Multi-Apartment Rent Division

ARIEL D. PROCACCIA, BENJAMIN SCHIFFER, and SHIRLEY ZHANG

Rent division is the well-studied problem of fairly assigning rooms and dividing rent among a set of roommates
within a single apartment. A shortcoming of existing solutions is that renters are assumed to be considering
apartments in isolation, whereas in reality, renters can choose among multiple apartments. In this paper, we
generalize the rent division problem to the multi-apartment setting, where the goal is to both fairly choose an
apartment among a set of alternatives and fairly assign rooms and rents within the chosen apartment. Our
main contribution is a generalization of envy-freeness called rearrangeable envy-freeness. We show that a
solution satisfying rearrangeable envy-freeness is guaranteed to exist and that it is possible to optimize over
all rearrangeable envy-free solutions in polynomial time. We also define an even stronger fairness notion
called universal envy-freeness and study its existence when values are drawn randomly.
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1 Introduction

Rent division is a classic and intuitive problem within the space of fair division, in which a number
of roommates are faced with the joint decision of how to assign rooms and split the total rent in a
shared apartment. The problem is complicated by the fact that the rooms may vary widely and
that players may have very different values for different rooms; for example, one room may have a
better view, or one player may derive higher utility from having larger closets. Preferences over
prices may also be complex, but it is commonly assumed that players’ utilities are quasi-linear:
utility equals value minus price. The goal is to find an assignment of players and prices to rooms
that takes such player preferences into account and satisfies a rigorous notion of fairness.

The gold standard for fairness in rent division is envy-freeness, which guarantees that each player has
higher utility for their own room than for any other room, given the prices assigned to each room. In
other words, in an envy-free allocation, no roommate would want to trade their room for any other
room. Along with being easily justifiable [Procaccia, 2019], a solution which satisfies envy-freeness
is also guaranteed to exist for the rent division problem [Svensson, 1983] under the assumption of
quasi-linearity. Furthermore, such a solution can be found in polynomial time [Aragones, 1995],
and it is possible to optimize linear objectives over envy-free solutions in polynomial time as well
[Gal et al., 2017]. Therefore, envy-freeness is both a compelling and computationally tractable
fairness notion in the rent division setting.

The study of rent division is not driven merely by theoretical interest — it is a poster child for
applications of fair division more broadly. In particular, the not-for-profit fair division website
Spliddit [Goldman and Procaccia, 2014] operated between 2014 and 2022 and offered “provably
fair solutions to everyday problems.” Its rent division application implemented the algorithm of
Gal et al. [2017]; among the five applications on Spliddit, it was the most popular, with more than
30,000 instances solved [Peters et al., 2022].

A shortcoming of the prevalent approach to fair rent division, however, is that it assumes that
the players have already chosen an apartment, and the only question remaining is how to divide
the rooms and rent. By contrast, groups looking for an apartment are often not considering each
potential apartment separately. Rather, many groups can further optimize by choosing among a set
of available apartments which fit their budget and location constraints. This setting gives rise to
new sources of complexity as the players are required not only to assign rooms and prices in the
chosen apartment, but also to collectively decide on which apartment to rent. Such a decision can
be contentious. Imagine, for instance, three players whose apartment hunting priorities are a short
commute, proximity to green spaces, and an exciting neighborhood, respectively. Suppose further
that current apartment options include one apartment that is close to player 1’s workplace, one
which neighbors the largest park in the city, and one in the center of Restaurant Row. The rooms
in each apartment may be asymmetric as well. Given all of these factors, how should the players
decide which apartment to rent, and using what assignment?

Crucially, it does not suffice to merely compute an envy-free solution in each individual apartment.
Consider the following example:

Example 1.1. There are two players and two apartments. Each apartment has total rent 300 and
contains two symmetric rooms. The value of each player (rows) for each room (columns) is shown
below:
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In this example, the only solution which is individually envy-free in each apartment assigns equal
rent in each apartment. However, the players will then disagree on which apartment to rent, as
player 1 will prefer apartment 1 while player 2 will prefer apartment 2. It also seems intuitively
unfair to assign equal rent in each apartment, as this would result in the two players having unequal
utilities, even though their utility functions are symmetric. Therefore, a new fairness notion is
needed for the multi-apartment rent division problem.

1.1 Our Contributions

First and foremost, we present a formal model of the rent division problem in the multi-apartment
setting, and show that new fairness notions are necessary in this model. Our main contribution
is a generalization of envy-freeness called rearrangeable envy-freeness. We show that rearrange-
able envy-freeness satisfies several desirable properties such as Pareto optimality and individual
rationality, and reduces to envy-freeness in the single apartment setting. We provide an intuitive jus-
tification for rearrangeable envy-freeness based on trading rent between players who have different
favorite apartments, and show how such trades allow players to reach a consensus apartment while
maintaining fair rent burdens across players. We then show that a solution satisfying rearrangeable
envy-freeness is guaranteed to exist and that it is possible to optimize linear objectives over all
rearrangeable envy-free solutions in polynomial time, mirroring a similar result by Gal et al. [2017]
for the single-apartment setting. Finally, we introduce strong rearrangeable envy-freeness, a variant
of rearrangeable envy-freeness which imposes additional fairness constraints on acceptable trades.

We also explore universal envy-freeness, which is the most direct generalization of envy-freeness.
Unlike rearrangeable envy-freeness, however, we show that a universal envy-free solution is not
guaranteed to exist (and, in fact, there are many instances where such a solution does not exist).
Therefore, we instead study the probability of such a solution existing when players’ utilities are
drawn ii.d. from an arbitrary distribution with a fixed number of players. For discrete distributions,
we show that the probability that a universal envy-free solution exists approaches 1 as the number
of apartments approaches infinity. For continuous distributions, on the other hand, we show that
the probability that a universal envy-free solution exists does not converge to either 0 or 1. However,
if we add apartments one by one, the probability that there exists a stopping point where a universal
envy-free solution exists converges to 1, even for continuous distributions.

1.2 Related Work

As mentioned earlier, our work is most closely related to the paper of Gal et al. [2017]. They study
envy-free solutions for (single-apartment) rent division under quasi-linear utilities, and — building
on earlier work by Alkan et al. [1991] — single out the maximin solution (which maximizes the
minimum utility subject to envy-freeness) as especially desirable. They also develop an algorithmic
framework that allows for efficient computation of the maximin solution and a range of other
objectives.

By contrast, Peters et al. [2022] consider a different type of objective: they seek envy-free solutions
that — rather than optimizing a welfare function — are robust to perturbations of the utilities. This
objective is beyond the scope of our work.
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There are several approaches to rent division that relax the assumption of quasi-linear utilities or
provide (incomparable) alternatives. One line of work allows players to express a (hard or soft)
budget constraint [Airiau et al., 2023, Procaccia et al., 2018, Velez, 2022, 2023]. Arunachaleswaran
et al. [2021] develop a fully-polynomial approximation scheme for envy-free rent division under the
assumption that each player’s utility (as a function of price) is continuous, monotone decreasing,
and piecewise-linear. Finally, classic work by Su [1999] uses Sperner’s Lemma to construct an
algorithm for envy-free rent division under the “miserly tenants” assumption, which requires
players to prefer a free room to any other room (even if its rent is $1); while his approach is elegant,
it has several shortcomings, including that preference elicitation requires repeated interaction
with the players and that it is infeasible to optimize over envy-free solutions. Segal-Halevi [2022],
however, shows that techniques developed for miserly tenants extend to the quasi-linear setting.
All of these papers are orthogonal to ours, as we focus on the (widely used in practice) quasi-linear
setting and instead extend the standard rent division problem to multiple apartments.

It is worth noting that even in the basic setting of a single apartment and quasi-linear utilities,
envy-freeness is incompatible with strategyproofness. For this reason, work on incentives in fair
rent division is relatively limited. A notable exception is the work of Velez [2018], who studies
mechanisms whose equilibria give rise to envy-free solutions.

2 Model

A multi-apartment rent division instance is composed of a set of players [n] = {1, ...,n} and a set
of apartments [m] = {1, ..., m}, where each apartment j consists of n rooms {rjy, ..., 7jn}. For each
room rj in apartment j, player i has a non-negative value V;(r;). Each apartment j also has a
total rent R;. Unless otherwise noted, we will assume that }; >; Vi(rjx) = 2; R; for all i. In other
words, we do not assume that players have the same value for each apartment, but do assume that
players have the same total value for all apartments under consideration. In our model, players are
therefore able to express preferences over apartments, but their overall utility is still normalized
as in the single apartment setting [Gal et al.,, 2017]. The entire instance can be represented by a
valuation matrix V € M,,xmxn(R*) and a rent vector R € R".

An apartment assignment A; : [n] — [n] is a mapping of players to rooms in apartment j, where
Aj(i) is the room assigned to player i in apartment j. An assignment A = {Ay, ..., Ay, } is then the
vector of mappings for all apartments. An assignment for apartment j is called welfare-maximizing
if it maximizes },i_; Vi(A;(i)) — R; over all possible assignments in j. Rent is allocated via the
price matrix P € R™*" and we denote the price of a specific room r as P(r). We require that
2ken] P(rjx) = R; for any valid price matrix, and will refer to the price vector for apartment
Jj as Pj, where P; is the jth row of P. For a specific A, P, the quasi-linear utility of player i is
Ui(Aj, P) = Vi(A;(i)) = P(A;(i)). A solution for the multi-apartment rent division instance is a tuple
(A, P, j*), where A and P contain all assignments and prices and j* denotes the chosen apartment.
We will often refer to a partial solution (A, P) where the specific apartment has not yet been chosen.

When there is only a single apartment (m = 1), a solution (A;, P) is envy-free (EF) if each player
prefers her room over every other room. Formally, a solution is envy-free if it satisfies:

Vi(A1 (i) = P(A1(D) 2 Vi(A: (i) = P(A1 (i) Vi,i" € [n]. 1)

In the single apartment setting, an envy-free solution always exists and can be found in polynomial
time [Gal et al., 2017]. The goal of this paper is to generalize the notion of envy-freeness in Equation
(1) to the multi-apartment setting when m > 1. In the multi-apartment setting, one starting point is
to simply enforce the single apartment definition of envy-freeness for each apartment separately,
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as follows:

Vi(A;(D) - P(A;(D)) 2 Vi(A;(i) — P(A;(i"))  Vi.i" € [n],j € [m]. @)
We will refer to partial solutions (A, P) that satisfy Equation (2) as individually envy-free. However,
as we showed in the introduction, it may be impossible for the players to agree on the final
apartment choice j*, and therefore this does not lead to an obviously fair solution.

3 Universal Envy-Freeness

We first consider universal envy-freeness, a natural generalization of envy-freeness which captures
the spirit of the original definition. Informally, a universal envy-free assignment guarantees that
no player will want to switch her room in the chosen apartment with any room in any apartment.
We formalize this definition below.

DEFINITION 3.1. A solution (A, P, j*) is universal envy-free (UEF) if
Vi(Aj (1)) = P(Aj (i) 2 Vi(A;(i')) = P(A;(i") Vi, i’ € [n], ] € [m].

Put another way, a universal envy-free solution implies that the assignment in each apartment
is individually envy-free and that all players prefer their assignment in apartment j* over their
assignment in any other apartment.

Unfortunately, a universal envy-free solution does not always exist, as can be seen in Example
1.1. In that example, the only way for both apartments to be individually envy-free is for rent to
be assigned evenly in each apartment; i.e. that the price of each room is 150. However, if rent is
assigned in this way, then one of the players will be envious in the final apartment: if apartment 1
were chosen, then player 2 would rather have either room in apartment 2, while if apartment 2
were chosen, then player 1 would rather have either room in apartment 1. Therefore, no universal
envy-free solution exists for Example 1.1. It turns out that this is not a knife’s edge example, and
that there are many instances which have no universal envy-free solution. For example, there are
instances with no universal envy-free solution even when we restrict all players to have the same
total value for each apartment (3;_, Vi(rjr) = R; Vi, j). We note, however, that it is easy to check
whether a universal envy-free solution exists via a simple linear program [Appendix A.4].

3.1 Probabilistic Universal Envy-Freeness

In computational fair division, when researchers were faced with the unfortunate non-existence of
envy-free allocations of indivisible goods, they have asked whether such solutions are likely to
exist in random instances, at least in the large [Dickerson et al., 2014, Manurangsi and Suksompong,
2017, 2020]. In this section, we adopt the same approach in the context of universal envy-freeness.

Specifically, we assume that the valuation matrix V is drawn randomly, where each player’s value
for each room is drawn from a distribution D supported on [0, 1]. In other words, for any player

i and room rj in apartment j, the value of player i for room i is V;(rx) "4 gy Because each
apartment is drawn symmetrically, we will also assume for this section only that the rent in every
apartment is equal to R. Importantly, note that under this model we are no longer requiring player
utilities to be normalized to add up to the total rent. However, as values are drawn i.i.d, every player
will have the same total value for all of the rooms in expectation.

Define E,, as the event that there exists a universal envy-free solution with m apartments when
values are drawn i.1.d from distribution D. First, we consider the simpler case when D is a discrete
distribution with a finite number of values (see Appendix A for the proof).
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THEOREM 3.2. IfVi(rjk) Ld gy foralli, j,k where D is a discrete distribution that takes on x < oo
distinct values, then for any constant n, Pr (E,,) —— 1.
m—oo

The above result holds in the limit as m goes to infinity, which is unrealistic in the real-world setting
of searching for an apartment. However, a group of roommates may consider dozens of apartments
in their search, in which case limit laws such as this result can become useful approximations. We
would also ideally like to generalize this result to continuous distributions. Somewhat surprisingly,
the same result does not hold in the case of continuous distributions supported on [0, 1]. In fact for
sufficiently large m, we can bound the probability that there exists a universal envy-free solution
away from both 0 and 1 for a fixed value of n. Note that the lower bound is the same for any
continuous distribution, while the upper bound is distribution-dependent.

THEOREM 3.3. Suppose that Vi (7 i) Ld g foralli, j, k where D is a continuous distribution supported

n [0, 1]. Then there exists a po(n) > 0 such that for any m and D, Pr (E,,) = po(n). Furthermore, for
any distribution D, there exists a p1(n) < 1 such that foranym > n+ 1, Pr (E,,) < p1(n).

ProoF skETCH. We will provide a brief sketch of the proof of Theorem 3.3 and defer the formal proof
to Appendix A. The structure of the proof is to construct two events # and & (both with probabilities
independent of m) such that under event # a universal envy-free solution always exists and under
event & a universal envy-free solution never exists. The key idea behind both constructed events is
to consider the highest welfare achievable by potentially non-bijective assignments that can assign
multiple rooms within an apartment to the same player. Note that these are not necessarily valid
regular assignments. We will denote the maximum total utility achievable by a potentially non-
bijective assignment for a given apartment j as MUW (). Suppose the apartments are numbered in
order of MUW, and therefore apartment 1 has the highest MUW. We define ¥ as the event when
the potentially non-bijective assignment with the highest total utility in apartment 1 is actually
bijective, and therefore is a valid regular assignment. Under event ¥, a universal envy-free solution
exists (Lemma A.3). We then show that Pr(¥) is always positive and independent of m (Lemma
A.4). To show non-existence of a universal envy-free solution, we construct the event & with
the three following conditions on the first n + 1 apartments based on the MUW ordering. The
event & occurs when apartment n + 1 is the unique maximum welfare apartment, the potentially
non-bijective assignment which achieves MUW (n + 1) is a bijective assignment, and for every
Jj € [n], the potentially non-bijective assignment which achieves MUW (j) assigns every room to
player j (Lemma A.6). Conditioned on event &, we show that no universal envy-free solution exists.
Once again, we can show that Pr(&) is always positive and independent of m. O

Theorem 3.3 implies that simply starting with a very large number of apartments is not sufficient
for guaranteeing existence of a universal envy-free solution. However, the construction of event
¥ in Theorem 3.3 also implies the following result. Suppose there are n players trying to find a
universal envy-free solution, starting with m, apartments. If new apartments are added one at a
time, and we check for universal envy-freeness before each new apartment is added, then with
probability 1 this process will terminate with a universal envy-free solution in a finite number of
apartments. The proof of this result leverages the fact that the construction for event ¥ relies only
on the ordering of utilities within the apartment with the highest value of MUW. This result is
formally outlined in Corollary 3.4 and proven in Appendix A.
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COROLLARY 3.4. Suppose there exists an infinite sequence of apartments with V;(rjx) drawn i.i.d from
a continuous distribution D. Then for any constant my > 0,

Pr(inf {m > mg : E;,} < o) = 1.

Conceptually, this corollary sends an encouraging message to apartment hunters: perseverance
will likely lead to a fair outcome!

4 Consensus and Rearrangeable Envy-Freeness

As universal envy-freeness is often too strong of a requirement, we would like to find a weaker
condition that is always feasible, but still acts as a natural extension of envy-freeness in the single
apartment setting. In this section, we introduce a fairness condition for the multi-apartment rent
division problem that satisfies multiple desirable properties and is always guaranteed to exist.

4.1 Definition and Motivation

First, we observe that a desirable condition in the multiple apartment setting is for all players to
agree on the chosen apartment. In order for this to happen, every player must be at least as happy
with their assignment in the chosen apartment as with their assignment in any other apartment. If
this is the case, then we say that the chosen apartment is a consensus apartment.

DEFINITION 4.1. A solution (A, P, j*) satisfies consensus if every player weakly prefers their assign-
ment in j* to their assignment in any other apartment j # j*. Formally, for every player i,

Vi(Aj (1)) = P(Aj- (D) 2 max Vi(A;(D) = P(A; (D). ®)
A partial solution (A, P) satisfies consensus if there exists an apartment j* satisfying Equation (3). We
will refer to such a j* as a consensus apartment for (A, P).

Given a partial solution that satisfies consensus, the set of consensus apartments is exactly the set
of apartments which have the highest sum of player utilities. If there is more than one consensus
apartment, every player has the same utility for their assigned room in each consensus apartment;
the next lemma, whose proof is in Appendix B.1, formalizes this.

LEMMA 4.2. Let (A, P) be a partial solution satisfying consensus. Apartment j is a consensus apartment
for (A, P) if and only if

ZmAj(i)) ~R; > Zvi(Aj/a)) ~ Ry

for all j* # j. Furthermore, if j; and j, are both consensus apartments for (A, P), then for all i,
Ui(A},, P) = Ui(A),, P).

Intuitively, consensus is a desirable property because a lack of consensus would imply that the
players cannot decide on which apartment to rent. However, consensus alone is not sufficient. In
the motivating example, for instance, a possible solution that satisfies consensus is to have player
1 pay 300 for room ry; and 200 for room r,;. Both players would be ambivalent between the two
apartments in this case, and therefore both apartments are consensus apartments. However, this is
clearly not a fair assignment, as player 1 has —100 utility in both apartments while player 2 has 100
utility in both apartments, despite their valuations being perfectly symmetrical. This example can
be further extended to make player 1 arbitrarily unhappy in the consensus apartment. Therefore,
we need a requirement stronger than just consensus to guarantee reasonable fairness for all players.
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In order to prevent one player being significantly more unhappy in every apartment as in the
previous example, we can instead try to reach consensus from a “fair" starting partial solution.
One natural such starting point is a partial solution (A, P) which is individually envy-free. If this
starting partial solution satisfies consensus, then the solution with a consensus apartment already
satisfies universal envy-freeness. However, this starting partial solution may not satisfy consensus,
as in Example 1.1. If no j* exists such that (A, P, j*) satisfies consensus, then we would like to adjust
the rents P in such a way that the resulting solution (A, P’, j*) satisfies consensus. Furthermore, we
want these adjustments to maintain fairness from the individually envy-free partial solution (A, P).

Suppose that player 1’s current favorite apartment under partial solution (A, P) is j. The two
reasons that player 1 would change her favorite apartment is if her rent increases in apartment
Jj (therefore decreasing her utility for her assignment in apartment j) or if her rent decreases in
apartment j* # j (therefore increasing her utility for her assignment in apartment j’). In order to
reach consensus, then, we can conduct the following type of trades that change the prices P. Let §
be a dollar amount and let j, j* be two distinct apartments. Then a trade consists of player 1’s rent
in j increasing by 6, player 2’s rent in j decreasing by J, player 1’s rent in j” decreasing by J, and
player 2’s rent in j” increasing by §. Importantly, note that this trade only affects the players’ rents
and does not change the assignment A. Through this type of trading, we can transform the partial
solution into one that satisfies consensus, while maintaining a sense of fairness as every player’s
total rent across all assigned rooms will stay the same.

An example of a useful trade is if apartment j is player 1’s favorite apartment and apartment j’ is
player 2’s favorite apartment. Then a trade between these two players and apartments could either
help convince player 1 to rent apartment j’ or convince player 2 to rent apartment j, therefore
bringing the partial solution closer to consensus. If after making a trade there exists a consensus
apartment with the new prices, then we have achieved our goal. Otherwise, we must continue
having players trade until everyone prefers the same apartment.

We formalize this notion of trading as follows. Suppose we have a partial solution (A, P) and a
trade tuple © = (6, i1, iz, j1, j2), Wwhere § > 0, i1,i € [n], j1, j2 € [m]. Then the partial solution
after making trade 7 is (A, P’), where P’(A}, (i1)) = P(Aj,(i1)) + 8, P'(A},(i1)) = P(A;,(i1)) = 6,
P'(Aj (i2)) = P(Aj,(i2)) = 6, P'(A},(i2)) = P(A},(i2)) + 6, and for all other (i, j) pairs, P’ (A;(i)) =
P(A;(i)). We define the partial solution (A, P) as reachable by trading from the partial solution
(A, Q) if there exists a series of T trades {(&7, i, il, j!, j*)}]_, such that after making all T trades
starting from (A, Q), the resulting partial solution is (A, P). Returning to our concept of fairness,
we want to consider partial solutions (A, P) that are reachable by trades from some individually
envy-free starting partial solution (A, Q). By construction of these trades, the total utility of any
player across all of their assigned rooms stays the same in the final partial solution (A, P) as it was
in the individually envy-free starting partial solution (A, Q). This enforces a form of fairness in the
final chosen consensus apartment.

LEmMMA 4.3. A partial solution (A, P) is reachable by trades from an individual envy-free starting
partial solution (A, Q) if and only if there exists an individually envy-free solution (A, Q) such that

for every playeri, 3.7, P(A;(i)) = X%, Q(A;(i)).

ProorF skeTcH. The “only if" direction follows from the fact that each trade does not change any
player’s total rent for all m of their assigned rooms. Therefore, if there exists a sequence of trades
that reach (A, P) starting from (A, Q), then every player has the same total rent for their m assigned
rooms in (A, P) and (A4, Q).
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The “if" direction requires a more technical construction, so we will leave the formal proof to
Lemma B.1 in Appendix B.2. Here we provide a brief proof sketch. Suppose we start with an
assignment A and price matrices Q and P such that Z;"zl P(A;(i)) = ;-":1 Q(A;(i)). We want to
construct a series of trades to transform Q into P. We will do this for each apartment 1 through m,
one at a time. First, we will construct a series of trades between apartments 1 and m such that the
resulting price matrix Q; has the same prices as P for apartment 1. This is possible because the two
price matrices have the same total rent within each apartment. We will then repeat this process for
apartments j € {2,..,m — 1} by doing trades between apartment j and apartment m such that the
resulting price matrix Q; has the same prices as P for apartments 1 through j. We then show that
the final set of trades between apartment m — 1 and m results in a post-trade price matrix that is
equal to the desired price matrix P. Therefore, (A, P) is reachable by this sequence of trades from

(As Q) O

We are now ready to formally present the notion of fairness that comes from starting at an
individually envy-free solution and conducting a sequence of trades until the partial solution
satisfies consensus.

DEFINITION 4.4. A solution (A, P, j*) satisfies rearrangeable envy-freeness (REF) if the solution
satisfies consensus and there exists a price matrix Q such that (A, Q) is individually envy-free and for
every player i,

DUP(A;(0) = )" Q4 (D).
Jj=1 j=1

By Lemma 4.3, a solution that satisfies rearrangeable envy-freeness also satisfies that (A, P) is
reachable by trades from an individually envy-free partial solution (A, Q). For the rest of this
section, we will study solutions (A, P, j*) that satisfy rearrangeable envy-freeness, and argue that
this is a good generalization of single apartment envy-freeness.

4.2 Properties of Rearrangeable Envy-Freeness

We will first show that a solution which satisfies rearrangeable envy-freeness also satisfies sev-
eral desirable properties. In particular, such a solution satisfies Pareto optimality and individual
rationality, and reduces to an envy-free solution in the single-apartment setting.

DEFINITION 4.5. A solution (A, P, j*) satisfies Pareto optimality if there is no other solution (A’, P’, j')
such that
Ui(A (i), P') > Ui(Aj- (i), P) Vi

and the inequality is strict for at least one player.

PROPERTY 4.6 (PARETO OPTIMALITY). A solution (A, P, j*) which satisfies rearrangeable envy-freeness
also satisfies Pareto optimality.

PROOF. We know that an envy-free solution in a single apartment j must include a welfare-
maximizing assignment for j [Gal et al., 2017]. A rearrangeable envy-free solution (A, P, j*) thus
must include a welfare-maximizing assignment in every apartment, as the assignment A satisfies for
some price matrix that (A, Q) is individually envy-free. From Lemma 4.2, we know that consensus
can only occur in an apartment with the highest welfare across all apartments. Because A must
contain only welfare-maximizing assignments and j* must be the apartment with the highest
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welfare over all apartments, assignment A+ must achieve the maximum welfare among all possible
assignments and apartments. This implies that (A, P, j*) is Pareto optimal. O

PROPERTY 4.7 (INDIVIDUAL RATIONALITY). A solution (A, P, j*) which satisfies rearrangeable envy-
freeness also satisfies individual rationality, in that all players have non-negative utility for their
assigned rooms under (A, P) in the chosen apartment j*.

PROOF. Let (A, P, j*) be a solution that satisfies rearrangeable envy-freeness, and consider the
bundle of rooms {A; (i)}, which is assigned to player i under assignment A. We say that player i’s
total utility for the bundle {A;(i")}7., of player i’ is equal to the sum of the utilities that player i has
for each room in {A; (l’)};”: ;- In an individually envy-free partial solution (A, Q), every player i has
weakly higher utility for her own bundle {A;(i)}72, than any other player’s bundle {A;(i")}72,. By
definition of rearrangeable envy-freeness, every player in the partial solution (A, P) has the same
total utility for every bundle as in some individually envy-free partial solution (A, Q). This implies
that in partial solution (A, P), player i has weakly higher total utility for the bundle {A;(i)} ;”Z .
than the bundle {A;(i")}7.,. The sum of each player’s utility over all players’ bundles is 0 by the
assumption that each player’s total value for all rooms is equal to the total rent. This implies that
player i’s average utility over all bundles is 0, which in turn means that her value for {A; (i) };"z 1> her
favorite bundle, must be at least 0 as well. Finally, we know that j* is a consensus apartment, which
means that player i’s favorite room within her bundle is in apartment j*. By the same averaging
argument, we conclude that player i has non-negative utility for her assigned room in apartment
Jj*, or equivalently that U;(A;«(i)) > 0. O

PROPERTY 4.8 (REDUCES TO SINGLE-APARTMENT SETTING). In the single-apartment setting (when
m = 1), a solution (A, P, j*) satisfies rearrangeable envy-freeness if and only if the solution is envy-free
within that apartment.

PROOF. In the single-apartment setting, consensus is always satisfied and no trades are possible.
Therefore, any envy-free solution within the one apartment satisfies consensus and hence satisfies
rearrangeable envy-freeness. For the other direction, any rearrangeable envy-free solution must be
an individually envy-free solution as no trades are possible, and individual envy-freeness implies
envy-freeness in the lone apartment. o

4.3 Existence of Rearrangeable Envy-Freeness

We have shown that solutions which satisfy rearrangeable envy-freeness have both an intuitive
explanation based on fair trading and desirable properties including Pareto optimality and individual
rationality. Crucially, and in contrast to universal envy-freeness, it is also always possible to find a
solution which satisfies rearrangeable envy-freeness.

THEOREM 4.9. There exists a solution which satisfies rearrangeable envy-freeness for every multi-
apartment rent division instance.

PROOF. Our proof is by construction of such a solution (A, P*, j*) for any multi-apartment rent
division instance. Note that throughout the proof, we will be referring to the same assignment A,
but different price matrices Q, P, and P*.

We begin with a partial solution (A, Q) which is individually envy-free. Such a partial solution
(A, Q) always exists because an envy-free solution always exists in the one apartment setting. As
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in the proof of individual rationality (Property 4.7), we define player i’s bundle as {A;(i) };": L le,
the set of rooms assigned to player i across all apartments. The price of each bundle will be the
sum of prices of rooms in that bundle; for notational convenience, we will overload the operator
P and let P({A;(i) };.”:1) = 2721 P(A;(i)). Our goal will be to find a price matrix P* such that
Q({A;() };": ) =P ({A;(i) };.":1) and there exists a consensus apartment j* in the partial solution
(A, P*). This would then give a rearrangeable envy-free solution (A, P*, j*).

Let P; be the set of all price vectors in apartment j that add up to the total rent. First, consider the
partial solution (A, P) where P satisfies for all apartments j,

Pj e arg max miin Vi(A;(i)) — Pi(A;(i)).
€T

This partial solution guarantees that for each apartment j, the utilities of all players for their assigned
rooms in j will be equal. Therefore, the apartment j* with the highest value of min; V;(A;-(i)) -
Pj-(Aj-(i)) will be a consensus apartment.

Unfortunately, it is not necessarily true that Q({A; (i) };”:1) =P{4;(i) };”:1) for all i. Therefore, we
will construct another price assignment P* from P that has this desired property. For every player

i, define
Xi = Q({A; (DY) — PHA; ()}

We define the new price matrix P* such that P*(A;(i)) = P; + % for every i, j. In other words, we
increase each of player i’s prices in P by % By this construction, we have that

P*(A;(i)) = P(A;(i)) = P*(Ay(i)) = P(Aj (i) V). j" € [m], Vi€ [n].

This implies that each player’s preferences over rooms are the same in P and P*, and therefore the
consensus apartment j* for (A, P) is also a consensus apartment for (A, P*). Furthermore, we have
for every i that

P*({Aj(i)};'nzl) = Z (P(Aj(i)) + %)
=1
= Xi + P({A;()}7L)

=Q({4; ()},
as desired.

Our final step is to show that P* is a valid price matrix in the sense that the prices in each apartment
Jj add up to the rent R;. Because we started from a valid price matrix P, for each apartment j we
have that

n

ZP*(Aj(i)) = Z (P(Aj(i)) + %) =R+ % ZX,-.
i=1 i=1

i=1
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Therefore, it suffices to prove that 31, X; = 0. We know that both P and Q are valid price matrices,
and so we can conclude that

ZX ZQ({A D)) - ZP({A (D))

- Z Z Q(A; (i) - Z Z P(4;(i))
i=1 j=1 i=1 j=1

i ,004;() - D0 PAsG)

i= j=1 i=1

m
Ri- ) R

Jj=1

~.
I
—

1l Il
- I'Ms

Thus, P* is a valid price matrix. In summary, we have shown that (A, P*) is a valid partial solution,
that (A, P*) satisfies consensus, and that Q({A; (1)} ) =P ({4; (z)} ” ). Therefore, letting j* be
a consensus apartment for (A, P*), we have that (A, P ,j¥) isa solutlon that satisfies rearrangeable
envy-freeness. O

4.4 Polynomial-Time Optimization

We have shown that there always exists a solution which satisfies rearrangeable envy-freeness,
and the proof provides a constructive way to find such a solution in polynomial time. However,
there may be many solutions which satisfy rearrangeable envy-freeness. In the single apartment
setting, there exists a polynomial-time algorithm that optimizes a linear objective function over
all envy-free solutions in polynomial time [Gal et al., 2017]. This raises the question of whether
it is also possible to find a solution that optimizes a linear objective function in polynomial time
over all rearrangeable envy-free solutions. As in the single-apartment setting, objective functions
of special interest include maximin, which maximizes the utility of the least happy player, and
equitability, which minimizes the disparity between players’ utilities. We state our main theorem
of this section below, which generalizes Theorem 3.1 of Gal et al. [2017] to the multi-apartment
setting with rearrangeable envy-freeness.

THEOREM 4.10. Let fi, ..., f + R™™ — R be linear functions, where t is polynomial in n and m.
Given a multi-apartment rent division instance, a solution (A, P, j*) that maximizes the minimum of
fq(Ur(Aj, P), ..., Uy (Aj+, P)) over all g € [t] subject to rearrangeable envy-freeness can be computed
in time polynomial in both n and m.

Under this formalization, the maximin objective function can be represented by the linear functions
fitUi(Aj,P), ..., Uy(Aj+,P)) = Ui(Aj+,P) for all i € [n], and equitability can be represented by
ﬁ,i’(Ul(Aj*, P), vees Un(A]'*, P)) = Ui(Aj*, P) - Uif (A]*,P) for all i, i’ € [n]

In order to prove Theorem 4.10, we recall the following key result from the single apartment setting
which implies that we can start from any welfare-maximizing assignment when optimizing over
envy-free solutions. This is necessary because the number of welfare-maximizing assignments
could potentially be exponential in n. For the reader’s convenience, we will state and give a proof
sketch of this result below.
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LEMMA 4.11 (2ND WELFARE THEOREM [GAL ET AL., 2017, MAs-COLELL ET AL., 1995]). For a single
apartment j, if (A;, Pj) is an envy-free solution and A’; is a welfare-maximizing assignment, then for
alli € [n],

Vi(A; (D)) = P(A;(D) = Vi(A)) = P(A}(0)).
This further implies that (A’, P;) is an envy-free solution.

PROOF. It holds that U;(A;,P;) = U; (A},PJ-) for all players i because (Aj, P;) is envy-free. We
also know that because A’ is a welfare-maximizing assignment, 3i; U;(A;, P;) < XL, Ui(A7, P)).
Therefore, no player i can have U;(4;, P;) > U; (A;., P;), as this would imply that there is some
player i’ such that Uy (A;, Pj) < Uy (A;., P;). Therefore, we can conclude that U; (A}, P;) = U;(A’, P;)
for all players i. Since (A}, P;) was an envy-free solution, these utilities being equal implies that
(A}, P;) must be an envy-free solution as well. O

From Lemma 4.11, we can immediately conclude the following in the multi-apartment setting. Let
A, A’ be two assignments that maximize welfare in every apartment, and let P be a price matrix
such that (A, P) is individually envy-free. Then (A’, P) is individually envy-free and, for all i € [n],

D (VA (i) = P(A; () = D, (VilAj(0) = P(A}(). (@

Jj=1 Jj=1

We are now ready to introduce our key lemma, which states that the set of solutions which satisfy
rearrangeable envy-freeness are equivalent for all welfare-maximizing assignments, in the sense
that the same set of player utilities can always be found for any choice of welfare-maximizing
assignment. This lemma has a similar flavor to Lemma 4.11 in that it will allow us to start from
any welfare-maximizing assignment when optimizing over solutions that satisfy rearrangeable
envy-freeness.

In Lemma 4.11, if (A}, P;) is envy-free, then a different maximum-welfare assignment A;. immedi-
ately yields an envy-free solution (A;., P;) where all players have the same utilities. However, in the
multi-apartment setting, if (A, P, j*) satisfies rearrangeable envy-freeness, we cannot simply use a
different welfare-maximizing assignment A" with the same price matrix to find a rearrangeable
envy-free solution (A’, P, j*). Surprisingly, however, we are able to construct another price matrix
P’ such that (A’, P’, j*) and (A, P, j*) have the same utilities for every player in their assigned room
in every apartment.

LEMMA 4.12. Let A, A’ be two assignments that maximize welfare in every apartment, and let P be a
price matrix such that (A, P, j*) satisfies rearrangeable envy-freeness. Then there exists a price matrix
P’ such that (A’, P, j*) satisfies rearrangeable envy-freeness and

Ul(Aj>P) = UI(A}’P,) VIaJ

PROOF. Define P’ as follows:

P'(A}(1)) = Vi(A} (i) — Vi(A; (i) + P(A;(i).
We will prove the following three claims regarding P’, which will together prove the theorem
statement. First, we show that P’ is a valid price matrix, i.e. for all apartments j, }; P’ (A;.(i)) =R;.

Next, we show that for all players i and apartments j, U;(A;, P) = U; (A;., P’). Finally, we show that
(A’, P, j*) satisfies rearrangeable envy-freeness.
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We first show that P’ is a valid price matrix. For every j, we have
n n n n
DIPAG) = D VA - D V(A () + D P(A; ()
i=1 i=1 i=1 i=1

= " P(4;(1)
i=1
=R,
where we used that A, A" are welfare-maximizing assignments and that P is a valid price matrix.
Next, we show that U;(A;, P) = U;(A’, P’) for all i and j. By our choice of P’, we have
Us(Aj, P) = Vi(A; (1)) = P(A; (1)) = Vi(A) (1)) = P’ (A} (i) = Ui (A}, P')

as desired. Note that this implies that (A’, P/, j*) satisfies consensus because (A, P, j*) satisfies
consensus.

We next show that (A’, P’, j*) satisfies rearrangeable envy-freeness. We already showed that
(A, P’, j*) satisfies consensus. As (A, P, j) satisfies rearrangeable envy-freeness, we know that
there must be some price matrix Q such that (A, Q) is individually envy-free and }}; Q(A;(i)) =
2 P(A;(i)). Through repeated applications of Lemma 4.11, we observe that (A’, Q) is individually
envy-free as well. In order to show that (A’, P’, j*) satisfies rearrangeable envy-freeness, it therefore
suffices to show that for all players i, 3.7, P’ (A5(1) = oy QA (D).

Because A’, A are welfare maximizing assignments and (A4, Q) is individually envy-free, Lemma
4.11 implies that for any j, Vi(A;(i)) - Q(A}(i)) =V;i(A;(i)) — Q(A;(i)) (which is used in the final
line below). Furthermore, recall that we chose Q such that }}; Q(A;(i)) = X ; P(A;(i)) (which is
used in the second line below). By construction of P’ and Q, we can therefore conclude that

DTPAGD) = D (Vi(AG() = VilA; (D) + P(A; (1))
j=1 j=1
= " (Vi(A}(0) = Vil4; (D) + Q(A; (1))
j=1
= ) Q(A}(D).
j=1
Therefore, we have shown that (A’, P’, j*) satisfies rearrangeable envy-freeness. )

Equipped with Lemma 4.12, we are now ready to prove Theorem 4.10.

Proor oF THEOREM 4.10. For a rent division instance V, we are able to find some maximum welfare
assignment A in polynomial time using maximum weight bipartite matching separately in each
apartment. Fix any apartment j’. We can find the optimal price matrix P for assignment A subject
to rearrangeable envy-freeness with j” as the consensus apartment in polynomial time using the
following linear program. Note that this linear program will have no solution if there does not exist
a price matrix P such that j’ is a consensus apartment for (A, P).
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IIP}aQX zZ
st. Z < fo(Ui(Aj, P), ..., Upn(Ajr, P)) Vg [min over f;]
Vi(Aj (i) = P(Aj (i) = Vi(A;(i)) — P(A;(i)) Vi, j [consensus in j']
Vi(A;(i)) — Q(A;(i) = Vi(A; (i) — Q(A;(i") Vi i, [Q is individually EF]
Z P(A;(i)) = Z Q(A;(i)) Vi  [rearrangeable EF]
J J
Z P(A;(i)) =R; Y j [payments equal rent]

(LP1)

In order to find the optimal value of the objective function over all rearrangeable envy-free solutions
with assignment A, we also need to optimize the objective over all choices of apartment j’. We
could simply run this linear program for all j* € [m] and choose the j’ that achieves the highest
objective value. However, we will instead choose j’ in such a way that we only need to run this
linear program once. From Lemma 4.2, we know that if (A, P) satisfies consensus, then apartment jj\
is a consensus apartment for (A, P) if and only if 7, Vi(Aj, (i) = Rj; = max; 1 Vi(A(i)) — R;.
Furthermore, Lemma 4.2 implies that for any two consensus apartments jy, jo in (A, P), every player
must have the same utility in j; as they do in j,. Therefore, in the linear program we can set j’
equal to any j} which satisfies >}i_, Vi(Aj; (i) = R, > max; 2=1 Vi(A;(i)) — R;, and this will be
equivalent to optimizing over all choices of j’.

Finally, we show that the optimal solution assuming an arbitrary maximum welfare assignment A
is in fact a globally optimal solution over all rearrangeable envy-free solutions. Let the globally
optimal solution over all rearrangeable envy-free solutions be (A", P*, j*). By Lemma 4.12, we know
there exists a P’ such that Ui(Aj., P*) =U;(Aj, P’) Vi, j. Note that this implies that j* is a consensus
apartment for (A, P’). Then, because (A, P, j;) was the optimal solution for all rearrangeable
envy-free solutions with assignment A, we know that

faU(Ajy P, oo Un(Aj, P)) 2 fy(Ur(Aj, P'), ..., Un(Aj, P'))
= fa(U1(A}., PY), ..., Up(A}., PT))

Therefore, it suffices to run the linear program with any arbitrary welfare-maximizing assignment
A. The full algorithm is below.

Algorithm 1 Optimizing an objective function subject to Rearrangeable Envy-Freeness

Let OPT = 0.
for j «— 1tomdo
Aj « welfare-maximizing assignment in j via max-weight bipartite matching
end for
A—{A, .., An}
Choose j} such that };_, Vi(Aj, (i) = Rjy, > max; 2 Vi(A;(i)) — R;
P « solution from LP1 with j* = j}
return (A, P, j*)
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5 Strong Rearrangeable Envy-Freeness

So far, we have defined two notions of fairness for multi-apartment rent division, universal envy-
freeness and rearrangeable envy-freeness. Universal envy-freeness is simpler to interpret, but may
not always exist. On the other hand, rearrangeable envy-freeness always exists, but its fairness
interpretation is less straightforward and there may be envy within the final chosen apartment.
In this section, we will present an extension of rearrangeable envy-freeness that has an intuitive
fairness interpretation for any envy within the chosen apartment.

We begin with an illustrative example. Consider the following instance, for which there does not

exist a universal envy-free solution.

Example 5.1. There are two players and two apartments. Each apartment has total rent 100 and
contains two symmetric rooms. The value of each player for each room is shown below:

r11 r12
100 100
1 1

As the rooms are symmetric within each apartment, we can WLOG consider only the assignment A
where player 1 is assigned room 1 in both apartments. We can furthermore conclude that the only
price matrix which satisfies individually envy-freeness assigns price 50 to every room. By Lemma
4.2, only apartment 1 can be a consensus apartment. Therefore, through simple calculations, we
can observe that the only price matrices which satisfy rearrangeable envy-freeness are of the form
P(A1(1)) =99 +x, P(A2(1)) =1 —x, P(A2(1)) =1 —x, P(A2(2)) =99 + x, for x € [0,1].

In every such solution, player 1 is envious of player 2 in the consensus apartment, and therefore
no solution of this form will satisfy universal envy-freeness. However, we would like to provide a
justification for why this solution is fair even though there exists envy in the consensus apartment.
Consider the sequence of trades necessary to move from the individually envy-free price matrix
where P(A;(1)) = P(A1(2)) = P(A2(1)) = P(A2(2)) = 50 to a rearrangeable envy-free price
matrix as characterized above. The trades must have consisted of player 1 increasing their rent
in apartment 1 by a total of 49 + x and decreasing their rent in apartment 2 by the same amount.
In the trading interpretation, player 1 is willing to trade only to reach consensus with player 2.
Therefore, player 1 would want to stop trading once player 2 weakly prefers apartment 1. In other
words, a “fair" stopping point for the trades would be exactly when consensus is reached. Using
this “fair" stopping point is equivalent to choosing x = 0 in the solution set described above. When
x = 0, the envy of player 1 in the consensus apartment can be explained as the result of trades that
were necessary to reach consensus with player 2.

In this example, the envy of player 1 in the consensus apartment is caused by the rent decrease
of player 2 and corresponding rent increase of player 1 in the consensus apartment. Using this
intuition, we can impose a cap on the rent decrease any player can have in the consensus apartment
in any instance. For any player i, apartment j*, and partial solution (A, P), define S; (A, P, j*) C [m]
as the set of apartments that player i strictly prefers to apartment j* under the partial solution
(A, P). Equivalently, S;(A, P, j*) = {j : Ui(A;, P) > U;(Aj+, P)}.

LEMMA 5.1. Starting from partial solution (A, P), let {r;}_, = {(8",i,i*, j*, j*)}]_, be a sequence of T
trades that each decrease player i’s price in apartment j* and suppose that after the Tth trade, player i
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prefers apartment j* to any other apartment. Then

T

1
min 5t= oA D v 1 (Ui(Aj’P)_Ui(Aj*aP))~ (5)
T,{TI}Z;I =1 |Sl(As P>.] )| +1 jES;(;P,j*)

PROOF. Define A = 3\7_, 5. Then the T trades will decrease player i’s price in apartment j* by a total
of A, thereby increasing player i’s utility in apartment j* by A. For every apartment j # j*, define
A; as the amount traded with that apartment among the T trades, which implies that 3’ ;. ;- A; = A.
In words, in every apartment j # j*, player i’s utility decreases by A;. Assume that the T trades
resulted in player i weakly preferring apartment j* to every other apartment. This implies that, for
every j # j*,

Ui(Aj+, P) + A > Ui(Aj, P) — A, (6)
which is equivalent to the condition that A+ A; > U;(A;, P) — U;(Aj+, P) for every j # j*. Summing
this for all j in S;(A, P, j*), we have that

S(AP A+ > Az Y (U(ALP) - Ui(A, P)) .
JESi(AP,j*) JESi(AP,j*)
Using that )’ e, (ap,j-) Aj < A, we conclude that
1

A> —— Z (Ui(A}, P) = Ui(Aj, P)) .
(AP I+

We have shown the > direction of the desired result. Now we want to show that there exist a

sequence of trades that sum to the desired value of A. This is equivalent to finding values of A;

that satisfy Equation (6) for all j and sum to the value on the right hand side of Equation (5). Let
1

Aj =Ui(A},P) — Ui(Aj, P) — ISAP )+
i s Ly

(Ui(A,P) = Ui(Ap, P)) ()
JES AP,

for every j € S(A, P, j*) and A = 0 otherwise. Then
> (Ui4;,P) - Ui(Ay, P))

JESi(AP,j*)

A= Z |S(AP])|+1

as desired. Plugging this expression for A into Equation (7) gives that Equation (6) is satisfied for all
J € Si(A, P, j*). Equation (6) is satisfied for all j ¢ S;(A, P, j*) because by definition these j satisfy
Ui(Aj+,P) > U;(Aj, P). Therefore, a sequence of trades that achieves the desired minimum value of
Ais {(Ag, i, i, t, j*)}72, for any choice of i’. O

In Definition 5.2, we define a stronger version of rearrangeable envy-freeness such that no player’s
price in the consensus apartment decreases by more than the quantity specified in Lemma 5.1.

DEFINITION 5.2. A solution (A, P, j*) satisfies strong rearrangeable envy-freeness (Strong REF) if
(1) (A P, j*) satisfies consensus.
(2) 3 a price matrix Q such that (A, Q) is individually envy-free and Equations 8 and 9 hold Vi.

DUP(AL() = Y Q(4;(1) (®)
j=1 j=1
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P(Aj (D)) 2 QA (1)) — m C (UA(),0) - UiAp(),0) . (9)
e Jesi(AQ.J")

Note that a direct result of a solution satisfying strong rearrangeable envy-freeness is that within
the consensus apartment j*, no player is envious of any other player by more than

1

2 Z S0 2 (UA0.0 - U4 ().0) |
JeSi(AQ.J*)

This upper bound is directly related to how much each player preferred their assignment in other

apartments over their assignment in the consensus apartment in the corresponding individually

envy-free solution.

Strong rearrangeable envy-free solutions are a subset of rearrangeable envy-free solutions, with the
advantage that the envy in the consensus apartment of strong rearrangeable envy-free solutions
has an upper bound that is justifiable by necessary trades. As the following theorem shows, this
benefit comes at no cost in terms of our positive results.

THEOREM 5.3. There always exists a solution (A, P, j*) that satisfies strong rearrangeable envy-freeness.
Furthermore, optimizing an objective as in Theorem 4.10 subject to strong rearrangeable envy-freeness
can be done in time polynomial in both n and m.

Proor skETCH. We provide a constructive proof of existence by presenting a rebalancing algorithm.
This algorithm starts with a partial solution (A, Q) that is individually envy-free, and after a
sequence of trades is guaranteed to terminate with a solution (A% P, j*) that satisfies strong
rearrangeable envy-freeness. Without loss of generality, assume that apartment 1 is a welfare-
maximizing apartment. Informally, the algorithm works as follows. The algorithm iterates over
every apartment j = 1, 2, ..., m, with the goal of maintaining the invariant that after the jth iteration,
apartment 1 is the consensus apartment among the first j apartments. In the body of the jth
iteration, the goal is to “rebalance” the prices in apartment j so that no player prefers apartment j
to apartment 1. Any player i who currently prefers apartment j to apartment 1 by A will have her
rent increased by mT’lA in apartment j and her rent decreased evenly in every other apartment
by %. In order for player i to have her rent changed in this way, she must trade with at least
one other player i’ who will have his rent decreased in apartment j and increased in every other
apartment. Specifically, player i will trade with the set T of players that currently prefer apartment
1 to apartment j. The complication in the algorithm comes from deciding how much player i can
trade with each of the players in T, as no player in T can have his rent increase drastically enough
in apartment 1 that he no longer prefers apartment 1 to each of the first j apartments. The formal
algorithm and proof are presented in Appendix B.3.

To see that we can optimize objectives under strong rearrangeable envy-freeness, note that Equation
(9) can be expressed as a linear constraint in the linear program LP1. Therefore, optimizing an
objective with respect to all strong rearrangeable envy-free solutions can still be done in polynomial
time as in 4.10 with this additional linear constraint added to the linear program. O

6 Discussion
6.1 Limitations

Our model suffers the same limitations as that of Gal et al. [2017], including that envy-freeness is not
strategy-proof and that the quasi-linear utility model is a strong simplifying assumption. We also
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acknowledge that rearrangeable envy-freeness, despite having a reasonable justification in the form
of trades, is less easily explainable and immediately obvious as a fairness notion than envy-freeness,
and that envy within the consensus apartment may still lead to discontent. From an application
standpoint, it may be useful to let users find a rearrangeable envy-free solution themselves, by
presenting users with individually envy-free solutions in each apartment and enabling the group
to trade amongst themselves in the way dictated in the paper.

6.2 Extensions

We have required throughout this work that solutions to the multi-apartment rent division problem
are of the form (A, P, j*), where j* is the chosen apartment. A natural generalization would be a
distributional solution of the form (A, P, D), where D is a distribution over all m apartments. We
would then want to find a distributional solution (A, P, D) such that in expectation, every player
prefers their assignment to any other player’s assignment. In order to generalize consensus, we
also require that no player strictly prefers any other distribution not equal to D to the distribution
D, given the current assignment. This notion of distributional envy-freeness can be viewed as a
weaker notion of fairness than universal envy-freeness, and more instances of the problem have a
distributional envy-free solution than a universal envy-free solution (including Example 1.1). See
Appendix C for more details on distributional envy-freeness.

In our work, we assumed that each group of n players is determined to room together in an
apartment with n bedrooms. One extension would be to have various sizes of apartments and allow
the group of players to be split into multiple smaller apartments. For example, a group of four
friends from college may be willing to all room together in a four-bedroom apartment, but may
also be willing to split into two two-bedroom apartments in the same city. This setting can be
modeled as a cooperative game with transferable utility, and a natural question is then whether
the core is always non-empty. In Appendix E, we show that even when there are infinite copies of
each apartment, there still exist instances where the core is empty. It would be interesting to derive
conditions for which the core is always non-empty, or to establish fairness guarantees when there
are multiple apartment sizes.

Another interesting question is how the solution changes as additional apartments are added (e.g.
appear on the market). We showed that a solution satisfying rearrangeable envy-freeness always
exists, so adding apartments would not affect whether a rearrangeable envy-free solution exists.
However, an additional apartment could change the set of rearrangeable envy-free solutions, which
could in turn change the chosen apartment when optimizing objective functions such as maximin or
equitability. We show in Appendix D that the maximin solution under rearrangeable envy-freeness
does not satisfy apartment monotonicity, in that an additional apartment could either raise or lower
the achievable maximin value over all rearrangeable envy-free solutions. We leave the exploration
of other monotonicity guarantees to future work.

In Section 3, we studied the existence of universal envy-free solutions when the values are drawn
iid. at random. One follow-up question is whether players having correlated values increases or
decreases the probability of the existence of a universal envy-free solution. In Appendix F, we
study the probability of the existence of a universal envy-free solution when there are two players
with binary valuations. As the correlation between player utilities decreases, the probability of the
existence of a universal envy-free solution generally increases. Interestingly, however, the increase
is not monotonic. Therefore, there may exist situations where the highest likelihood that there does
not exist a universal envy-free solution occurs with correlation strictly between —1 and 1, implying
that correlation between players is not strictly better for finding a universal envy-free solution.
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A Proof of Probabilistic Universal Envy-free Results

A.1 Proof of Lemma 3.2

PROOF. Define H as the maximum value of D and let p be the probability that a random draw from
D equals H. Define E{{ as the event that there exists an assignment A’ for apartment j such that for
all players i € [n], V;(A;(i)) = H.For any j, Pr(Ej,) > p", and therefore Pr(UJ; E},) > 1-(1 - p™)™.
Now we will show that E;; implies that there exists a universal envy-free solution with apartment

Jj as the consensus apartment. Suppose we choose price matrix P such that the price of every room
in every apartment is equal to R/n. Then the solution (A, P, j) where A; = Aj satisfies universal

envy-freeness. This is because every player in apartment j will have utility H — %, and no player

can have more than utility H — % for any room in any apartment because H is the maximum of the

distribution D. Therefore, we have shown that Pr(E,;) > Pr(lJ; E{LI) >1-(1-p"H" —— 1. O
m-—0oo

A.2 Proof of Theorem 3.3

Before proving Theorem 3.3, we must introduce some additional notation that will allow us to
define events under which a universal envy-free solution does and does not exist. Informally, we
define the maximum unbalanced welfare of an apartment as the maximum possible welfare of that
apartment if we could assign multiple rooms to the same player.

DEFINITION A.1. Define the maximum unbalanced welfare (MUW) of an apartment j as

- R.

MUW(j) = (Z max Vi(rjk)
k

In order to prove the lower bound in Theorem 3.3, we want to define an event ¥ under which a
universal envy-free solution exists for any number of apartments m. Furthermore, we want to be
able to lower bound the probability of F by po(n) that does not depend on m or D.

DEFINITION A.2. Let j* be the smallest j such that MUW (j) = MUW(j’) for all apartments j’.
Define F as the event that there exists an assignment AJ. such that

D, Vild5. () - R= MUW (). (10)

i€[n]
LEmMA A.3. Conditioned on event ¥, there exists a universal envy-free solution.

PROOF. Construct assignment A as follows. Let A;- = A%.. For every other apartment j, let A; be a
welfare-maximizing assignment for apartment j. Now, construct the price matrix P as follows. Let

P (A () = ViAy (i) - TIWUD -y

Note that these are valid prices due to Equation (10). A consequence of this is

MUW (")

Us(Aj, P) = Vi(Aj- (D) = P (A (i) = ——

Vi. (11)

For every other apartment j # j*, assign prices in a way that minimizes the maximum utility any
player has for any room within that apartment. Formally, let $; be the set of all possible prices for
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apartment j. Then
P; = argmin max] Vi(rjk) —P]{(rjk) Vij+j".

P]’.E?’j ike(n

Under this choice of prices, for any apartment j # j* and rooms rji,, rjk, in apartment j,
max Vi (rjx,) = P(rjk,) = max Vi(rj,) = P(rjk,).
i€[n] ie[n]

By Definition A.1, MUW (j) = Xke[1:n) MaXie[n] (Vi(rjk) — P(rji)). Therefore, for every room rj
in apartment j # j*,
MUW (j
mas Vi(r) = P(rye) = o D) (1)
i€[n] n

We will now show that (A, P, j*) satisfies universal envy-freeness. First, we will show that no
player strictly prefers another room in apartment j* to their assigned room in apartment j*. For
any players i, i’,

Vi(Aje (i) = P(Aj (D)) = Vir(Aj (') = P(Aj (i)
> Vi(Aj (i) = P(Aj () (13)

The equality holds by an application of Equation (11). The inequality holds by Equation (10) and
Definition A.1, which together imply that Vi, (A;-(i")) > Vi(A;- (i')).

To finish showing that (A, P, j*) is a universal envy-free solution, we must show that no player
prefers any room in any j # j* to their assigned room in apartment j*. By Equation (12),
. N MUW()) o
Ui(Aj, P) = Vi(A;(i)) — P(4;(i)) < —, Vi#J.
Furthermore, by Equation (11), U; (Aj+, P) = % for every player i. By assumption, MUW (j*) >
MUW (j) V j, and therefore for every player i and apartment j # j*,

MUW (j*) - MUW (j)
n - n

Ui(Aj+,P) = > U;(A;, P)

Therefore, (A, P, j*) is a universal envy-free solution. O

LEMMA A.4. Suppose that V;(r i) Hd foralli, j, k where D is a continuous distribution supported
on [0, 1]. Then for allm, Pr () > r’f—,',

PROOF. Let j* be the smallest j such that MUW (j) > MUW (') for all apartments j’. By construc-
tion, ¥ only depends on the values in apartment j*. Again by Equation (10) and Definition A.1, ¥
occurs if and only if there exists an assignment A7, such that

V(A (D) 2 Ve (A5 (D) Vi

Now consider the following process of generating an i.i.d. valuation matrix from 9. First, draw n
iid. values for each room from ©. Then, map these n values to the n players uniformly at random.

Note that whether event ¥ occurs does not depend on the which values are drawn for rooms in
apartment j*, but rather depends only on the mapping of those values to players. To compute
Pr(¥), it suffices to compute the probability that for each room in apartment j*, the maximum
of the n values is mapped to a different person. Let 7 be a permutation from [n] to [n]. Then the
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probability that, for all i, the maximum value of room r;:(;) is mapped to player i is exactly ,%n
Since there are n! such permutations 7, we can conclude that Pr(¥) = n”—,', O

We now define an event & under which there is no universal envy-free solution. We show in Lemma
A6 that the probability of this event is bounded away from 0.

DEFINITION A.5. Letm > n+1andn > 2. Assume w.l.o.g that the m apartments 1,2, ..., m are ordered
by MUW, i.e. MUW (j) > MUW (j’") for j < j'. Define & as the event that the following all hold:

(1) MUW(1) > MUW(2) > ... > MUW (m) (i.e. inequalities are strict).

(2) Define A be a welfare maximizing assignment for apartment j. Then

D Vi (D) =R > Y Vi(Aj () =R V).

(3) For every apartment j € [n],
Vi(rjk) = Vi(rjx) Vi.k € [n].

In other words, the jth player has the highest value over all players for every room in apartment j.

LEMMA A.6. Suppose thatm > n+1 andn > 2 and event & holds. Then there is no universal envy-free
solution. Furthermore, Pr(&) > 0 and Pr(&) depends only on n and D.

PROOF. We first show that there does not exist a universal envy-free solution of the form (A, P, j*)
with j* # n+ 1. Suppose we have a universal envy-free solution (A, P, j*) where j* # n + 1. Then

by definition of universal envy-freeness, U;(Aj+, P) > U;(A;,,, P) for every assignment A, | in

apartment n + 1. Let A} | be a welfare-maximizing assignment in apartment n + 1 and let Aj.* be a
welfare-maximizing assignment in apartment j*. Then we must have that

DIUAGLP) 2 Y Ui(Ajr, P) 2 ) Us(As,, P),
i i i
however this is a contradiction with the second condition of &.

Now we will show that there are no universal envy-free solutions of the form (A, P,n + 1). If
(A, P,n + 1) is a universal envy-free solution, then
Ui(An+1,P) 2 Ui(Aj,P) V).

By the third condition of &, for any i € [n] and any price matrix P,
D Ui(ALP) = > Viru) - R= MUW (i).
k k

Therefore by the pigeonhole principle, there must be at least one room in apartment i for which
player i has utility at least w Putting these last two equations together, if (A, P, n+ 1) satisfies
universal envy-freeness, then

MUW (i

MUW) < GyAger P) Vi€ [n]. (14)
n

By Definition A.1, it must be the case that

zn: Ui(Aps1, P) < MUW(n+1) Vi€ [n]. (15)
i=1
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Combining Equations (14) and (15) gives
n . n
MUW
> MUWG) > Ui(An1, P) < MUW (n + 1),
i=1 n i=1
However, by the definition of event & we have MUW (i) > MUW (n + 1) for all i. Therefore, we

have reached a contradiction and can conclude that under event &, there is no universal envy-free
solution.

To lower bound the probability of &, it will be helpful to consider the following process of generating
an i.i.d. valuation matrix. We define Dy, as the distribution of the maximum of n draws from D.
For each room r i in each apartment j, first draw one value Omax (k) ~ Dmax. Next, draw another
n — 1 values from O conditioned on each value being at most vyax (7 k). Finally, map these n values
to the n players uniformly at random.

Now, we will define a more complicated distribution-specific event E = Ey N E; N E; N E3 such that
E C & We will lower bound Pr(E), which will immediately yield a lower bound for Pr(&). Define py
and py, as the maximum and minimum of the distribution D, i.e. yy = inf {x : Prx.o (X < x) = 1}
and pp = inf {x : Prx.p (X < x) > 0}. Consider the following events Ey, E1, E,, and Es:

o Define E, as the event that there are no two apartments j and j’ such that MUW (j') = MUW (j).
Because D is continuous, Pr(Ey) = 1.

e Define E; as the event that for every room rj; in apartments j = 1,2,..n + 1, the value of

. 3uu+
Umax (7jk) is greater than #.

For any single draw from Dy, the probability of being greater than ot U+” L is at least the
/1U+/1L

probability that a random draw from D is greater than because Z)max stochastically

IlU+IlL

dominates D. Therefore, the probability that vmay (7jk) is greater than
3uy+pr
1

for a single room

rjk is at least Pry.p (x > ) There are n(n + 1) rooms in the first n + 1 apartments, and

the maximum value for each room is independent across rooms, and therefore

3y +
> % > 0. (16)

n(n+1)
Pr(E;) > Pr (x > )
x~D

o Define E; as the event that in apartment n + 1, there exists a permutation 7 : [n] — [n] such
that for all i € [n], player i has the maximum value for room 7 (i). The probability of event E,
is n"—,'l as in the proof of Lemma A.3. Therefore

Pr(E,) = :—' (17)

e Define event Es as the event that for every apartment j € [1,..., n] and player i # j, the value
of player i for every room in apartment j is at most %.

We will lower bound the probability of event E3; conditioned on event E;. Consider any fixed

room 7. Conditioned on event E;, the maximum value in room 7 is at least 3“”#. Therefore,

in order to have V;(rj;) < % for all i # j, player j must have the highest value among all

players for room rj;. Furthermore, the other n — 1 values for room rj; must all be less than

’%3“. The other n — 1 values for room 7 are drawn independently. Therefore, the probability
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3up .
that the other n — 1 values for room r; are all less than MT“ is
-1 n-1
U +34L " U +34L S3pu +pL
Pr |x < EUToHL X < Umax(rjk);El = Pr |x< HU TR x < Umax(rjk)> Umax(rjk) 2 UL
x~D 4 x~D 4 4

> Pr
x~D

> 0.

n-1
(x < ,UU‘;?’IIL)

Note that the probability that player j has the highest value for room rj; among all n players is
1/n, and that this event is independent of event E;. Putting this all together, we have

n—-1
Pr (Vi) < PUE3L i 4 (x < @)

1
El) > — Pr
n x~O
There are n such rooms rj in the first n apartments. Furthermore, for two rooms r # r’, the
event that for V;(r) < % for all i # j is independent of the event that V;(r’) < % for
all i # j. Therefore, we have that
2

n
1 +3\"7!
Pr (x < u) ) . (18)

Pr(Es|E{) > | —
r(Es| 1)_(nx~Z) 4

Recall that E = EO N E1 N Ez N E3.

Next, we will show that E C &. The first condition of Definition A.5 is satisfied under event E by
definition of event E,. Recall as argued above that events E; and Es together imply that player j
must have the highest value among all players for every room in apartment j for j € [n]. This
implies that under event E the third condition of Definition A.5 is satisfied. Finally, we will show
that under event E, the second condition of Definition A.5 is satisfied. Under events E; and E,, there
exists an assignment A}, in apartment n + 1 such that every player i has value at least 3’“{# for
room A;_ (i). This implies that

3uy +
”UT”L _R (19)

n
D Vil (D) ~R=n-
i=1
For every assignment A; for apartment j € [n], under event E3, every player i # j has value at
most % for room A;(i). Because D is bounded, player j has value at most yg; for room A;(j).
Let A’ be a welfare-maximizing assignment in apartment j. Putting this all together, we have that
for any j € [n], conditioned on event Ej

n
y U +3p
DA ) ~R < (n-1)- BTy - R (20)
=1
Because py > pr, we note that (n — 1) - ”UJf”L +uy <n- 3”U4+”L for n > 2. This combined with

Equations (19) and (20) implies that for any j € [n], conditioned on event E,
n n
D UViAG(0) = R < ) Vi(Apy (i) = R.
i=1 i=1
Now we need to show the same result for j > n + 1. For any apartment j and any assignment

Aj, 21 Vi(Aj(i)) = R < MUW(jj). Furthermore, event E, implies that >\i, Vi(A;,,(i)) — R =
MUW (n +1). Let A} be a welfare-maximizing assignment in apartment j. Putting this together
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with event E, and that the apartments are ordered by MUW, we have that conditioned on events
Ey and E,, for any j > n+ 1,

zn] Vi(A3(1)) = R < MUW(j) < MUW (n+1) = Z Vi(Aper (1)) = R. (21)

i=1 i=1

We have now exactly shown that the second condition for event & is satisfied conditioned on event
E. Therefore, we have shown that E C &.

Now all that remains to be done is to lower bound the probability of event E. Note that by con-
struction, event E; is independent of events E; and Es. Using this with the fact that Pr(Ey) = 1 and
Equations (16), (17), (18), we have that

PI'(EO ﬂEl ﬂEg mEg) = PI'(Ez) . PI'(E]) . PI'(E3|E1)
2

! Suy + o \"Y (1 +3 V"
> pp [y HUTH B T A
n" x~D 4 nx~D 4

= p(n).

Therefore, we can also conclude that Pr(&E) > Pr(E) > p(n) which only depends on the distribution
D and n.

A.3  Proof of Corollary 3.4

PROOF. Let 1, £, ... be an a strictly increasing sequence of integers greater than mg such that
argmax;c,) MUW(j) = ¢, for all t. Define #; as the event from A.2 considering only the first £
apartments. By definition, ¥; only depends on the mapping of values in apartment ¢;. Therefore
event #; and F are independent for any t # t’. By Lemma A.3, Pr(%;) = ,’l’—,', for all t. Define T
as the random variable that is the smallest ¢ such that #; holds. T is a geometric random variable
with probability n”—,ll, therefore with probability 1, T is finite. By definition of #r, there must exist
a universal envy-free solution for apartments 1, .., #r. Putting this all together, with probability 1,
there will exist a universal envy-free solution for apartments 1, ..., £ for some finite T.

Now we need to show that for any finite T, with probability 1 there exists a strictly increasing
sequence £y, ..., fr such that arg max;e(y,] MUW (j) = £;. Denote the distribution of the MUW of an
apartment with randomly drawn values as M. As before, define py = inf {x : Prx.p(X < x) = 1}.
By definition, if Z ~ M then Z < n- py — R. Because D is continuous, M is also continuous, which
implies Prz ap(Z < n - py — R) = 1. Furthermore, if € > 0, then Prz . p(Z > n-py —R—¢€) > 0.
This implies that for any finite T, with probability 1 there will be a sequence ¢, £, ..., fr such that
& = argmax ¢, MUW(j) for all t < T. Combining this with the result in the first paragraph
gives the desired result. O

A.4 Checking Existence of a Universal Envy-free Solution

We can check whether a given multi-apartment rent division instance has a universal envy-free
solution using the following linear program. Note that the linear program has no objective, as we
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are only checking for feasibility.

max 0
Jj*P

s.t. Z P(A;(i)) =R; Yj [payments equal rent]

Vi(Aj (i) = P(Aj+ (i) 2 Vi(A;(i")) = P(A;("))  Vii.j  [universal EF]

B Proofs of Lemmas from Sections 4 and 5
B.1 Proof of Lemma 4.2

Suppose that (A, P) is a partial solution satisfying consensus. We first prove that consensus can
only occur in an apartment j if for all j” # j,

D UViA (D) =Ry = ) ViAp (D) = Ry, (22)
i=1 i=1

Consider any apartment j such that Equation (22) does not hold. This implies that there is some
apartment j* such that 3,1, Vi(A;(i)) — Ry > X1, Vi(A;(i)) — R;. This implies that

0< D VilAp (D) = Ry = ) VilA; () =Ry = ) Ui(Ay (i) = 3 Ui(A; (D).

By the pigeonhole principle, at least one player must have strictly higher utility in j’ than j.
Therefore, j cannot be a consensus apartment.

We now prove that if Equation (22) holds for apartment j, then apartment j must be a consensus
apartment. Let j* be the consensus apartment under (A, P). We will show that if apartment j
satisfies Equation (22), then for all i,

Ui(A}, P) = U(A;-, P), (23)

which directly implies that j must be a consensus apartment. Proof by contradiction. Assume that
apartment j satisfies Equation (22) but does not satisfy Equation (23). Because j* is a consensus
apartment, by the first part of this proof we have that }}7_; V;(A;-(i))—R;- > X7, Vi(A;(i))—R;. This
combined with the assumption that Equation (22) holds for apartment j implies that 3}, V;(A;(i))-
Rj = 2L Vi(Aj+(i)) — Rj-, which immediately gives }.7_; U;(A;, P) = XL, U;(Aj+, P). If Equation
(23) does not hold, then there exists some player i’ such that Uy (Aj-, P) > Uy (A}, P). This implies
that

DI UA () - Y U4z () > o.

i#i’ i#i
By the pigeonhole principle, at least one player (which is not i) must therefore have strictly higher
utility in j than j*. This is a contradiction with the fact that j* is a consensus apartment.

B.2 Proof of Lemma 4.3

LemMA B.1 (“Ir" DIRECTION OF LEMMA 4.3). A partial solution (A, P) is reachable by trades from an
individual envy-free starting partial solution (A, Q) if 2,71, P(A;(i)) = XL, Q(A;(i)) for all players
i
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PROOF. As in the problem statement, let (A, Q) be an individually envy-free partial solution and
(A, P) be a partial solution such that Z;-"zl P(A;(i)) = ;”:1 Q(A;(i)) for all players i. We will
provide a constructive algorithm for finding a series of trades that transform the partial solution
(A, Q) into the partial solution (A, P). Specifically, we will find a sequence of partial solutions
(A,0), (A 01), (A Q2), ..., (A, Om—1) such that the partial solution (A, Q) is reachable by trades
from (A, Q), the partial solution (A, Q;) is reachable from (A, Q;_;) forall j < m—1,and (A, Qm-1) =
(A P).

For any price matrix P’, define the n by m matrix Ap(P’) as
Ap(P")i; = P'(Ai(j)) — P(Ai())).

Because P and P’ are both valid price matrices, the sum of the prices within any apartment is equal
to the rent of that apartment for both P and P’, which implies that for all j,

D Ap(P)y =0, (24)
i=1

If we apply Equation (24) to apartment 1 and price matrix Q, we observe that )1, Ap(Q);1 = 0.
This implies that

n n
DA @a=- D AQu (25)
i=L,Ap(Q)i1>0 i=L,Ap(Q)i<0

Therefore, there must exist a sequence of trades that occur only between apartment 1 and apartment
m that result in a partial solution (A, Q1) such that Ap(Q;);; = 0 for all i. By definition of a valid
trade, it must still be true that .72, P(A;(i)) = 272, Q1(A;(i)) after each trade. Furthermore, by
construction we have Q;(A;(1)) = P(A;(1)) for all players i.

The same logic allows us to conclude that there exists a sequence of trades between apartment 2 and
apartment m that transform the partial solution (A, Q;) into the partial solution (A, Q) such that

L P(A;(0) = XL Q2(A; (i) and Ap(Qz)iz = 0 for all players i. Note that by this construction,
in the partial solution (A, Q;), we have Q2(A;(j)) = P(A;(j)) for all players i and j < 2.

We can recursively continue this trading process between apartments j and m up until j =m — 1.
At that point, we will have a partial solution (A, Q,—1) reachable by trades from (A, Q) such that
the following two equations hold:

DIPA;(D) = D Qmor(A45() Vi (26)
j=1 j=1
Om-1(Ai(j)) = P(Ai(j)) ViVj<m-1 (27)

Note that plugging Equation (27) into Equation (26) gives the following result.

Om-1(Ai(m)) = P(Ai(m)) Vi

Therefore, we have shown that Q,,,_; = P. Since (A, Q,—1) was reachable by trades from (A, Q), this
implies that (A, P) is reachable by trades from (A, Q), which is the result we wanted to show. O

B.3 Proof of Theorem 5.3

LEmMA B.2. Algorithm 2 terminates in a polynomial number of steps, and the solution returned by the
algorithm satisfies strong rearrangeable envy-freeness.
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Algorithm 2 [Strong Rearrangeable Envy-Freeness]

Require: (A, Q) is individually envy-free.

1: P« Q

2: for j «— 1tomdo

3 > Trade until every player prefers apartment 1 to apartment j
4 whilel|{i : U;j(4;(i),P) > U;(A, P)}| > 0 do

5: i — mll’l{l : Ul(Aj(l),P) > Ul(Al,P)}

6: AIUi(Aj,P)—Ui(Al,P)

7 P(A;(i)) = P(A;(i)) + {714

8: Vi’ # j: P(Ap (i) = P(Ay (i) - &

9: > Redistribute the price changes among the other players evenly
10: while A > 0 do

11: T « {l : U,(A](l),P) < U,(AI,P)}

12: € — minl rer [Ui(A1, P) = Ui(A; (i), P)|

13: if e > ITI then

14: fori’ € T do
15 P(A;(1)) = P(4;(i) = “p®
16: Vj # j:P(Ap(i")) =P(Ap(i") + ﬁ
17: end for
18: A=0
19: else
20: fori’ € T do
21 P(A;(i") = P(4;(1") - P22
22: Vj' % i P(Ap (i) = P(A (I N+
23: end for
24: A=A-|Tle
25: end if
26: end while
27: end while
28: end for

29: return (A, P, 1)

prROOF. We will first argue that the algorithm finishes in polynomial time. The outer “for" loop on
Line 2 goes through m iterations. After each iteration of the “while" loop in Line 4, the size of the
set |{1 :Ui(A;(i),P) > U (Al,P)}| decreases by 1, and therefore there are at most n iterations of
this loop per iteration of the outer “for” loop. In each iteration of the “while" loop on Line 10, the
size of the set T decreases by at least 1. Therefore, since the size of the set T is at most n, the inner
while loop has at most n iterations. Therefore, we can conclude that the entire algorithm runs in
polynomial time O(n®m) and always terminates.

After the jth iteration of the “for" loop on Line 2, apartment 1 is weakly preferred among the first j
apartments by all n players, as this is exactly the condition for terminating the while loop on Line
4. Therefore, after the “for" loop on Line 2 completes m iterations, the first apartment will be a
consensus apartment. The algorithm is also constructed so that no player’s total utility for their
assigned m rooms ever changes. Since (A, Q) begins as an individually envy-free assignment, this
implies that the returned solution (A, P, 1) satisfies rearrangable envy-freeness.
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In order to show that Algorithm 2 further satisfies strong rearrangeable envy-freeness, we need to
show that Equation 9 holds for all i, i.e.

P(Al(i))ZQ(Al(i))_m' Z (Ui(A},Q) - Ui(A1,Q)) Vi
e JjeSi(AQ.1)

Intuitively, Equation 9 requires that player i’s rent in apartment 1 is not decreased by too much
when moving from price matrix Q to price matrix P. The only part of the algorithm where P(A;(i))
can decrease is in Line 8, and such a decrease only occurs in round j if player i strictly preferred

apartment j to apartment 1 under (A, Q). In this case, player i will have their rent in apartment
Uz (A] P) Uz (Al P) Uz (A] Q) Uz

1 decrease by A9) This equality is because until Line 8 is reached
for apartment j and player i, we have U; (Al,P) =Ui(A1,0) and Ui(A}, P) = Ui (A}, Q).

Therefore, we can conclude that

Ui(A;j, Q) — Ui(A1, Q)

m

P(A1(D) 2 Q(A1 (D) -

JUi(A;,0)>U; (A1,Q)

SO -~ Y Ui(AnQ) - Ui(41,Q)

JjeSi(A0.1)
> (A1) : 3 U(4,.0) - Ui(41,0)
> D)) - e i(Aj, Q) — Ui(Ayg,
ISi(A QDI+, T
where the last inequality is because m > [S;(A, Q, 1)| + 1. O

C Distribution Envy-Freeness

Up until this point, we have required that the solution be of the form (A, P, j), where j is the chosen
apartment. In this section, we will consider the natural generalization of a distributional solution
of the form (A, P, D), where D is a distribution over all m apartments. Generalizing the notion of
envy-freeness in the one apartment case, we want to choose a distribution D such that no player is
envious of any other player in expectation. Formally, we want to choose a distribution O such that

ZD - (Vi(A; (i) = P(A;(D))) >maxZD C(Vi(A;(1) = P(A;()) Vi (28)

Jj=1

This requirement alone is actually easy to satisfy, as we could simply choose any individually envy-
free partial solution (A, Q). Then for any distribution D, no player will be envious in expectation
under distributional solution (A, P, D). In fact, equation (28) is too easy to satisfy because it does not
have any consensus-like requirement that players do not prefer other distributions over apartments.
Therefore, we also want to require that every player i prefers the distribution D to any other
distribution D’ under partial solution (A, P). Formally, we will require that

m
ZD - (Vi(Aj (i) = P(A;(D))) = maxZD U1 (Vi(A; () = P(A; (i) Vi (29)
j=1
We will define a distributional solution (A, P, D) as distribution envy-free (DEF) if Equations (28)
and (29) are both satisfied. Note that if the solution (A, P, j*) is universal envy-free, then the distri-
butional solution (A, P, D), where D chooses apartment j* with probability 1, must be distribution
envy-free. Furthermore, distribution envy-free and consensus have the following relationship.
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LemmMma C.1. If the distributional solution (A, P, D) is distribution envy-free, then any solution of the
form (A, P, j*) for any j* with non-0 weight under distribution D will satisfy consensus.

PROOF. Proofby contradiction. Suppose (4, P, D) is a distributional solution that is distribution envy-
free, and there exists a j* that has positive probability under distribution D, but (A, P, j*) does not
satisfy consensus. Because (A, P, j*) does not satisfy consensus, there must exist some player i and
apartment j’ # j* such that U;(Aj,, P) > U;(A;, P) for all apartments j and U;(Aj, P) > Uj(Aj:, P).
Consider the distributional solution (A, P, D’), where D’ with probability 1 chooses apartment j.
Then

DD - (Vi(A; (D) = P(A; (D)) < D" DIjl - (Vi(Ay (1)) = P(A (i)
=1 -
= Vi(Aj (i) = P(Aj (i)

= D D' (ViA; (i) = P(A; ()
j=1

This violates Equation (29) and is a contradiction to the assumption that (A, P, D) is distribution
envy-free. O

Distribution envy-freeness can be seen as a compromise between consensus and universal envy-
freeness. To better understand the relationship between universal envy-freeness and distribution
envy-freeness, recall Example 1.1. In this example, the two players have symmetric utility functions,
but each prefers a different apartment. Despite this symmetry, there does not exist a universal
envy-free solution for this example. However, there does exist a distributional solution that is
distribution envy-free. One such solution is to assign rents equal to the assigned player’s values in
every room, and then take the distribution D to be uniform over the two apartments. Under this
solution, both players have utility of 0 for both of their assigned rooms. Furthermore, both players
in expectation have utility 0 for the other player’s assigned rooms under distribution D. Therefore
Equations (28) and (29) are both satisfied and this solution is distribution envy-free. Furthermore,
this solution is intuitively fair, in the sense that the problem is perfectly symmetric and the solution
also treats both players perfectly symmetrically.

Unfortunately, a distributional solution that is distribution envy-free does not always exist, as can
be seen by Example 5.1. However, Equations (29) and (28) are both linear constraints on the prices
P. Therefore, as for universal envy-freeness, it is possible check for existence of a distributional
solution satisfying distribution envy-freeness in polynomial time.

D Apartment Monotonicity of Rearrangeable Envy-Freeness

In this section we explore whether adding more apartments always implies higher objective values
for the optimal solution under rearrangeable envy-freeness. Specifically, suppose that we start with
m apartments, and consider the optimal solution under rearrangeable envy-freeness for objective
functions fi, ..., f;. We would like to know whether the optimal solution after adding an m + 1th
apartment always increases in value, and define this guarantee formally as apartment monotonicity.

DEfFINITION D.1. Let fi, ..., f; : R™™ — R be linear functions, where t is polynomial in n and m. Let
(A, P, j*) be the solution which maximizes the minimum of fq(U1(Aj, P), ..., U,(Aj+, P)) overallq €
[t] subject to rearrangeable envy-freeness given instance V€ Myxmxn(R"). Let V' € Mpx (m+1)xn (R*)
be a valuation matrix such that V' = [V Vm+1] . Finally, let (A’, P’, j') be the solution which maximizes
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the minimum of fq (U (A;.,, P, ..., U,,(A;_,, P")) over all q € [t] subject to rearrangeable envy-freeness
given instance V'. Then we say that fi, ..., f; satisfies apartment monotonicity if VV’,

FoUI(A) P, s Un(A P) 2 fy(Ui(Aje, P), . Un(Ae, P)).

Note that as we require that players have the same total value for all apartments under consideration,
and the players do not change their values for the first m apartments, it must be the case that every
player has the same total value for the rooms in apartment m + 1. We show below that the maximin
objective function does not satisfy apartment monotonicity.

LEmMA D.2. Let the maximin objective function be the linear functions fi, ..., f, such that
ﬁ(Ul (Aj*’ P)» () Un(Aj*aP) = UI(A;k’ P)
foralli € [n]. Then the maximin objective function does not satisfy apartment monotonicity.

pPROOF. Consider below the following two apartments, both with total rent 300. A maximum welfare
assignment in each apartment is in bold.

‘ i TNz s ‘ Fa1 T2 123
1] 150 150 0 1| 100 100 100
210 150 150 21300 0 0
31 75 75 150 31300 O 0

Let the partial solution (A, P) be individually envy-free, which means that A must be a maximum
welfare assignment. Then in apartment 1, we must have

P(r11) < P(r12) < P(r13) < P(riy) +75.

Violating the first inequality would result in player 1 envying player 2, violating the second would
result in player 2 envying player 3, and violating the third would result in player 3 envying player
1. Therefore, the maximum rent that player 1 can pay in an envy-free solution for apartment 1 is
300/3 = 100, which implies that the minimum utility player 1 can have in apartment 1 is 50. The
minimum rent player 1 can pay in an envy-free solution for apartment 1 is 50, which implies that
the maximum utility player 1 can have in apartment 1 is 100. In apartment 2, there is only one
envy-free solution; we must have P(r,;) = 300, P(ry;) = 0, and P(ry3) = 0. In this solution, player 1
has utility 100 in apartment 2, while players 2 and 3 each have utility 0.

Let V; € Msxs be the valuation matrix of player values in apartment j. Further let V' = [V;V;].
Let (A, Py, 1) be the rearrangeable envy-free solution given instance V; which has the highest
maximin value. Note that because rearrangeable envy-freeness reduces to envy-freeness in the
single apartment setting, this is equivalent to the envy-free solution in apartment 1 which has the
highest maximin value. We can therefore observe that Py, is the symmetric price matrix where
Py (r1x) = 100 for k € [3], which results in each player having utility 50. Note that the maximin
value cannot be higher because the maximum utility of player 3 in apartment 1 is 50. Furthermore,
when player 3’s utility in apartment 1 is 50, it must be the case that the utilities of player 1 and 2 in
apartment 1 are 50 as well.

Let (A}, Py, j*) be the rearrangeable envy-free solution given V” which has the highest maximin
value, and let F(Aj,, P}, j*) be its maximin value. We would like to show that F(A},, P},,, j*) is
strictly lower than 50. Note that

F(A},, Py, j*) = max F(A}., Py, j).
je{r2}
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Therefore, it suffices to show that the objective value of (Aj,, Py, j) is less than 50 both when
apartment 1 is the consensus apartment, and when apartment 2 is the consensus apartment.

First, assume apartment 1 is the consensus apartment. Observe that Z?:l Py (Aj(1)) <100, i.e. that
player 1’s rent burden over both apartments is at most 400. Because apartment 1 is the consensus
apartment, player 1 must have utility at least
VI (A1(i)) + V/ (Az(i)) — 400 -
. =

However, we established earlier that the only way for player 3’s utility in apartment 1 to be > 50
is for player 1’s utility in apartment 1 to equal 50. Therefore, F(Aj,, P},,,1) < 50. Now, assume
apartment 2 is the consensus apartment. Observe that ( . V/(A2(i))) — R, = 100. This implies that
the total utility of the players in apartment 2 for any solution is at most 100, and the maximin value
can therefore be at most 100/3. Therefore, F(Aj,,, Py, 2) < 50. This shows that F(Aj,, P}, j*) < 50,

Voo
as desired. m]

It may seem surprising that adding more apartments can lead to a decrease in the utility of the least
happy player. However, this result makes sense when we consider that adding more apartments
may lead to a wider spread of player preferences over apartments. In particular, adding a new
apartment may make consensus more difficult to achieve, as one or more players may find that
the new apartment is now their favorite apartment. Recall that in the rearrangeable envy-free
setting, compromising in order to reach consensus takes the form of a player paying more rent in a
favorable apartment in order to pay less rent in a less favorable apartment. As more apartments are
added, players favoring the consensus apartment may need to pay more in order to convince other
players to join them, which in turn may decrease the maximin value.

Note that it is also possible that adding a new apartment increases the maximin value. For example,
suppose that apartment 2 instead consisted of each player preferring a different room, with their
value for that room being equal to the total rent. Then the consensus apartment for instance V'
would be apartment 2, and the maximin value would be 200. Hence, the effect of adding a new
apartment on the maximin value depends on the structure of the valuation functions of the players
for the new apartment.

E Core

Throughout our work, we have focused on the setting where there are n players who are considering
only n-bedroom apartments. An extension would be to consider when apartments of size < n are
available as well, and players are willing to split into groups to rent multiple apartments. In this
setting, each apartment j has a size s(j). Each player i still has a non-negative value V;(rj;) for any
room 7ji in apartment j. We will define a solution to this problem as a tuple (A, P, J) where J C [m]
such that 3} ;c;s(j) = n, A is a mapping from players to rooms in the apartments in J, and P is a
price map for all rooms in apartments in J such that for any j € J, 2, ¢; P(rjk) = R;. Intuitively,
this last requirement means that the subset of players renting any apartment is responsible for
paying exactly the rent of that apartment (without subsidizing or subsidization from players who
have been assigned to other apartments). Note that unlike in the rest of the paper, A is now a
one-to-one map from players to rooms in the apartments in J.

We are interested in whether we can always find a stable solution in which no set of players can
achieve higher total utility by deviating to a set of unoccupied apartments. When there are a finite
number of copies of each apartment type, we can easily see that the answer is no. Specifically,
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consider the following example with two players. There are two apartments both with rent 0.
The first apartment has two rooms and both players have utility —1 for both rooms. The second
apartment has one room and both players have utility 1 for that room. Then the only valid solution
is to assign both players to the two-bedroom apartment, but both players will want to deviate to
the one-bedroom apartment.

When there are infinite copies of each type of apartment, it is less straightforward to determine
whether such a solution always exists. With infinite copies of apartments, we can treat this problem
as a cooperative game with transferable utility. A natural question in cooperative game theory is
whether the core is non-empty. In our setting, this boils down to asking whether we can always
find a solution (A, P, J) such that no group of players S would want to deviate to a valid set of
apartments J' C [m]. Formally, let S C [n] be a coalition of |S| players and let S be the set of all
valid solutions (A’, P, J’) for just these S players. Therefore ;. s(j) = |S| and A’ only assigns
players in the coalition S to rooms in the apartments in J’. We can then define the value function v
for the coalition S as
e ’ s
o(S)=  max 2; Vi(A' (i) = P (A (0)).

In this definition, v(S) can be thought of as the utility that the coalition S can get if they deviate.
Define ¢; as the utility of player i under solution (A, P, J), i.e. a; = V;(A(i)) — P(A(i)). Then the
core is the set of all solutions (A4, P, J) such that

Z o > 0(S) VS C[n]. (30)
ieS
Note that this is equivalent by construction a solution (A, P, J) such that
D ViAW) = P(A) 2 max H Vi(A'(D) = P'(A'(1)) VS € [n] (31)
i€S (AanpJ)es i€S

We show below that the core can be empty for the multi-apartment rent divsion problem.

LEmMA E.1. There exists instances of the multi-apartment rent division problem for which the core as
described above is empty.

PROOF.

Example E.1. Consider the following example where there are three types of apartments and the
rent is 0 in every apartment.

‘ i Tz I3 Ta1 22 31
1340 340 340 1170 170 1| -1360
-20 -20 -20 21170 170 2| -280
31-20 -20 -20 31170 170 3| -280

Consider any solution (A, P, J) where J # {1}. This solution then only assigns players to rooms
of type 2 and 3, and therefore the total utility of all three players under this solution must be at
most 60. This means that the three players would want to deviate together to the apartment 1, and
therefore this solution is not in the core. Therefore, any solution in the core must be of the form
(A, P, {1}). Consider such a solution. Because the rooms in apartment 1 are symmetric, WLOG
assume that A(i) = ry; for all players i. Since the total rent is 0, we must have

P(r11) + P(r12) + P(r13) = 0.
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Let uy, up, u3 be the utilities for players 1, 2, 3 under solution (A, P, {1}). We know that u; = 340 —
P(ry1), ug = —20 — P(r12), and uz = —20 — P(ry3). Then uy, uy, us must satisfy the following system
of equations if the solution (A, P, {1}) is in the core.

Uy + Uz +us = 300
uy +uy > 340
u; +us > 340
Uy +usz > 340

However, this system of equations has no solution. Therefore no such solution exists, and the core
is empty. o

F Universal Envy-Freeness for correlated distributions

In this section we will look at the existence of a universal envy-free solution in the setting of m
apartments and two players who have values drawn from a Bernoulli distribution. First, we need
the following lemma which exactly characterizes the event that a universal envy-free solution
exists when values of both players are 0 or 1. For simplicity, we will assume that the rent of every
apartment is equal to 1.

LemMA F.1. Suppose we have m apartments each with rent 1 and two players such that V;(r) € {0, 1}
for every room r. Then there does not exist a universal envy-free solution if and only if all of the
following three events occur.

o No apartment has an assignment where both players value their assigned rooms with value 1.
Denote this event as E;.

o Both players have value 1 for at least one room. Denote this event as E,.

o In at least one apartment, one player has value 1 for both rooms and the other player has value 0
for both rooms. Denote this event as Es.

PROOF. First we will show the “only if" direction. To show this we will prove the contrapositive,
which is that if any one of these three events does not hold, then there does exist a universal envy-
free solution. Assume E; does not hold. Then there must be an apartment j and an corresponding
assignment Aj. such that V; (Aj(l)) = VZ(A;(Z)) = 1. Let A be any assignment such that A; = A%,
and let P be the price matrix with every entry equal to 0.5. Then (A, P, j) will satisfy universal
envy-freeness. This is because no player can have utility of more than 0.5 for any room in any
apartment, and both players have utility of exactly 0.5 for their assigned rooms in apartment j.

Assume instead that event E; does not hold. Then there must be some player who has utility 0 for
every room. WLOG let this player be player 1. Choose A to be a welfare-maximizing assignment
in every apartment and choose P to be a price matrix with every entry equal to 0.5. Let j be
the apartment in which player 2 has the highest utility. Then (A, P, j) is a universal envy-free
solution. This is because the utility of player 1 for every room is —0.5, and we chose j such that
Uz(Aj,P) > Uz(Aj/,P) for j/ * ]

Finally, assume that event E5 does not hold. Then no apartment has one player with value 1 for
both rooms and the other player with value 0 for both rooms. If E; does not hold, then we already
have shown that a universal envy-free solution exists. Therefore, assume that E; holds and Es
does not hold. There are only three possible sets of values for an apartment under E; N —Es. These
possibilities are: 1. both players have value 0 for every room in that apartment, 2. Exactly one player
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has value 1 for exactly one room in that apartment, 3. Both players have value 1 for the same room
in that apartment. Construct the price matrix P as follows. For any apartment in case 1, assign price
0.5 to both rooms, and for any apartment in cases 2 and 3, assign price 1 to the room that has a
non-0 value by at least one of the players. Under these prices, both players will have utility exactly
0 for both rooms in an apartment satisfying case 3. Similarly, both players will have utility exactly
—0.5 for both rooms of any apartment satisfying case 1. Finally, for any apartment satisfying case 2,
for any maximum welfare assignment both players will have utility 0 for their assigned rooms and
utility at most 0 for the other room. Choose A to be a welfare-maximizing assignment in every
apartment and let j be an apartment which has the highest utility under the partial solution (A, P).
Then (A, P, j) is a universal envy-free solution. This completes the proof of the “only if" direction.

Now we will show the “if" direction. We want to show that if all of events E;, E, Es hold, then
there is no universal envy-free solution. Proof by contradiction. Assume events Ey, E,, E5 all hold
and there exists a universal envy-free solution (A, P, j*). Under event E;, there is no possible price
assignment and choice of apartment where the sum of the player utilities exceeds 0. Therefore,
in apartment j*, both players have utility at most 0. Suppose apartment j satisfies event E3, and
player 1 has value 1 for both rooms in apartment j. Then under any prices, player 1 has utility of at
least 0.5 for one room in apartment j. Therefore, since (A, P, j*) satisfies universal envy-freeness,
player 1 has utility at least 0.5 in apartment j*. Since the total utility in apartment j* is at most 0
under event Ej, this implies that player 2 has utility at most —0.5 in apartment j*. However, under
event Ey, player 2 must have value 1 for at least one room in some apartment j’. This implies that
player 2 has utility of at least 0 for at least one room in apartment j” under partial solution (A, P).
Since (A, P, j*) satisfies universal envy-freeness, this implies that player 2 must have utility of at
least 0 in apartment j*. This is a contradiction. O

LeEmMA F.2. Suppose there are m apartments and two players, and fix r € [0, 1]. For every room rjj in
any apartment j, suppose Vi (rji) and Vo(r ) are drawn from a joint distribution such that the marginal
distributions of both Vy (rjx) and V3 (rjx) are both Bernoulli(1/2) andPr (Vi (rjx) = Va(rjx)) = r. Note
that the values are drawn independently for every room. Then

. . . r2+2\™ 1\™ ar — r2\™ 2r —r2\™
Pr(Exists a universal envy-free solution) = 1 — 2 -2 i 2 +2 1

pPrROOF. We will calculate the probability of E; N E; N E; from Lemma F.1. We have four cases for
utilities within an apartment if event E; holds.

e One player has value 1 for both rooms and the other player has value 0 for both rooms. There
are two symmetric ways to achieve this each with probability p; = (3(1 —r)?).

e Every player has value 0 for every room. There is one way to achieve this with p; = (irz).

o Exactly one player has value 1 for exactly one room in the apartment. There are four symmetric
ways to achieve this, each with probability p; = ((1—r)r).

e Both players have value 1 for the same room and both players have value 0 for the other room.
There are two symmetric ways to achieve this, each with probability ps = (ir ).

Using these four cases, we have that

r2+2\™
4

Pr(Ey) = (2p1 + pa + 4ps + 2py)™ = (
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ar —r2\"™
Pl’("Engl)=(p2+4p3+2p4)m:( o )

2r —r2\™  (r2\™
Pr(—|E2 N=E;N El) = 2(p2 + 2p3)m _p;n =2 ( ) - (—)
Putting this all together, by Lemma F.1, we have that
Pr(No universal envy-free solution) = Pr(E;) — Pr(=E, N E;) — Pr(=E3 N E;) + Pr(=E; N =E3 N E;)

r2+2\" 1\" [(4ar-r\" 2r —r2\™
= -2|-] - +2
4 4 4 4
Lemma F.2 exactly characterizes the probability of the existence of a university envy-free solution
in terms of the dependency r between the player values. Interestingly, we note that for sufficiently

large m (for example m = 10), this function is not monotonically decreasing and has a global
minimum for r strictly between 0 and 1.
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