx
m

dt 2 + a
dt

+ bx = A cos wt. (26))))
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This is the equation of linear oscillations of a material point under the

action of an elasticforce, of the resistance of a medium and of an external

periodic force A cos wt (see equation (6') in \nl).

Equation (26) is a nonhomogeneous linear equation and (6) is the corre-

sponding homogeneousequation.
We will now look for the general solution to equation (26).

We note that the sum of a solution of a nonhomogeneous equation and
a solution of the corresponding homogeneous equation is also a solution

of the nonhomogeneous linear equation. Thus, in order to find a general
solution of equation (26), it is sufficient to find anyone particular solution.
The general solution of equation (26) will then be given in the form of
the sum of this particular solution and a general solution of the corre-

sponding homogeneousequation.
It is natural to expect that the motion will follow the rhythm of the

external periodic force and to look for a particular solution of equation

(26) in the form x = Bcos(wt + S), where Band S are as yet undeter-

mined constants. We will attempt to determine Band S in such a way that
the function x = Bcos(wt + S) will satisfy equation (26). Calculating the
derivatives dx/dt = -Bw sin (wI + S) and d 2

x/dt
2 = -Bw 2 cos (wI + S)

and substituting them into equation (26), we get)

m[ -Bw 2 cos (wt + S)] + a[-Bw sin (wt + S)]

+ bB cos (wt + S) = A cos wI.)

Applying well-known formulas, we have)

B[(b
- mw 2

) cos (wt + S) - aw sin (wt + S)]

= B Y(b - mw
2

)2 + a 2w 2 cos (wt + S') = A cos wt,

where S' = S + y and y = arc tan aw/(b
- mw 2

). Obviously, if we set)

aw A
S = -arc tan

b
2 and B =

Y-----
- - .- mw (b - mw

2
)2 + a 2w 2

the function x = B cos (wt + S) will satisfy equation (26).
A solution of the form B cos (wt + S) will always exist if (b - mw

2
)2 +

a 2w 2
=1= O. In case (b - mw

2
)2 + a 2w 2 = 0, i.e., when a = 0 and b = mw

2
,

equation (26) has the form)

d 2x
m

dt 2 + mw 2x = A cos wt.

A particular solution in this case, as is easily established, IS

x = (At/2 v'fiib) sin wt.)))
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Solutions of the nonhomogeneous equation (26) are called forced
oscillations.Themultiplier cp(w)

= l/v(b - mw
2

)2 + a 2w 2 characterizes
the relation of the amplitude B of the forced oscillation to the amplitude A
of the disturbing force. The graph of the function cp(w) is called the
resonance curve. The frequency w for which cp(w) attains its maximum is
called the resonant frequency. Let us calculate it. If cp(w) attains the

maximum at WI =1= 0, then for this value of w the derivat ive cp'(w) vani shes,

i.e., - 4(b -
mw\n) mW t + 2a2wI = 0, so that WI

= Vb/m - a2
/2m

2. For

this value of WI)

I

cb(w)
-

. I -
a vb/m - a

2
/4m

2
.)

Hence it can be seen that the amplitude of the forced oscillation for

w = WI is greater for smaller values of a. For very small a, the frequency
WI is very close to the value v b/m , i.e., to the frequency the free oscil-
lations. For a = 0 and b = mw 2

, as we saw, the forced oscillationhas the

form)

At .
x=

2vmb
slOwt ,)

i.e., the amplitude of this oscillation increases beyond all bounds as
t ->- + 00, a situation which represents the mathematical meaning of
resonance.Resonancewill occur if the period of the external force is the

same as the period of one of the characteristic oscillations of the system.
In the practical world, in cases where the period of the external force and

the period of the characteristic oscillations are close together, the
displacementsof the system may become extremly large.

The possibility of large oscillations is often made use of in the con-

struction of various kinds of amplifiers, for example in radio technology.
But large oscillations may also lead to the breaking up of structures such
as bridgesor the framework of machines. Thus it is very important to
foresee the possibilityof resonanceor of oscillations close to it.

From the remarks made earlier, any solution of equation (26) can be
written as a sum of the forced oscillation we have found and of one of
the solutions of the homogeneous equation given in formulas (20), (21),
and (23). For a > 0 and b > 0 the solution of the homogeneous equation

tends to zero for t ->- + 00, i.e., any motion eventually approximates the

forced oscillations. If a = 0 and b > 0, the forced oscillation is superposed
on a nondecayingcharacteristic oscillation of the system. For b = mw

2

and a = 0, we have resonance.
If a periodic external force f(t) is imposed on the sytem, the forced

oscillations of the system may be found in the following manner. We)))
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may representf(t) with sufficient exactness as a segment of a trigonometric
series *)

n

k (ai cos Wit + hi sin Wit).
i=1)

(27))

Let us find the forced oscillationscorrespondingto each term of this sum.
Then the oscillation corresponding to the forcef(t) will be found by adding
together the oscillationscorrespondingto the various terms of the sum
(27). If any of these frequencies is identical with the frequency of a charac-
teristic oscillation of the system, we will have resonance.)

\n3. Some General Remarks on the Formation and Solution of
Differential Equations

There are not many differential equations with the property that all

their solutions can beexpressedexplicitly in terms of simple functions, as
is the case for linear equations with constant coefficients. It is possible to
give simple examplesof differential equations whose general solution
cannot be expressedby a finite number of integral of known functions, or

as one says, in quadratures.

As Liouville showed in 1841, the solution of the Ricatti equation of
the form dyfdx + ay2 = x 2

, for a > 0, cannot be expressed as a finite

combination of integralsof elementary functions. So it becomes important
to develop methods of approximation to the solutions of differential

equations, which will be applicable to wide classes of equations.
The fact that in such cases we find not exact solutions but onlyapproxi-

mations should not bother us. First of all, these approximate solutions

may be calculated, at least in principle, to any desired degree of accuracy.

Second, it must be emphasized that in most cases the differential equations

describing a physical process are themselves not altogether exact, as can
be seenin all the examples discussed in \nI.

An especially good example is provided by the equation (12) for the

acoustic resonator. In deriving this equation, we ignored the compres-
sibility of the air in the neck of the container and the motion of the air
in the container itself. As a matter of fact, the motion of the air in the

neck sets into motion the mass of the air in the vessel, but these two

motions have different velocities and displacements. In the neck the

displacement of the particles of air is considerably greater than in the
container. Thus we ignored the motion of the air in the container, and)

* cr. Chapter XII, \n7.)))
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took account only of its compression. For the air in the neck, however,
we ignored the energy of its compression and took account only of the

kinetic energy of its motion.

To derive the differential equation for a physical pendulum, we ignored
the mass of the string on which it hangs. To derive equation (14) for

electric oscillations in a circuit, we ignored the self-inductance of the wiring

and the resistance of the coils. In general, to obtain a differential equation
for any physical process,wemust always ignore certain factors and idealize
others.In view of this, A. A. Andronov drew especialattention to the

fact that for physical investigations we are especiallyinterested in those

differential equations whose solutions do not change much for arbitrary
small changes, in some sense or another, in the equations themselves.

Such differential equations are called \"intensitive.\" These equations
deserveparticularly complete study.

It should be stated that in physical investigations not only are the
differential equations that describe the laws of change of the physical

quantities themselves inexactly defined but even the number of these
quantities is defined only approximately. Strictly speaking, there are no
such things as rigid bodies. So to study the oscillations of a pendulum,
we ought to take into account the deformation of the string from which

it hangs and the deformation of the rigid body itself, which we approxi-
mated by taking it as a material point. In exactly the same way, to study

the oscillations of a load attached to springs, we ought to consider the
massesof the separate coils of the springs. But in these examples it is easy
to show that the character of the motion of the different particles, which

make up the pendulum and its load together with the springs, has little

influence on the character of the oscillation. If we wished to take this

influence into account, the problem would become so complicated that

we would be unable to solve it to any suitable approximation. Our solution

would then bear no closer relation to physical reality than the solution
given in \nl without consideration of these influences. Intelligent idealiza-

tion of a problem is always unavoidable. To describe a process, it is

necessary to take into account the essential features of the process but by

no means to consider every feature without exception. This would not

only complicate the problem a great deal but in most cases would result
in the impossibility of calculating a solution. The fundamental problem

of physics or mechanics, in the investigation of any phenomenon, is to

find the smallest number of quantities, which with sufficient exactness

describe the state of the phenomenon at any given moment, and then

to set up the simplest differential equations that are good descriptions of
the laws governing the changes in these quantities. This problem is often
very difficult. Which features are the essential ones and which are non-)))
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essential is a question that in the final analysis can be decidedonly by long

experience. Only by comparing the answers provided by an idealized

argument with the results of experiment can wejudgewhether the idealiza-

tion was a valid one.
The mathematical problem of the possibility of decreasingthe number

of quantities may be formulated in one of the simplest and most charac-
teristic cases,as follows.

Suppose that to begin with we characterize the state of a physical system

at time t by the two magnitudes xI(t) and x 2 (t). Let the differential

equations expressingtheir rates of change have the form)

dx] J
'
( )dt

= 1t, Xl , X2 ,

dX 2
f:Edt

= J..t,Xl , X2 ),)

(28))

In the second equation the coefficient of the derivative is a small constant
parameter E. If we put E = 0, the second of equations (28)will cease to be
a differential equation. It then takes the form

f2(t, Xl , X2) = O.

From this equation, we define X 2 as a function of t and Xl and we substitute

it into the first of the equations (28).We then have the differential equation

dX I

dt
= F(t, Xl))

for the single variable Xl . In this way the number of parameters entering

into the situation is reduced to one. We now ask, under what conditions
will the error introduced by taking E = 0 be small. Of course,it may

happen that as E - 0 the value dx2 /dt grows beyond all bounds, so that

the right side of the second of equations (28) does not tend to zero as
E-O.)

\n4. Geometric Interpretation of the Problem of
Integrating Differential Equations; Generalization of the Problem

For simplicity we will consider initially only one differential equation

of the first order with one unknown function)

dy
dx

= f(x, y),) (29))

where the functionf(x, y) is definedon somedomain G in the (x, y) plane.)))
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This equation determines at each point of the domain the slope of the

tangent to the graph of a solution of equation (29) at that point. If at each

point (x, y) of the domain G we indicate by means of a line segment the
the direction of the tangent (either of the two directions may be used) as

determined by the value of f(x, y) at this point, we obtain a field of direc-
tions. Then the problem of finding a solution of the differential equation

(29) for the initial conditon y(x o ) = Yo may be formulated thus: In the
domain G we have to find a curve y =

cp(x), passing through the point
Mo(x0 , Yo), which at each of its points has a tangent whose slope is given
by equation (29), or briefly, which has at each of its points a preassigned
direction.

From the geometric point of view this statement of the problem has
two unnatural features:)

l. By requiring that the slope of the tangent at any given point (x, y)
of the domain G be equal to f(x, y), we automatically excludetangents

parallel to Oy, since we generally consideronly finite magnitudes; in

particular, it is assumed that the function f(x, y) on the right side of

equation (29) assumes only finite values.

2. By considering only curves which are graphs of functions of x, we

also exclude those curves which are intersected more than once by a line

perpendicular to the axis Ox, sincewe consider only single-valued func-

tions; in particular, every solution of a differential equation is assumed to

be a single-valued function of x.

So let us generalize to some extent the preceding statement of the

problem of finding a solution to the differential equation (29). Namely,
we will now allow the tangent at some points to be parallel to the axis Oy.
At these points, where the slope of the tangent with respect to the axis
Ox has no meaning, we will take the slope with respect to the axis Oy.
In other words, we consider, together with the differential equation (29),
the equation)

dx

dy
= J;.(x, y),) (29'))

where fl(X, y) = I/f(x, y), if f(x, y) \"* 0, using the second equation when

the first is meaningless. The problem of integrating the differential

equations (29) and (29') then becomes: In the domain G to find all curves

having at each point the tangent defined by these equations. These curves
will be called integral curves (integral lines) of the equations (29) and

(29') or of the tangent field given by these equations. In place of the

plural \"equations (29), (29')\", we will often use the singular \"equation
(29), (29')\". It is clear that the graph of any solution of equation (29)

will also be an integral curve of equation (29), (29'). But not every integral)))
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curve of equation (29), (29') will be the graph of a solution of equation

(29). This case will occur, for example, if some perpendicular to the axis
Ox intersects this curve at more than one point.

In what follows, if it can be clearly shown that)

M(x, y)
I(x, y) =

N(x,y)
,)

then we will write only the equation)

dy M(x, y)

dx N(x, y)
,)

and omit writing)

dx N(x, y)
dy

=
M(x,y)')

Sometimes in place of these equations we introduce a parameter t, and

write the system of equations)

dx dy

dt
= N(x, y),

dt

= M(x, y),)

where x and yare considered as functions of t.)

Example 1. The equation)

dy y

dx x)
(30))

defines a tangent field everywhere except at the origin. This tangent field

is sketched in figure 7. All the tangents given by equation (30) pass
through the origin.
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It is clear that for every k the function)

y + kx) (31))

is a solution of equation (30). The collection of all integral curves of this

equation is then defined by the relation)

ax =
by

=
0,) (32))

where a and b are arbitrary constants, not both zero. The axis Oy is an

integral curve of equation (30),but it is not the graph of a solution of it.

Since equation (30) does not define a tangent field at the origin, the
curves (31) and (32) are, strictly speaking, integral curves everywhere
except at the origin. Thus it is more correct to say that the integral curves

of equation (30) are not straight lines passing through the origin but

half lines issuing from it.)

Example 2. The equation)

dy _ x

dx
-

y)
(33))

defines a field of tangents everywhereexceptat the origin, as sketched in

figure 8. The tangents defined at a given point (x, y) by equations (30)
and (33)are perpendicularto each other. It is clear that all circles centered

at the origin will be integral curves of equation (33).However the solutions

of this equation will be the functions)

y = + vi R2 - x 2
, Y = -

vi R2 - x2
, -R \n x \n R.)

For brevity in what follows we will sometimes say \"a solution passes
through the point (x, y)\" in place of the more exact statement \"the graph

of a solution passes through the point (x, y).\

\n5. Existence and Uniqueness of the Solution of a
Differential Equation; Approximate Solution of Equations)

The question of existence and uniqueness of the solution of a differential

equation. We return to the differential equation (17) of arbitrary order n.

Generally, it has infinitely many solutions and in order that we may pick
from all the possible solutions some one specific one, it is necessary to
attach to the equation some supplementary conditions, the number of
which should be equal to the order n of the equation. Such conditions)))
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may be of extremely varied character, dependingon the physical, mechan-

ical, or other significanceof the original problem. For example, if we have
to investigate the motion of a mechanical system beginning with some

specific initial state, the supplementary conditions will refer to a specific
(initial) value of the independent variable and will be called initial

conditions of the problem. But if we want to define the curve of a
cablein a suspension bridge, or of a loadedbeam resting on supports at
each end, we encounter conditions corresponding to different values of

the independent variable, at the ends of the cable or at the points of support
of the beam. We could give many other examplesshowing the variety of

conditions to be fulfilled in connection with differential equations.
We will assume that the supplementary conditions have been defined

and that we are requiredto find a solution of equation (17) that satisfies

them. The first question we must consider is whether any such solution
exists at all. It often happens that we cannot be sure of this in advance.

Assume, say, that equation (17) is a description of the operation of some

physical apparatus and supposewe want to determine whether periodic
motion occurs in this apparatus. The supplementary conditions will

then be conditions for the periodic repetition of the initial state in the

apparatus, and we cannot say ahead of time whether or not there will

exist a solution which satisfies them.

In any case the investigation of problemsof existence and uniqueness

of a solution makes clearjust which conditions can be fulfilled for a given
differential equation and which of these conditions will define the solution

in a unique manner. But the determination of such conditions and the

proof of existence and uniqueness of the solution for a differential equation
corresponding to some physical problem also has great value for the

physical theory itself. It shows that the assumptions adopted in setting
up the mathematical description of the physical event are on the one
hand mutually consistent and on the other constitute a completedescrip-
tion of the event.

The methods of investigating the existence problem are manifold, but

among them an especially important role is played by what are called

direct methods. The proof of the existence of the required solution is

provided by the construction of approximate solutions, which are proved

to converge to the exact solution of the problem. These methods not

only establish the existence of an exact solution, but also provide a way,

in fact the principal one, of approximating it to any desired degree of
accuracy.

For the rest of this section we will consider, for the sake of definiteness,
a problem with initial data,\" for which we will illustrate the ideas of Euler's
method and the method of successive approximations.)))
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Euler's method of broken lines. Consider in some domain G of the

(x, y) plane the differential equation

dy

dx
= f(x, y).) (34))

As we have alreadynoted, equation (34) defines in G a field of tangents.

We choose any point (x o , Yo) of G. Through it there will pass a straight

line Lo with slope f(xo , Yo).

On the straight line Lo we Y

choose a point (Xl' YI), suf-

ficiently close to (xo , Yo); in

figure 9 this point is indic-
ated by the number l. We
draw the straight line LI

through the point (Xl' Yl)

with slope f(x i , YI) and on

it mark the point (x2 , Y2); 0 x

in the figure this point is
denoted by the number 2. FIG. 9.
Then on the straight line L 2

corresponding to the point (x2 , Y2) we mark the point (xa, Ya), and

continue in the same manner with Xo < Xl < X 2 < Xa < .... It is assumed,

of course, that all the points (x o , Yo), (Xl' YI), (X 2 , Y2),
... are in the

domain G. The broken line joining these points is calledan Euler broken

line. One may also construct an Euler broken line in the direction of

decreasing X; the corresponding vertices on our figure are denoted by

--1, -2, -3.
It is reasonable to expect that every Euler broken line through the point

(xo ,Yo) with sufficiently short segments gives a representation of an

integral curve 1 passing through the point (x o , Yo), and that with decrease

in the length of the links, i.e., when the length of the longest link tends to

zero, the Euler broken line will approximate this integral curve.

Here, of course,it is assumed that the integral curve exists. In fact it is

not hard to prove that if the functionf(x, y) is continuous in the domain

G, one may find an infinite sequence of Euler broken lines, the length of

the largest links tending to zero, which converges to an integral curve I.
However, one usually cannot prove uniqueness: there may exist different

sequences of Euler broken lines that converge to differeD[ integral curves
passing through one and the same point (x o , Yo)' M. A. Lavrent'ev has
constructed an example of a differential equation of the form (29) with a
continuous function(x, y), such that in any neighborhood of any point P
of the domain G there passes not one but at least two integral curves.)))
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In order that through every point of the domain G there pass only one

integral curve, it is necessary to impose on the function f(x, y) certain
conditions beyond that of continuity. It is sufficient, for example, to assume
that the functionf(x, y) is continuous and has a bounded derivative with

respect to Y on the whole domain G. In this case it may be proved that

through each point of G there passesone and only one integral curve and
that every sequence of Euler broken linespassingthrough the point (x o , Yo)

converges uniformly to this unique integral curve, as the length of the

longest link of the broken lines tends to zero. Thus for sufficiently small
links the Euler broken line may be taken as an approximation to the

integral curve of equation (34).
From the preceding it can be seen that the Euler broken Jines are so

constituted that small pieces of the integral curves are replacedby line

segments tangent to these integral curves. In practice,many approxima-

tions to integral curves of the differential equation (34) consist not of
straight-line segments tangent to the integral curves, but of parabolic

segments that have a higher order of tangency with the integral curve.
In this way it is possible to find an approximate solution with the same
degreeof accuracy in a smaller number of steps (with a smaller number of
links in the approximating curve). The coefficients of the equation for

the (higher order) parabola

Y
= a o + alex -

Xk) + a 2(x -
Xk)2 + ... + an(x -

Xk)n, (35)

which at the point (Xk, Yk) has nth-order tangency with the integral

curves of equation (34) through this point, are given by the following

formulas:)

a o
= Yk ,

al =
( d

dY

)
= f(Xk , Yk),

X
\"'=\"'k)

(36)

(36'))

')
(

d2y
) [

df(x, Y)

]
f

'
( ) 1\"

( ) (
dy

)
_a2

=
dX2

=
dx

=
'\" Xk, Yk + J1I Xk , Yk

dx
X-XJt X=.Tk X=Xk)

= f\n(Xk , Yk) + f\n(Xk , Yk)f(Xk , Yk), (36\

6a3
=

( \n:\n )
\"'-\"'k

=
j :X

rJ\n(x, y(x\302\273+ f;(x, y(x\302\273f(x, y(x))]
L-\"'k

= f:;(x,; ,h) + 2j\n\n(Xk , Yk)f(Xk , h)

+ f:;(Xk , Yk)f2(Xk' Yk) + f\n2(Xk' Yk)f(Xk, Yk))

+ f:(Xk ,Yk).f;(Xk ,Yk)') (36'''))))
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The polynomial (35) is needed only in order to compute its value for
x =

Xk+1 . The actual values of the coefficientsao , ai' a 2 , \"', an them-
selves are not needed. There are many ways of computing the value for
x =

Xk+l of the polynomial (35) whose coefficientsare given by formula

(36), without computing the coefficientsao , ai' ..., an themselves.

Other approximation methods exist for finding the solution of the
differential equation (34), which are based on other ideas. One convenient

method was developedby A. N. Krylov (1863-1945).)

The method of successive approximations. We now describe another

method of successiveapproximation,which is as widely used as the method
of the Euler broken lines. We assume again that we are required to find

a solution y(x) of the differential equation (34) satisfying the initial condi-

tion)

y(xo) =
Yo .

For the initial approximation to the function y(x), we take an arbitrary
function Yo(x). For simplicity we will assume that it also satisfies the
initial condition, although this is not necessary. We substitute it into the

right side/(x, y) of the equation for the unknown function y and construct
a first approximation Yl to the solution Y from the following requirements:

1:
= f(x,Yo(x)], Yl(X O)

= Yo .)

Since there is a known function on the right side of the first of these

equations the function Yl(X) may be found by integration:)

Yl(X) =
Yo + r f(t, YoU)] dt.

\"0)

It may be expected that Yl(X) will differ from the solution y(x) by less than

Yo(x) does, since in the construction of Yl(X) we made use of the differential

equation itself, which should probably introduce a correction into the
original approximation. One would also think that if we improve the
first approximation Yl(X) in the same way, then the second approximation)

Y2(X)
= Yo + r f(t, Yl(t)] dt

\"'0)

will be still closer to the desired solution.
Let us assume that this process of improvement has been continued

indefinitely and that we have constructed the sequence of approximations

Yo(x), Yl(X),
...

, y,,(x),
... .)))
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Will this sequence converge to the solution y(x)?
Moredetailed investigations show that if/(x, y) is continuous and/: is

bounded in the domain G, the functions Yn(x) will in fact converge to the
exact solution y(x) at least for all x sufficiently close to Xo and that if we
break of the computation after a sufficient number of steps,we will be

able to find the solution y(x) to any desired degreeof accuracy.
Exactly in the same way as for the integral curves of equation (34),

we may also find approximations to integral curves of a system of two or

more differential equations of the first order. Essentially the necessary
condition here is to be able to solvethese equations for the derivatives of

the unknown functions. For example, suppose we are given the system)

dy dz
dx

= /l(X,y, z),
dx

= /2(X, y, z).) (37))

Asuming that the right sides of these equations are continuous and

have bounded derivatives with respect to y and z in some domain G in

space, it may be shown under these conditions that through each point

(xo , Yo , zo) of the domain G, in which the right sides of the equations in

(37) are defined, there passes one and only one integral curve)

y = cp(x), z =
ljJ(x)

of the system (37). The functions/1(x,y, z) and/ 2 (x, y, z) give the direction
numbers at the point (x, y, z), of the tangent to the integral curve passing
through this point. To find the functions cp(x)and ljJ(x) approximately,

we may apply the Euler broken line method or other methods similar
to the ones appliedto the equation (34).

The process of approximate computation of the solution of ordinary
differential equations with initial conditions may be carried out on

computing machines. There are electronicmachines that work so rapidly
that if, for example, the machine is programmed to compute the trajectory
of a projectile,this trajectory can be found in a shorter space time than it

takes for the projectile to hit its target (cf. Chapter XIV).)

The connectionbetween differential equations of various orders and a

system of a large number of equations of first order. A system of or-

dinary differential equations, when solved for the derivative of highest

order of each of the unknown functions, may in general be reduced, by

the introduction of new unknown functions, to a system of equations of
the first order, which is solved for all the derivatives.For example,consider
the differential equation

d 2
y .

(
dy

)dx2
= j x, y, dx

.) (38))))
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We set)
dv

dx
= z.) (39))

Then equation (38) may be written in the form

dz
dx

= f(x, y, z).) (40))

Hence, to every solution of equation (38) there corresponds a solution
of the system consisting of equations (39)and (40).It is easy to show that

to every solution of the system ofequations(39)and (40)there corresponds

a solution of equation (38).)

Equations not explicitly containing the independent variable. The
problemsof the pendulum, of the Helmholtz acoustic resonator,of a
simple electric circuit, or of an electron-tube generator consideredin \nl

lead to differential equations in which the independent variable (time)
does not explicitly appear. We mention equations of this type here, because

the corresponding differential equations of the second order may be

reduced in each case to a single differential equation of the first order
rather than to a system of first-order equations as in the paragraph

above for the general equation of the second order. This reduction greatly
simplifies their study.

Let us then consider a differential equation of the second order, not

containing the argument t in explicit form)

(

dx d 2x
)F X'dt' dt 2

= O.) (41))

We set)
dx

dt
=

Y) (42))

and consider y as a function of x, so that)

d 2x d

(

dx' dy dy dx dy

dt 2
=

dt tlt)
=

dt

=
dx

.
dt

=
Y

dx
')

Then equation (41) may be rewritten in the form)

F(X,y,y ;\n )
= O.) (43))

In this manner, to every solution of equation (41) there corresponds a
unique solution of equation (43). Also to each of the solutions y =

4>(x))))
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of equation (43) there correspond infinitely many solutions of equation

(41). These solutions may be found by integrating the equation

dx
dt

=
cp(x),) (44))

where x is considered as a function of t.

It is clear that if this equation is satisfied by a function x = x(t), then

it will also be satisfied by any function of the form x(t + to), where to is

an arbitrary constant.
It may happen that not every integral curve of equation (43) is the graph

of a single function of x. This will happen, for example, if the curve is
closed.In this case the integral curve of equation (43) must be split up
into a number of pieces, each of which is the graph of a function of x.

For everyone of thesepieces,we have to find an integral of equation (44).
The values of x and dx/dt which at each instant characterize the state

of the physical system corresponding to equation (41) are called the

phases of the system, and the (x, y) plane is correspondingly called the

phase plane for equation (41).To every solution x = x(t) of this equation

there corresponds the curve)

x = x(t), Y
= x'(t))

in the (x, y) plane; t here is considered as a parameter. Conversely, to

every integral curve y =
cp(x) of equation (43) in the (x, y) plane there

corresponds an infinite set of solutions of the form x = x(t + to) for

equation (41); here to is an arbitrary constant. Information about the

behavior of the integral curves of equation (43) in the plane is easily
transformed into information about the character of the possible solutions

of equation (41). Every closed integral curve of equation (43)corresponds,
for example, to a periodic solution of equation (41).

If we subject equation (6) to the transformation (42), we obtain

dy -ay
- bx

dx my)
(45))

Setting v = x and dv/dt
= y in equation (16), in like manner we get

L dy = -[R - M(al + 2a\n + 3a ax2)1y - x . (46)
dx y

lust as the state at every instant of the physical system correspondingto
the second-order equation (41) is characterized by the two magnitudes*)

* The values of d 2
x/dt

2
, d 3x/dt 3, ... at the same instant of time are defined by the

values of x and dx/dt from equation (41) and from the equations obtained from (45)

by differentiation (cf. formula (36\302\273.)))
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(phases) x and y =
dx/dt, the state of a physical system described by

equations of higher order or by a system of differential equations is
characterized by a larger number of magnitudes (phases). Instead of a
phaseplane, we then speak of a phase space.)

\n6. Singular Points)

Let the point P(x, y) be in the interior of the domain G in which we

consider the differential equation)

dy

dx)

M(x, y)
N(x, y)

.) (47))

If there exists a neighborhood R of the point P through each point of

which passes one and only one integral curve (47), then the point P is
called an ordinary point of equation (47). But if such a neighborhooddoes
not exist, then the point P is calleda singular point of this equation. The
study of singular points is very important in the qualitative theory of
differential equations, which we will consider in the next section.

Particularly important are the so-called isolated singular points, i.e.,

singular points in some neighborhood of each of which there are no other

singular points. In applications one often encounters them in investigating

equations of the form (47), where M(x, y) and N(x, y) are functions with

continuous derivatives of high orders with respect to x and y. For such

equations, all the interior points of the domain at which M(x, y) =1= 0 or

N(x, y) #- 0 are ordinary points. Let us now consider any interior point

(x o ,Yo) where M(x, y) = N(x,y) = O. To simplify the notation we will

assume that Xo = 0 and Yo
= O. This can always bearranged by translating

the original origin of coordinates to the point (x o , Yo)' Expanding M(x, y)
and N(x, y) by Taylor's formula into powers of x and y and restricting
ourselves to terms of the first order, we have, in a neighborhood of the

point (0, 0),)

dy

dx)

M\n(O, 0) x + M\n(O, 0) y + 4>l(X,y)
N\n(O, 0) x + N\n(O, 0) y + 4>2(X,y)

,) (48))

where 4>l(X, y) and 4>2(X, y) are functions of x and y for which)

lim 4>l(X, y\n = 0 and lim
4>2(X, y) = O.

\",...0
vfX2+ y

2 '\"-+0
V x2 + Y

2
v\no v\no)))
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Equations (45)and (46) are of this form. Equation (45) does not define

either dy/dx or dx/dy for x = 0 and y = O. If the determinant)

M;(O, 0) M\n(O, 0)
0#-,

N\n(O, 0) N\n(O, 0))

then, whatever value we assign to dy/dx at the origin, the origin will be a

point of discontinuity for the values dy/dx and dx/dy, since they tend to

different limits depending on the manner of approach to the origin.
The origin is a singular point for our differential equation.

It has been shown that the character of the behavior of the integral

curves near an isolated singular point (here the origin) is not influenced

by the behavior of the terms c/>l(X, y) and c/>2(X, y) in the numerator and
denominator, provided only that the real part of both roots of the equation)

A - M;(O,0) -
M\n(O, 0) = 0

-
N\n(O, 0) A -

N\n(O, 0))

(49))

is different from zero. Thus, in order to form some idea of this behavior,

we study the behavior near the origin of the integral curves of the equation)

dy

dx)

ax + by
ex + dy)

(50))

for which the determinant)

I \n \nI
#- O.)

We note that the arrangement of the integral curves in the neighborhood
of a singular point of a differential equation has great interest for many

problems of mechanics,for example in the investigation of the trajectories
of motions near the equilibrium position.

It has been shown that everywhere in the plane it is possible to choose
coordinates g, TJ, connected with x, y by the equations)

x = kllg + k12 TJ,

Y = k 12 g + k 22TJ,)

(51))))
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where the k ij are real numbers such that equation (50) is tranformed into
one of the following three types:)

d'YJ 'YJ A
I)

dg
=

kg'
where k =

>.\n

.

2 )
d'YJ = g + 'YJ

dg g'

3) d'YJ = fJg + CX'YJ
.

dg atg -
fJ'YJ)

(52))

(53))

(54))

Here A 1 and A2 are the roots of the equation)

I

e - A d

I

= o.
a b - A)

(55))

If these roots are real and different, then equation (50) is transformed into
the form (52). If these roots are equal, then equation (50) is transformed
either into the form (52) or into the form (53), dependingon whether

a 2 + d 2 = 0 or a2 + d 2 #- O. If the roots of equation (55) are complex,
,\\ = at :I: fJi, then equation (51) is transformed into the form (54).

We will consider each of the equations (52), (53),(54).To begin with,

we note the following.
Even though the axes Ox and Oy were mutually perpendicular, the axes

og and O'YJ need not, in general, be so. But to simplify the diagrams, we

will assume they are perpendicular. Further, in the transformation (51)
the scales on the og and O'YJ axes may be changed; they may not be the

same as the ones originally chosen on the axes Ox and Oy. But again,

for the sake of simplicity, we assume that the scales are not changed.

Thus, for example, in place of the concentric circles, as in figure 8,

there could in general occur a family of similar and similarly placed ellipses

with common center at the origin.
All integral curves of equation (52) are given by a relation of the form

a'YJ + big!
k = 0,)

where a and b are arbitrary constants.
The integral curves of equation (52) are graphed in figure 10; here we

we have assumed that k > l. In this case all integral curves exceptone,
the axis 0'YJ, are tangent at the origin to the axis Or The case 0 < k < I
is the same as the case k > I with interchange of g and 'YJ, i.e., we have

only to interchange the roles of the axes g and 'YJ. For k = I, equation
(52) becomesequation (30), whose integral curves were illustrated in

figure 7.)))
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An illustration of the integral curves of equation (52) for k < 0 is given

in figure I l. In this case we have only two integral curves that pass through

the point 0: these are the axis og and the axis OT}. All other integral)

FIG. 10.)

x) x)

7])

FiG. 11.)

curves, after approaching the ongm no closer than to some minimal

distance, recede again from the origin. In this case we say that the point

o is a saddlepoint because the integral curves are similar to the contours

on a map representing the summit of a mountain pass (saddle).
All integral curves of equation (53) are given by the equation)

bT} = g(a + b In I g I),)

where a and b are arbitrary constants. Theseare illustrated schematically

in figure 12; all of them are tangent to the axis OT} at the origin.
If every integral curve entering some neighborhood of the singular

point 0 passes through this point and has a definite direction there, i.e.,

has a definite tangent at the origin, as is illustrated in figures 10 and 12,
then we say that the point 0 is a node.

Equation (54) is most easily integrated, if we changeto polar coordinates

p and cp, putting)

g = p cos cp, T}
= p sin cpo)

Then this equation changes into the equation)

dp

dcp

=
kp,) where k = r:

f3')))
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and hence,)
p = Cek\n.) (56))

If k > 0 then all the integral curves approach the point 0, winding

infinitely oflen around this point as c/>
-+ - 00 (figure 13). If k < 0,)

y)

y\n
I
I)

x)

z)

FIG. 12.) FIG. 13.)

then this happens for c/>
-+ + 00. In these cases, the point 0 is called a

focus. If, however, k = 0, then the collection of integral curves of (56)
consistsof curves with center at the point O. Generally, if some neighbor-

hood of the point 0 is completely filled by closed integral curves, sur-

rounding the point 0 itself, then such a point is calJeda center.
A center may easily be transformed into a focus, if in the numerator

and the denominator of the right side of equation (54) we add a term of

arbitrarily high order; consequently, in this case the behavior of integral
curves near a singular point is not given by terms of the first order.

Equation (55), corresponding to equation (45), is identical with the

characteristic equation (19). Thus figures 10 and 12 schematicalJy
represent the behavior in the phase plane (x, y) of the curves)

x = x(t), y = x'(t),)

correspondingto the solutions of equation (6) for real Al and -'2 of the
same sign; Figure II corresponds to real Al and -'2 of opposite signs, and
figures 13 and 8 (the case of a center) correspondto complex Al and A 2 .

If the real parts of Al and A2 are negative, then the point (x(t), y(t\302\273ap-

proaches 0 for t -+ + 00; in this case the point x = 0, y
= 0 corresponds

to stable equilibrium. If, however, the real part of either of the numbers)))
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Al and A2 is positive, then at the point x = 0, y
= 0, there is no stable

equilibrium.)

\n7. Qualitative Theory of Ordinary Differential Equations

An important part of the general theory of ordinary differential equa-

tions is the qualitative theory of differential equations. It arose at the end
of the last century from the requirements of mechanics and astronomy.

In many practical problems, it is necessary to establish the character
of the solution of a differential equation describingsome physical process

and to describe the properties of its solutionsas the independent variable

ranges over a finite or infinite interval. For example, in celestial mechanics,

which studies the motion of heavenly bodies, it is important to have
information about the behavior of the solutions of differential equations

describing the motion of the planets or other heavenly bodies for

unbounded periods of time.
As we saidearlier,for only a few particularly simple equations can a

general solution be expressed in terms of integrals of known functions.

So there arose the problem of investigating the properties of the solutions
of a differential equation from the equation itself. Since the solution of a

differential equation is given in the form of a curve in a plane or in space,
the problem consisted of investigating the properties of integral curves,
their distribution and their behavior in the neighborhood of singular

points. For example, do they lie in a bounded part of the plane or do they
have branches tending to infinity, are some of them closed curves, and

so forth? The investigation of such questions constitutes the qualitative
theory of differential equations.

The founders of the qualitative theory of differential equations are the

Russian mathematician A M. Ljapunov and the French mathematician

H. Poincare.

In the preceding section, we consideredin detail one of the important
questions of the qualitative theory, namely the distribution of integral

curves in a neighborhood of a singular point. We turn now to some other
basicquestions in qualitative theory.)

Stability. In the examples consideredat the beginning of the chapter,
the question of stability or instability of the equilibrium of a system was

easily answered from physical considerations, without investigating the

differential equations. Thus in example 3 it is obvious that if the pendulum,
in its equilibrium position OA, is moved by some external forceto a nearby

position OA', i.e., if a small change is made in the initial conditions, then

the subsequent motion of the pendulum cannot carry it very far from the)))
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equilibrium position, and this deviation will be smaller for smaller original
deviationsOAf, i.e., in this case the equilibrium position will be stable.

For other more complicated cases, the question of stability of the

equilibrium position is considerablymore complicatedand can be dealt

with only by investigating the corresponding differential equations. The

problem of the stability of equilibrium is closely connected with the

question of the stability of motion. Fundamental results in this field were

established by A. M. Ljapunov.
Let some physicalprocessbe described by the system of equations)

dx
dt

= fl(X, y, t),

dy

dt

= f2(X, y, t).)
(57))

For simplicity, we consider only a system of two differential equations,

although our conclusions remain valid for a system with a larger number
of equations. Each particular solution of the system (57), consisting of

two functions x(t) and y(t), will sometimes be called a motion, following
the usage of Ljapunov. We will assume that fl(X, y, t) and f2(X, y, t) have

continuous partial derivatives. It has been shown that, in this case, the
solution of the system of differential equations (57) is uniquely defined if
at any instant of time t =

to the initial values x(to) =
Xo and y(to) =

Yo

are given.

We will denote by x(t, Xo, Yo) and y(t, Xo, Yo) the solution of the system

of equations (57) satisfying the initial conditions)

x =
Xo and y =

Yo for t = to.)

A solution x(t, Xo ,Yo), y(t, Xo , Yo) is called stable in the sense of Ljapunov
if for all t > to the functions x(t, Xo , Yo) and y(t, Xo , Yo) have arbitrarily
small changesfor sufficiently small changes in the initial values Xo and Yo .

More exactly, for a solution to be stable in the sense of Ljapunov, the
differences)

1 x(t, Xo + 81 , Yo + 8 2 )
- x(t, Xo , Yo) I,

I y(t, Xo + 81 , Yo + 82) -
y(t, Xo , Yo) I)

(58))

may be made less than any previously given number E for all t > to, if
the numbers 81and 82 are taken sufficiently small in absolute value.

Every motion that is not stable in the sense of Ljapunov is called

unstable.)))



350) V. ORDINARY DIFFERENTIAL EQUATIONS)

In his investigation, the motion x(1, Xo , Yo) and y(1, Xo , Yo) was called

by Ljapunov unperturbed, and the motion X(/, Xo + 81 , Yo + d 2),
y(/, Xo + 8 1 , Yo + 82 ) with nearby initiaJ conditions was caJledperturbed.
In this way stability in the sense of Ljapunov for an unperturbed motion
means that for all t > to the perturbed motion must differ only a little

from the unperturbed.
The stability of equilibrium is a special case of stability of motion,

corresponding to the case in which the unperturbed motion is)

X(/, Xo , Yo) == 0 and y(/, Xo , Yo) == O.)

Conversely, the question of the stability of any motion x =
4>1(/) and

y = 4>2(/)of the system (57)may be reduced to the question of the stability

of equilibrium for some system of differential equations. To this end we

replace the unknown functions X(/) and y(/) in the system (57) by the
new unknown functions)

\n = x -
4>1(1) and TJ

= Y -
4>2(t).) (59))

In the system (57) transformed in this way, the motion x =
4>1(/) and

y = 4>2(/)will correspond to the motion \n == Oand TJ
== 0, i.e., the position

of equilibrium. In what follows we will everywhere assume that the
transformation (59) has been made, so that we may consider stability
in the sense of Ljapunov only for the solution x = 0, y = O.

The condition of stability in the sense of Ljapunov now means that,

for 81 and 82 sufficiently small and 1 > 10 , the trajectory in the (x, y)

plane of a perturbed motion does not pass outside of the square with

sides of length 2 parallel to the coordinate axes and with center at the point
x = 0,y = O.

We will be interested in those cases in which, without knowing an

integral of the system (57),wecan nevertheless arrive at conclusions about
the stability or instability of a motion. Stability is a very important
practical question in the motion of projectiles, or of aircraft; and the

stability of orbits is important in celestial mechanics, where the motion
of planetsand other heavenly bodies leads to this kind of investigation.

We assume that the functionsf1(x,y, t) andf2 (x,y, I) may be represented

in the form)

f1(X,y, I) = allx + a12Y + R 1(x, y, t),)

(60))

f2(X, y, t) = a21 x + a 22y + R 2 (x, y, t),)))
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where the aij are constants, and Rl(X, y,t) and R 2(x, y, t) are functions of
x, y, and t such that

I R1(x, y, t) I \n M(x
2

+ y2) and I R 2(x, y, t) I \n M(x
2

+ y2), (61)

where M is a positive constant.

If in the system (57)we substitute equations (60), neglecting R1(x, y, t)
and R 2 (x, y, t), we get a system of differential equations with constant
coefficients)

dx
dt

= anx + al2)',)

dy

dt

= a21 x + a 22 y,)

(62))

which is called the system of first approximation to the nonlinear system (57).
Before the time of Ljapunov, researches confined themselves to investi-

gating stability of the first approximation, believing that the results

obtained would carryover to the question of stability for the basic non-
linear system (57). Ljapunov was the first to show that in the general case
this conclusion is false. On the other hand, he gave a series of very wide
conditionsunder which the question of stability for the nonlinear system is
completelysolved by the first approximation. One of these conditions is
the following. If the real parts of both the roots of the equation)

I

au
- A al2

I

= 0
a21 a22 -\" A)

are negative and the functions R1(x,y, t) and R 2 (x, y, t) fulfill condition

(61), then the solution x(t) == 0, y(t) == 0 is stable in the sense of Ljapunov.
If the real part of either of the roots is positive, then the solution x(t) == 0,

y(t) == 0 of an equation satisfying the conditions (61) is unstable. Ljapunov
also gave a series of other sufficient conditions for stability and instability

of a motion. *

If the right sides of equations (57) do not depend on t, then dividing
the first equation of the system (57) by the second we get)

dy fl(X, y)

dx f2(X, y)
.) (63))

The origin will be a singular point for this equation. In the case of stability

of equilibrium, this point may be a focus, a node, or a center, but cannot

be a saddle point.)

* A. M. Ljapunov, The general problem of stability of motion.)))
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Thus the character of a singular point may be determined from the

stability or instability of the equilibrium position.)

The behavior of integral curves in the large. It is sometimes impor-
tant to construct a schematized representation of the behavior of the
integral curves \"in the large\"; that is, in the entire domain of the given
system of differential equations, without attempting to preserve the scale.
We will consider a space in which this system defines a field of directions
as the phase space of some physical process. Then the general scheme of
the integral curves, correspondingto the system of differential equations,
will give us an idea of the character of all processes(motions) which can

possibly occur in this system. In figures 10-13 we have constructed

approximate schematized representations of the behavior of the integral

curves in the neighborhood of an isolated singular point.
One of the most fundamental problems in the theory of differential

equations is the problem of finding as simple a method as possible for

constructing such a scheme for the behavior of the family of integral
curves of a given system of differential equations in the entire domain

of definition, in order to study the behavior of the integral curves of this

system of differential equations \"in the large.\" This problem remains

almost untouched for spaces of dimension higher than 2. It is still very

far from being solved for the singleequation of the form)

dy = M(x, y)
dx N(x,y))

(64))

even when M(x, y) and N(x,y) are polynomials.
In what follows, we will assume that the function M(x, y) and N(x, y)

have continuous partial derivatives of the first order.
If all the points of a simply connected domain G, in which the right side

of the differential equation (64) is defined, are ordinary points, then the

family of integral curves may be represented schematically as a family

of segments of parallel straight lines; since in this case one integral curve

will pass through each point, and no two integral curves can intersect.
For an equation (64) of more general form, which may have singular

points, the structure of the integral curvesmay be much more complicated.
The case in which equation (64) has an infinite set of singular points (i.e.,
points where the numerator and the denominator both vanish) may be

excluded, at least when M(x, y) and N(x, y) are polynomials. Thus we

restrict our consideration to those cases in which equation (64) has a
finite number of isolated singular points. The behavior of the integral
curves that are near to one of these singular points forms the essential)))
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element in setting up a schematized representation of the behavior of all

the integral curves of the equation.

A very typical element in such a scheme for the behavior of all the

integral curves of equation (64) is formed by the so-called limit cycles.
Let us considerthe equation)

dp

de/>

= p
- I,

where p and e/> are polar coordinates in the (x, y) plane.
The collection of all integral curves of equation (65) is given by the

formula)

where C is an arbitrary constant, different for different integral curves.
In order that p be nonnegative, it is necessary that e/> have values no larger
than - In 1 C I, C < O. The family of integral curveswill consist of

1. the circle p = I (C= 0);
2. the spirals issuing from

the origin, which approach

this circle from the inside as
e/>

- - 00 (C < 0);

3. the spirals, which ap-

proach the circle p = I
from the outsidease/>

- - 00

(C> O){figure 14).

The circle p = I is called

a limit. cycle for equation
(65). In general a closed

integral curve / is called a
limit cycle, if it can be
enclosed in a disc all points
of which are ordinary for

equation (64) and which is

entirely filled by nonclosed integral curves.
From equation(65)it can be seen that all points of the circle are ordinary.

This means that a small piece of a limit cycle is not different from a small

piece of any other integral curve.
Every closed integral curve in the (x, y) plane gives a periodic solution

[x(t), y(t)] of the system

dx dv

dt
= N(x,y),

dt

= M(x, y),)

(65))

p = I + Ce\n,) (66))

y)

x)

FIG. 14.)

(67))))
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describingthe law of change of some physical system. Those integral

curves in the phase plane that as t --+- + 00 approximate a limit cycle are

motions that as t --+- + 00 approximate periodic motions.
Let us supposethat for every point (x o , Yo) sufficiently close to a limit

cycle I, we have the following situation: If (xo , Yo) is taken as initial point

(i.e., for t = to) for the solution of the system (67), then the corresponding
integral curvetraced out by the point (x(t), yet)], as t --+- + 00 approximates
the limit cycle / in the (x, y) plane. (This means that the motion in question
is approximately periodic.)In this case the corresponding limit cycle is
called stab/e.Oscillations that act in this way with respect to a limit cycle

correspond physically to self-oscillations. In some self-oscillatory systems,
there may exist several stable oscillatory processes with different ampli-
tudes, one or another of which will be established by the initial conditions.

In the phase plane for such \"self-oscillatory systems,\" there will exist

corresponding limit cycles if the processes occuring in these systems are

described by an equation of the form (67).
The problem of finding, even if only approximately, the limit cycles of

a given differential equation has not yet been satisfactorily solved. The
most widely used method for solving this problem is the one suggestedby

Poincare of constructing \"cycles without contact.\" It is based on the
following theorem. We assume that on the (x, y) plane we can find two

closed curves Ll and L2 (cycles) which have the following properties:

I. The curve L2 lies in the region enclosed by Ll .

2. In the annulus Q, betweenLl and L2 , there are no singular points of
equation (64).

3. Ll and L 2 have tangents everywhere, and the directions of these
tangents are nowhere identical with the direction of the field of directions

for the given equation (64).
4. For all points of Ll and L2 the cosine of the angle between the

interior normals to the boundary of the domain Q and the vector with

components (N(x, y), M(x, y)] neverchangessign.
Then between Ll and L 2 , there is at least one limit cycle of equation

(64).
Poincare called the curves Ll and L 2 cycles without contact.

The proof of this theorem is based on the following rather obvious fact.

We assume that for decreasing t (or for increasing t) all the integral curves)

x = x(t), Y
= yet))

of equation (64) (or, what amounts to the same thing, of equations (67),
where t is a parameter), which intersect Ll or L2 , enter the annulus Q)))
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between Ll and L 2 . Then they must necessarily tend to someclosedcurve

I lying between Ll and L2 ; since none of the integral curves lying in the

annulus can leave it, and there are no singular points there.
But the problem of finding cycles without contact is also a complicated

one and no general methods are known for solving it. For particular

examples it has been possible to find cycles without contact, thereby
proving the existence of limit cycles.

In radio technology it is important to find limit cycles (self-oscillatory
processes)for equation (16) for the electron-tube generator. For equations
of the type of (16), N. M. Krylov and N. N. Bogoljubov gave a method,
about twenty years ago, for approximate computation of a certain limit

cycle that exists for this equation. At about the same time the Soviet
physicistsL. I. Mandel'stam, N. D. Papaleksi, and A. A. Andronov gave

a proof of the possibility of applying what is called the method of the

small parameter, a method that to some extent had been used earlier in

practice, though without any rigorous justification. Andronov was also

the first to make systematicpractical use, in the analysis of self-oscillatory
systems,of the theoretical methods already developed by Ljapunov and

Poincare. In this manner he obtained a whole seriesof important results.

As was mentioned earlier, an important role is played in physics by

\"insensitive\" systems (cf. \n3). Andronov, together with L. S. Pontrjagin,set
up a catalogue of the elements from which one could construct a complete
chart of the behavior of the integral curves in the (x, y) plane for an
insensitive differential equation of the form (64). It had been long known,

for example, that a center near a singular point is easily destroyed by

small changes in the equations (64).Thus in the construction of a chart of

the behavior of the integral curves of equation (64), we cannot have a
center, i.e.,a family of closed integral curves surrounding a singular point,
if the equation is \"insensitive.\"

The question of the behavior of the integral curves in the large is still
far from its final solution. We note that the analogous and probably
simpler question of the form of real algebraic curves in the plane, i.e.,
curves defined by the equation)

P(x, y) =
0,)

where P(x, y) is a polynomial of degreen, is also far from a complete
solution. The form of these curves is completely known only for n < 6.

The solutions of the system (64) define motions in the plane. If we

replace each point (xo, Yo) in the plane by the corresponding point

[x(t, Xo , Yo), y(t, Xo , Yo)], -where x(t, Xo ,Yo) and y(t, Xo , Yo) are the
solution of the system (64) with initial conditions x =

Xo and y =
Yo

for 1 = to, we obtain a transformation of the points of the plane depending)))
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on the parameter t. Similar transformations depending on a parameter,

together with the motions they generate, may be considered on a sphere,
a torus, or other manifolds. The properties of these motions are studied

in the theory of dynamical systems. In a neighborhood of every point

these motions are the solutions of somesystem of differential equations.
In the past decade the theory of dynamical systems has been developed
on a broad basisin the works of V. V. Stepanov, A. la. HinCin, N. N.

Bogoljubov, N. M. Krylov, A. A. Markov, V. V. Nemyckil and others,
and also in the works of G. D. Birkhoff and other mathematicians.

In this chapter we have given a brief outline of the present state of the

theory of ordinary differential equations and have attempted to describe
the problems that are considered in this theory. Our study in no sense

pretends to be complete. We have had to omit consideration of many

branches of the theory that arise in the study of more specialproblems

or that require broader mathematical knowledgethan the reader of this
book is assumedto possess.For example, we have nowhere touched

upon the generaland important area in which one the theory of differential

equations with complex argument is considered. We have had no oppor-
tunity to examine the theory of boundary-valueproblemsand in particular,

of eigenfunctions, which is of great importance in the applications.
We have also been able to pay very little attention to approximative

methods for the numericalor analytical solution of differential equations.
For these questions,we recommend that the reader consult the specialized
literature.)
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